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B.Sc.,Mathematics MAJOR PAPER VI

REAL ANALYSIS AND COMPLEX ANALYSIS

Dear Student,

We welcome you as a student of the third year B.Sc., degree course in
Mathematics.This Paper-VI deals with REAL ANALYSIS AND COMPLEX ANALYSIS. The
learning material for this paper will be supplemented by contact seminars.

Learning through the Distance Education mode, as you are all aware, involves self-

learning and self-assessment and in this regard you are expected to put in disciplined and
dedicated effort.On our part, we assume of our guidance and support.

Best wishes.
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COMPLEX ANALYSIS

0. INTRODUCTION
0.1 COMPLEX NUMBERS

Recall that the imaginary number i is defined to be J-1. We call
the imaginary unit and construct any imaginary number by multiplying
this unit with a real number. So we can represent all imaginary numbers
in the form iy where y is real number.

A complex number is simply the sum of a real number and an
imaginary number. We write

z = x+iy,

where z is a complex number and both x and y are real numbers. We can
refer to the real and imaginary parts of 7 separately as -

Rez=xandIm:z=y.
If x=0 (y=0) we say that the complex number z is purely imaginary

(real).
0.1.1 BASIC OPERATIONS

To add (subtract) compliex numbers, we simply add (subtract) the
real and imaginary parts. For example if we have complex numbers

Z;= X171y, 2= x+iy;,
then
Zitzy = (xX1+x3) + i(y;tya)

Z|-Zy = (x;-.)Cg) + i(y;-y;)

We can multiply complex numbers using the distributive law and
the fact that ;“=-.

For z; and z; as above we have that
2i23 = (X1X2 = yiy2) + I (X1y27yix).

[n the case of multiplying a complex number by a real scalar ¢, we
see that this formula reduces to

¢z = ¢(x + iy) = cx+ciy.

Space for Hints
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Space fé;'_Hims-f‘" In order to divide complex numbers, we first introduce the

complex conjugate. For a complex number z the complex conjugate Z is
~given by

R Z =x-iy.

- In other words

Rez=Re z and Im Z= -Im z,
- which leads to the identities

| z—-Z

: z+Z
Rez=—and Imz = —
2 20

Note that zZ is always a real number. In particular
%z = x2+y2.

' ’,Therefore we can find the inverse of'a complex number z#0 as

'=Ltz=—21_3
zZ x2+y?
Indeed,
| p— Sy 2 2y

lf we define as
Z—l = lez-l (z2# O).
L2

then
S 21 _ %12y _ (X1X2+Y1Y2)+i(Y1X2-X1Y3)
Zz 2% x3+y3

0.1.2 THE COMPLEX PLANE

- In the previous section we treated a complex number simply as
the sum of a real number and an imaginary number. The allowed us to do
the basic arthimethic above, but it be more useful us going forward to
F_r"e.at complex numbers as vectors in a two-dimensional real vector space.



That.’s mouthful, but all we mean is that we represent each complex
number as an ordered pair (x,3) of two real numbers. So forz = (x,3) = |

x+iy we have that
Rez=xand Im z =y.

We can represent our vectors graphically on the standard co-
ordinate plane as directed arrows from the origin to the point (x,3) as in
the first figure. We call this space the complex plane. By our definition
of the ordered pair (x,)), we see that purely real numbers will fall on the
x-axis, or what we call the real axis (line). Similarly purely imaginary
numbers will fall on the y-or imaginary axis.

Now that we are working with vectors, it will be useful for us to
have a concept of length. We can use the Pythagorean theorem on the
complex plane to determine the length of any vector. For the complex

number z = (x,y) we see that its length \/x2 + y2. We call this the
modulus of z and denote it by |z|. Note that -

|z|> = x*+y* = 2Z.

Complex conjugation corresponds to reflecting a vector across the
real axis as shown in the first figure. As we expect, complex conjugation
does not change the modulus of a complex number. In fact

~

|22 =27 =7z=27=|z|*,

where we use the fact Z = z.

On the corhplex plane vector addition using the parallelogram rule, as

shown in the second Figure, corresponds to addition of complex numbers.
Multiplying a complex number z by a real scalar ¢ corresponds to
lengthening the vector z by a factor of ¢. Indeed,

lcz] = \/(cx)? + (cy)? = |c| Yx2 + y2 =cl|zl.

Often we will refer to regions in the complex plane by using an equqtion.

For example |z|=1! specifies the unit circle : the set of points with
modulus 1.

0.1.3. POLAR FORM

Recall from vector calculus that when working with two-
dimensional vectors on the coordinate plane, we have a choice of
coordinate systems to use. As you have surely seen, polar coordinates
make the solutions of some problems easier. In the complex plane we

3
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have an equivalent notion of polar coordinates, and it will lead us to one

or Hints ; i
Space for Hin of the most celebrated formulas in mathematics.

Im(z) = y
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A complex number z = x+iy is shown as a vector in the complex
plane and in polar form as z = re'8. Its complex conjugate Z is its
reflection across the real axis.

lmial = 5
2 -

z= (XY= x4 iy = e

Fld=1z

arg{2) =8

! PSS SO SO A S WO S R TS S B
-3 =1 \~ ; i 2
I

(=0
‘\
SREEEAAN

A Y
i A
h 7=

(5=p = x=iy=re®




Adding two complex numbers z; and z; in the complex plane using the
parallelogram rule

Instead of referring to a complex number z = x+iy by its real and
imaginary parts (rectangular form), we could instead to it by its modulus
|z| and the angle it makes with the positive reals axis (measured counter
clockwise). We call this angle the argument of z and denote it by arg z.
Look again at the first Fgure. Note that the choice of the argument is not
unique. The angel € is equivalent to the angle 6 + 2k for any integer k.
Therefore grg z is really an infinite set of angles.

To obtain a vnique for the argument we will restrict ourselves to
choosing angles in the interval (0, 2r). This restriction make the arg
function single — valued, and we call this the principal value of the
argument, We denote it as Arg (with a capital ‘A’). The set argz can
now be expressed as -

argz = {Argz + 2kr : kez}. .

If we let
= = -2 2 — — 1Y 4
¥ |Z|‘ VX“+y“and 0 = Argz = tan = 4
we see that
x = Rez =rcosf
y=1Imz=rsind
Therefore

z = x+iy = r(cos + i sinf)

This representation of a complex number does not seem immediately
useful, However Euler’s formula tells us that

e'0 = cosd + i sin 6.
From this, we get the polar form of a complex number.
z =re'd,
where » and € are the modulus and argument of z respectively.

It also leads to Euler’s identity, the most beautiful equation in
mathematics. | |

e™ +1=0

5
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This single equation links the three basic arithmetic operations(addition,
multiplication and exponentiation), the additive (0), the multiplicative
identity (1) and three fundamental constants (i, = and €). How do we see
that it is true? If we take e™ as a complex number in polar form, we see
that it has modulus 1 and argument 7T. We can plot it (on paper or
mentally) or use the formulas above to find that
Ree™=1.cosm=-1
Ime™=1.sinn=0.

So e =-1.



UNIT 6

6.1 ANALYTIC FUNCTIONS

Introduction

We can represent any complex number x+iy by a point (x,y) in R xR.
The plane R xR representing the complex numbers in this way is called
the complex plane. Let S C. Then S is called a connected set if every
pair of points in S can be joined by a polygon which lies in S. Any
nonempty open connected subset of C is called a region in C.

Definition 6.1.1

A function f'defined in a region D of the complex plane is said to be
analytic at a point a € D if f is differential at every point of some
neighbourhood of a.

Thus f is analytic at a if there exists € > 0 such that f is
differentiable at every point of the disc S(a,e) = {z/|z a| < & }.

If f is analytic at every point of a region D, then fis said to be
analytic in D. -

A function which is analytic at every point of the complex plane is
called an entire function or integral Junction.For example any
polynomial is an entire function.

Remark 6.1.2
If f(z) is analytic at a point a , then there exists ¢ > 0 such that fz) is
differentiable at eech point of S(a, ¢). Now, let z ¢ S(a, ¢). Then we can
find 6 > 0 such that S(z, 6) < S(a, ¢). Hence /f is differentiable at every
point of S(z, &) so that fis analytic at z.
Thus fis analytic at every point of S(a, ¢). Hence f'is analytic at a
and if only if £ is analytic at each point of some neighbourhood of a.

Hence the set of all points for which a given function is analytic forms an |

open set.

In particular, if a function is analytic in an arbitrary subset A of the

complex plane, then there exists an open set containing A in which the
function is analytic.

Remark 6.1.3

. S @)= wxy) + ivny) =vy(xy) — iuyx,y)
is further differentiable and hence f '(z) is continuous.
Hence u,, vy, u,, v, are all continuous.

Further it follows that if {z) is analytic in D, then u and v
have continuous partial derivatives of all orders.

7
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Theorem 6.1.4

An analytic function in a region D with its derivative zero at
every point of the domain is a constant. -

Proof.
Let AZ) = u(x,y)+iv(x,y) be analytic in D and f'(z) =0 forallze D.

Since f (z) = ux+ ivy = vy — iu, wehave uy = Uy = Vx = vy = 0.
Therefore u(x,y) and v(x,y) are constant functions and hence
Az) is constant.

Remark 6.1.5
The above theorem is not true if the domain of f{z) is not a region.

For example, let D= {z/|z] <1} w{z/ 1z} > 2}
D is not a connected subset of C so that D isnot a region.
Let £ D — C be defined by

fy={l iflz|<l

{2 if|z]|>2
Clearly f'(z) = 0 for all points z € D and fis not a constant function
in D. -

Solved Problems

Problem 6.1.6
An analytic function in a region with constant modulus is constant.

Solution.

Let f{z) = u(x,y)+iv(x,y) be analytic in a domain D.
Since |f(z)| is constant, we have u +v° = ¢ where ¢ is a constant.
Differentiating partially with respect to x, we get 2uu, + 2vv, = 0.

(i.e) utiy +vvy =0. ... (1)
Similarly differentiating partially with respect to y, we get
uuy, +vv, = 0. (2)
Using C-R equations in (1) and (2) ,we get
uuy— vy = 0. (3)
uu, + v, =0, R (4)

Ehmmatmg uy, from (3) and (4), we get (V) u, = 0.

Since w’+v° = ¢, we getu, = 0.

Similarly we can prove that v,= 0 so that f(z) = u, + iv,= 0.
Hence fis constant.

Problem 6.1.7

Any analytic function f(z} = u + iv with arg f(z) constant is itself
- a constant function.
Solution.

We know that arg f(z) = tan’! (v/u) = ¢, where ¢ is a constant.




Therefore v/u = k where k is a constant.

Therefore v = ku.

Hence v, = ku, and v, = ku,.

Eiminating k from the above equations , we get u,v, = vyu,.
Therefore v, — uyv, = 0. : _

Therefore u,.f-kuy2 = 0 (using C- R equations given in 6.2)
Therefore u,= 0 and u, = 0 and hence u is constant.
Similarly we can prove that v is constant.

Therefore f= u+iv is a constant.

Problem 6.1.8

If f(z) and f(z) are analytic in a region D, show that f{z) is a

constant in that region.
Solution.

Let f(z) = u(x,y) +iv (x,p).

Therefore  f(z) = u(x,y) — v(x,y).

= u(xy) +if-v(x.y)].
Since f{z) is analytic in D, we have u, = v, and u, = -v,.
(By C-R equations)

Since f(z)is analytic in D, we have, u, = -vy and uy, = v,.
Adding ,we get u, = 0 and u, = 0.

Hence u, = 0 = v,.

Therefore f'(z) = uy + iv, = 0

Therefore f{z) is constant in D.

Problem 6.1.9

Prove that the functions f{z) and f(z—) are simultaneously analytic.

Solution.

Suppose f{z) = u(x,y) + iv(x,y) is analytic in a region D.

Then the first order partial derivatives of » and v are continuous
and satisfy the C-R equations

Ou Ov

gx__a ......... @
ov _ Ou
5x____—-a—y- .......... (2)

Now, f(2)= u(x-y) — iv(x,-y).
=ui(x,y) + ivi(x,y) where u,(x, ¥) = u(x,-y) and
vi(x,y) = -v(x,-y).

Space for Hints
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oy oy ox  ox
The first order partial derivatives of u; and v, are continuous
and satisfy the Cauchy-Riemann equations in D.

Hence f (2) is analytic in D..
Similarly if f (—z_i is analytic in D, then f{z) is also analytic in D.

Problem 6.1.10
8 8 &

_62 82 «
If = ,prove that —5 =—= = =

Oxdy Oydx ox oy~ 0z0z
Solution.

Let z = x+iy.

X 1(z*+-z_) d ! (z -z_)

. . = — an = — -—

2 Y=

Hence

‘0 0 6x+6 oy
dz Oxdz Oyoz

1o 190
28x 2idy
1{o .0
2\ox oy

Lot _1f(e . @ (l)+ 2 oY
9z0z 2|\ ox? oxoy N2 oyox  oy* \2i
1 [az ) . a* 18
=— —+— |+ + -

| 41\ Ox oy Oxdy i oyox
_1|(e 82, 2 [,+1
_ 4_\8x2 dy? Ox3y ]

1l &
—Z »axZ +ay,2
[\ :
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Exercises 6.1.11

1.Prove that an analytic function whose real part is constant is itself
a constant.

2. Prove that an analytic function whose imaginary part is constant
is itself a constant .

3. If f=u + iv is analytic in a region D and uv is constant in D,
then prove that freducesto  a constant.

4, If f = u+iv is analytic in a region Dand v = u? in D, then prove
that freduces to a constant.

5. Determine the constants a and b in order that the function f{z)=
(x %+ ay2- 2xy) + i(bx’ —y2 + 2xy) should be analytic . Find f ‘(2).
Answers: 8. a=-1;b=1;f(z)=(1 +i)2?

6.2 THE CAUCHY - RIEMANN EQUATIONS

The existence of the derivative of complex function of a complex
fz+h)- f(2)
h
h — 0 along any path. This has some far reaching consequences. In this

section we derive some important properties of the real and maginary
parts of the differentiable function f{z) = u(x,y) +i v(x,y).
Therorem 6.2.1
Let f(z) = u(x,y) +i v(x,y) be differentiable at a point zp = x5 + i yp Then
u(x,y ) and v(x,y) have first order partial derivative u.(xpyn) ,%y(x0.y0)
,Vx(x0,yo) and vy(xp,y0) at (xp,y0) and these partial derivatives satisfy the
Cauchy — Riemann equations (C-R equations ) given by ux(xp.yg) =
vy(xoye)  and  w(xoys) = - vi(X0Y0)

Also , f ‘(zg) = ux(xo.ye)+ i vi(xo0).

= Wy(Xo.yo) - iuy(x0,y0).

variable f{z) requires to approach to the same limit as

Proof.
Since f{z) = u(x,y) +i v(x,y) is differentiable at zp = xg + i yy

?

. 0 h) - 0
1}glf(z + })’ S(z,)

path in which h approaches zero .
Let h=h,+ih,.

Now F(zy +h) = f(z)

exists and hence the limit is independent of the’

h
_ U(Xg +hy, Yo +hy) +iv(xg +hy,y, +h2)—u(x0,y0)—i1}(x0,y.0)
h,+ih,
=[u(x0 +hys Y, +h2)_u(xoa)’o)] _H.[V(xo +hy, ¥, +h2)_v(xosYO)]
h, +i h, h, +ih,

Suppose & — 0 along the real axis so that # = &;. Then

11
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. f(zo‘*’hl)—f(zo)
| S '(zy) =
Space for Hints | ’ 1;}% h,
l . U(xo +hl,y0‘+h2)—u(x0>y0)]
=Ll h
I — 1

+h, v, +h)Y—v(x., Vo)
4 lim[V(xo 15 Vo p 1)~V (X5, Yo 1
h—0 . |
Ue(xXo,yo)t i vilxo.yo).—(1)
Now, suppose # — 0 along the imaginary axis so that 2 = ik
‘o SACI RV rACTY)
S '(z0) = llm 2 _2 <

oy u(xy, ¥y +h2-)_u(xo:'yb)]
=liml y »
hy—0 2 ‘
. . V(x sy +h )—V (x sy )
¥ llm[ 0sYo -2 (Xos Vo

1
- hy—0 lh’g
u

~1 y(x(?ay-o)] " l.:[vvy(x(?}y())

|

‘

7 uy(xo.yo) + vy(xoyo

- iy (xoyo) + vyxoyy . —(2)

From (1) and (2) we get

L(zo) = ux(Xoyo)+ ivi(xoyo).= vwixoyo) - iuy(xeyo).

Equating real and imaginary parts, we get

ux(X0,.y0) = vy(x0.y0)
uy(xo,yo) = - V(X0 Vo).

Remark 6.2.2

Since f'(z) = Uy [ vy = vy iuy, ,we have

[f’(z)lz = ux2+ sz = Vg + u’y .

Also |f '2)|° = us u," = v +,vy2.

Further |f'(z)|? = Uy Vy

- u}; vA'
u, u,

v, v,

_ o(u,v)
0(x,)

Remark 6.2.3

The Cauchy-Riemann equations provide a necessary condition
for differentiability at a point. Hence ifthe C-R equations are
not satisfied for a complex function at a point ,then we can conclude

12



that the function is not differentiable.

For example, consider the function

fz) = z =x—iy.
Here u(x,y) = x and v(x,y) = -y.
Therefore u,(x,y) = 1and vy(xy) =- L
Therefore u, # v, so that C-R equations are not satisfied at any point z.

Hence the function f{z) = z is nowhere differentiable.

Remark 6.2.4

The C-R equations are not sufficient for differentiability at a point as
shown in the following examples.

Example 6.2.5
xy .
if z#0
Let f(z) = { x?+y° 4
0 if z=0
xy :
if (x,y)#(0,0)
Here u(x,y) = { x? +y? 7 (%)
0 !f (xs y) = (030)
Andvix,y) =0

Now, u,(0,0) = lim u(h, 0) —u(0,0)

h—0 h
. 0-0
lim——=0

= h-0 h
Similarly, »,(0,0) = 0.
Also v(0,0) = 0 andv,(0,0) = 0.
Hence C-R equations are satisfied at z = 0.
Now , along the path y = mx,

xmx
= = if x # 0.
f(z) x> +m?x? 1+m? v
m
Hence if z — 0 along the path y = mx, AC e l+m”  whichis

different for different values of m.

Hence f(z) does not have a limit as z — 0 so that f{z) is not even
continuous at .z =0.

Thus f{z) is not differentiable at x = 0.
Example 6.2.6

Letf(z) = W

13
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Here u(x,y) = M and v(xy) =0.

. h, 0)—u(0,0)
w(00) - ljpp 0

h—0
=(
Similarly, #,(0,0) = 0.
Also v,(0,0) =0 and v,(0,0) = 0.
Hence C-R equations are satisfied at z = 0.
We claim that f{z) is not differentiable at (0,0) .

Along the path y = mx,

f(z)—f(O)zﬂ/lxmxl =\/|_m-| Y Hence asz — 0

if

z X+ imx 1+im along the path y =
mx,
f(z)_f(o)tendsto \/l”-ﬂ |
z I+im  which depends on the path along which
z — 0 so that f'is not differentiable at z =0,
Note 6.2.7

In this example, the function f{z) is continuous and has partial derivatives
which satisfy Cauchy-Riemann equations at 0 but is not
differentiable at 0.

In the following theorem, we prove that C-R equations together with the
continuity of partial derivaties give a sufficient condition for
differentiability of complex function.

Theorem 6.2.8

Let f{z) = u(x,y) +iv(x,y) be a function defined in a region D such that u,
v and their first order partial derivatives are continuous in D. If the
first order partial derivatives of z, v satisfy the Cauchy — Riemann
equations at a point (x,y) € D, then fis differentiable at z = x+iy.

Proof.

Since u(x,y) and-its first order partial derivatives are continuous at (x,9),
we have by the mean value theorem for functions of two

variables, -
u(x +hy, y+h2) - u(x,y) = hu, (x,y) +h, u}(x,y) +h/€/+hg€g... (])
where ¢; and &, — 0 as h; and h,—0.
Similarly,
v(x +hy, y+hy) - vix,y) = hivy (%) +hy v, (%) thiesthyey............. (2)

where e;and ¢, — 0 as hyand h,—0.
Leth = hy + ih,.

fz+h)-f(z) 1

Then P /( ):Z[ u(x +hy, y+h;) - uxy) +i  vx +h,,

Ythy) -vixy)]

14



h
Ve(X, ¥ )+ havy(x, y )+

h183+h284}]
using (1) and (2).

1 .
— .];[ hif ue, y) +ive, y)} + hafux y)+

wy(x, y )} + hi(ei+ies)

+ hy(eat+iey)].

- %[ (it ihy) ux (xy) — i(hi+ ih) uy(xy) +

hi(eities) + hafest iey)].

(using C-R equations).

1
_ h
£4)].

h h
= uy (xy) — i uyxy) + -}-z‘—(81+i £ + —Ij— (e2+ i £4).

h h
Now, since |71'— | <1, 7] (e;+iez) = 0ash— 0.

h
Similarly —}1-2- (e2+iey) — Oas h— 0.

Therefore lim
h—0

fz+h)-f(2) _
h

differentiable.
Example 6.2.9
Let f{z) = e¢*(cos y +i siny).
Therefore u(x,y) = ¢* cos y and v(x,y) = €* sin y.
Then ux(x,y) =€ cosy = vy(x,y) and u,(x,y) = -€* siny = -v,(x,p).
Thus the first order partial derivatives of u and v satisfy the

Cauchy-Riemann equations at every point. Further u(x,y) and v(x,y)

15
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aﬁd their first order partial derivatives are continuous at every point.

Hence fis differentiable at every point of the complex plane.

Example 6.2.10

Let fiz) = |z]°.

Therefore fiz) = u(x,y) + iv(x,y) = x2+y2.

Therefore u(x,y) = x2+y2 and v(x,y) = 0.

Hence uy(x,y) = 2x; uy(x,y) = 2y; vi(x,y) = 2x = v(x,p).

Clearly the Cauchy-Riemann equations are satisfied at z = 0.

Further » and v and their first orde partial derivatives are continuous

and hence f is differentiable at z

Also we notice that the C-R equations are not satisfied at

any point z# 0 and hence fis not differentiable at z = 0,

Thus f'is differentiable only at z = 0.

ALTERNATE FORMS OF CAUCHY-RIEMANN EQUATIONS

In the fo.llowing theorem, we express the Cauchy-Riemann equations in
complex form.

Theorem 6.2.11 (Complex form of C-R equations)

Let ffz) = u(xy) + iv(x) be differentiable. Then the C-R equations

can be put in the complex form as £, = -if}.

Proof.

Let fz) = u(x,y) + iv(x,y).

Then £, = uy + iv, and f, = u, + ivy,.

Hence f, = -if,.

16



S Uy T Ve = -iuy, + i), S Space for Hints

& Uyt ivg= v, — iuy.
< ux = vy and v, = - uy,
Thus the two C-R equations are equivalent to the equetion f, = -if,,.
In the following theorem, we express the Cauchy Riemann equations and
the derivative of a
complex function in terms of it polar coordinates.
Theorem 6.2.12 (C.R Equations in Polar Coordinates)
Let fz) = u(v, 0 ) + iv(r, 6 ) be differentiable at z = re'? 0.

ou 10ov ov 1 ou

Then — = —— and — =--—

or roé or rof’

ou ov
Furthe Z +i— .
urther f"(z) = (ar lar)

Proof.

We havex =rcos 0 andy=rsin 9.

5,
Hence L 6u_6£+@_@_1_.
or oxor &yor

= Qgcos@+§—-sm¢9 .......... (D)
Ox

Ao 220 2y
03 oxd0 dyao

= ia—‘i(-—rsin 0) +§y—(rcosc9) .
Ox dy

1 ov
So—— = —~alsm9+a—cos6?
r 06 Ox

17
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= -aﬁsin G +§£cost9. ( using C-R equations )
Ox

ou )
= —6—; (using (1))

h ou 10v
us — = ——,
o  ro0
Similarl that = —1-—?3
imilarly we can prove tha Pw 30"
Now,
r(@-+§1) | 2E, Y b X vy
or Or |\ Ox or Jr Ox Oor Oy or
[
=r @cosé’—#%sine +1 QKCOSQ-Fiv-SinG
|\ Ox Oy Ox oy
=Trcosé [—éa—z—l-+i§v—J+rsint9 @+i?—z :
Ox Ox oy oy
(au .8v) .[av ,auJ
=X| —+Ii— |+ ——j— |
Ox o oy
=xf"(2)+iy f'(2).
= (x+1y) f"(2).
=z f'(2).
s (z =£(% @)
/@) z 6r+8r

We now proceed to express C-R equations in yet another form.

Let f(z) = u(x,y) + iv(x,y).

18



z+z Z—z
Since x = — and y = —— we have
5 YT Ty

2tz z~2Z

Z+Z Z— Z T)
2 Ty 7

f(z) = (-—— ——-—) (-

9.

Thus fcan be thought of as a function of zand z are not

* b4 * b4 H b a-f’ af
independent variables we form the partial derivatives 52-_— and Py as
Z A

iszand z are independent variables. With this convention we have
the following theorem.,
Theorem 6.2,13

If /(z) is a differentiable function, the C-R equations can be put in the

form

0 ' ' '
Thus -]—:- =0 @—aj—r=—ig which is the complex form of the C-R

0z Ox

equations.,

Thus the C-R equations can be put in the form

7 _,
oz

19
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Problem 6.2.14

Verify Cauchy-Riemann equations for the function f(z) = z.
Solution.

fz) = 2° = (x+iy)’.

= ("= 3xy) +1 By - y)

" u‘(x,y) = x> - 3xy? and v(x,y) = 3x%y — y

Uy = 3x? —3y2 and v, = 6xy.
u, = -6xy and vy = 3x> -3y2-.
Here «, = v, and u, = -v,.
Hence the Cauchy-Riemann equations are statisfied.
Problem 6.2.15
Prove that thé following functions are nowhere differentiable.
(i) f(z) = Re z. (ii) flz) =¢" (cosy—isiny).
Solution.
(1) flz) =Rez=x

coufx,y) = x and vix,y) = 0.

Soue=1landv, = 0.
u,= (0 and v, = 0.
Since ux # vy, the C-R equations are not satisfied at any point.
Hence f(z) is nowhere differentiable.
(ii) flz) =¢" (cosy—isiny).

=" cosy—ie siny.

20



s ufxy) =€ cosyand vix,y) =—¢ siny.

s u,=e cosyand v, =—¢ siny.

u,=—¢" sinyand v, = - € cosy.

Clearly C-R equations are not satisfied at any point and hence f(z) is
nowhere differentiable.

Problem 6.2.16

{ZRezifz¢0
|z |

Prove that f{z) = { 0 ifz=0

is continuous at z = 0 but not differentiable at z = 0.

Solution.

- First we shall prove that lm% fiz) = 0.

zRez

| 2|

Further | Re z | £z|.

Now | f(z)-0|= = |Re z|.

For any given € > 0 , if we choose & = &, we get
2l =1z-01<6 = |f)-0]<e
Hence fis continuous at z = 0.

Now, we prove that f{z) is not differentiable at z = 0.

f(2)-f(0) _ ZRez _Rez
z-0 zlz| z|

X

= \/xz +y*  where z = x+tiy.

21

- Space for Hints




Space for Hints

Along the path y = mx,

f@-fO@_  x ]
z—0. Jx2+m2x2 '\/]—+m2

The value of the limit depends on m and hence on the path along

whichz — 0. .

i L@ -1

20 z—0 does not exist,

.. f(z) is not differentiable at z = 0,

Problem 6.2.17

Prove that f{z) = z Im z is differentiable only at z = 0 and find " (0).
Solution.

Nz) =z Im : - -(x+z"y)_y =xy + iy’

Coulxy) =xyand vixy) = y2,

SeUe =y, Ve =0 u, = xand v, = 2y,

Clearly the C-R equation are satisfied dnly atz = 0.
Further all the first order partial derivatives are continuous.
Héncef(z) is differentiable at z = 0.

Also f7(0) = u,(0,0) + iv,(0,0) = 0.

Problem 6.2.18

r

2 .
Show that f{z) = { x;?: y(f i ); - ifz#0

Oyz=0

-

is not differentiable at z = 0.

22



Solution.

f(2)-f(0) _ ' (x+iy)( 1
z—0 x*+y* Lx+iy)
__»
x* + y*

.. Along the path x = my?,

f@-SO) _ mt m

z—0 m’y* +y4_mz+1'

The value of the Iimit depends on m and hence depends on the path along

which z — 0.

i LD =1

z—>0 Z—O

does not exist.
“f(z) is not differentiable at z = 0.
Problem 6.2.19

(

3 o 3 .
Prove that the function f(z) = xd+i)-y -1 if z#0 satisfies

x>+t
L 0 i z=0

C-R equations at the origin
but f'(0) does not exist.
Solution.

3 . 3 .

x(I+)-y"(1-i) |
f(z) =< if z#0
( ) xz +y2 f
0 if z=0

Space for Hints
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3 3

3
x> - x +y . 00) and

Hi = and v(ry) = ——7if &) # (00
Space for Hints Here u(x.y) RSN x.y) 4y

u(0,0) = v(0,0) = 0.

u(h,0)—u(0,0)
h

3 hz_o
= lim(h/ )=1.

Now, u,(0,0) = Ll_rg

h—0 h

Similarly #,(0,0) = -1, vx(0,0) = I and w(0,0) = 1.
Thus u,(0,0) = v,(0,0) = 1 and u)(0,0) = - v,(0,0) = -1, so that

C-R.equations are satisfied at z= 0.

f(@)-£(0) x -y’ i x4y’
z—0 = (P +y)+p) G +y)E+D)

Now,

Along the path y = mx we have

f(2)- £(0) x> -m'x’ o x> +m’x’
2-0 = (2+m’xt)x+imx) (¢ +mPx7)(x +imx)
1-m’ . 1+m’

+i
(+m>)A+im)  (1+m*)(1+im)
Hence the value of the limit depends on the path along which z — 0.

Thus lim £2=1©

10 z-0 does not exist.

Hence f is not differentiable at 0.
Problem 6.2.20 "

Prove that f{z) = sin x cosh y + i cos x sinh y is differentiable

at every point.
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Solution.

flz) = sinx coshy + i cos x sinh y.

couxy) = sinx coshy and v(x,y) = cos x sinhy

uy = cos x cushy and v, = -sin x sinh y

u, = sin x sinh y and v, = cos x cosh y

u, = vy and u, = -v, for all x,y.

Hence C-R. equations are satisfied at every point.

Fu‘:’rther all the first order partial derivatives are continuous.

Hénce f(z) is differentiable at every point.

Pi;_'oblem 6.2.21

Fi_ﬁd constants a and b so that the function f{z) = a(x2 - y") + ibxy + ¢
iszjdifferentiable at every point.Solution.

Here u(x,y) = a(x? -y?) + cand v(x,y) = bxy.

Uy, = 2@?;’ vy = by.

uy = -2ay and'vy, = bx.

Clearly u, = vy- z_md Uy, = - Vy.

-~ The function f{z) is differentiable for all values of a,b with 2a = b.

Problem 6.2.22

- Show that f{z) = \/;(’({089/2+f8in9/2)where r>0and0<6<27
is differentiable and find f*(2)-

Solution.
flz) = Jr(cos@/ 2+"z'_sin‘9_/ 2).
u=Vrcos(@/2) andv= Jrsin@/2).

25
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ou 1 ‘ o s
= ys(612 - sin(@r2)
or  2Jr cos(/2) and 50 =577 (
s i v ~
55: ;[;S]n(g/Z) andgé=__2£-COS(9/2)
1ov 1
Now, o0 ;( %ECOS(B/Z) )
_ cos(8/2)
2Wr
_ ou
T or
Ou _10v
Thus or T r 00
B 1 ou
Similarly - =‘?"5"'
——sin(6/2
2f :

Hence the C-R equations (in polar form) are satisfied.
Further all the first order partial derivatives are continuous.

Hence [/ (2) exists

Also f'(z) = —(‘Z +%})

cos(@/2) +—=sin(@/ 2)]

= (2f f

_ zJFz (cos(@/2) +isin(6/2))
i

- r(cos(©/2) +isin@©/2) ]
V4

. 1
2| = o

1
Hence f'(2)= 5:/?

1
2z

Exercises 6.2.23

1. Verify C.R. equations for the following functions

(i) f(z) = az+b.
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(i) flz)=¢.

(iti)  fiz) = (1/z), z # 0.

(iv)  flz) =iz+2.

v)  flz) =e’(cosy—isiny).

(vi)  f(z) = cos x coshy — I sinx sinh y.
(vii)  f(z) = sinz.
wiii)  f{z) = ze”.

6.3 HARMONIC FUNCTIONS

Definition 6.3.1

Let u(x,y) be a function of two real variables x and y defined in a region
D. u(x,y) is said to a harmonic function if &%u/ox’ + &’u/dy’ = 0 and this
equation is called Laplace’s equation.

Theorem 6.3.2
The real and imaginary parts of an analytic function are harmonic
functions.

Proof.
Let f{z) = u(x,y) + iv(x,y) be an analytic function.
Then » and v have continuous partial derivatives of first order which
satisfy the C-R equations given by 0u/Ox = dv/0y and du/0y = -0v/0x.
Further & w/6xdy = 8’u/dydx and &*v/6xdy = &°v/Oydx.
Now 8 u/0x*+8u/dy’ = d/dx(dv/0y) + 0/0y(-0v/dx)
Thus u is a harmonic function.
Similarly we can prove that v is a harmonic function.

Remark 6.3.3

Laplace’s equation provides a necessary condition for a function to be the
real or imaginary part of an analytic function.

For example if u(x,y) = x’+y , we have
O’u/ox’ = 2; 0°u/dy’ = 0 and Fwox’ + Fu/dy’ =2.

Thus u(x,y) is not harmonic function and hence it cannot be the real part
of any analytic function.

Definition 6.3.4

Let f = u+iv be an analytic function in a region D. Then v is said to be a
conjugate harmonic function of w.

Theorem 6.3.5

27
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Let f = u+iv be an analytic function in a region D. Then‘v is a
harmonic conjugate of « if and only if » is a harmonic conjugate of —v.

Proof.
Let v be a harmonic conjugate of . Then f= u+iv is analytac

Therefore  if = iu-v is also analytic.
Hence u is a harmonic conjugate of —v.
The proof for the converse is similar.

Theorem 6.3.6
~ Any two harmonic conjugates ofa given harmonlc function  in a

region D differ by a real constant.
Proof.
. Let # be a harmonic function.
Let v and v* be two harmonic conjugates of u.
u +ivand u + iv* are analytic in D.
Hence by the Cauchy Riemann equation, we have

Ou/Ox = Ov/dy = dv*/dy and 6u/6y = -0v/0x = -Ov*/Ox

Therefqre Ov/By = dv*/dy and Ov/dx = Sv*/ox

Hence 0/0y(v —v*) = 0 and &/dx(v - v¥) = 0.

Therefore v =v* + ¢ where ¢ is a real constant.

Remark 6.3.7

The Cauchy-Riemann equations can be used to obtain a harmonic

conjugate of a given harmonlc function.
For example, let u(x,y) = x 37

Then 62u/€>‘x2 + 6"u/6y2 =2 - 2 = 0 so that u is harmonic in the whole

complex plane C.
Not, let v(x,y) be a harmonic conjugate of .

Then ov/0y = du/ox =2x ... (D

and 0v/0x = -Ou/dy = 23 Z (2)

On integration of (1) with respect to y we get v = Zxy+op(x) where ¢(x) is
a function of Xjalene.

Now from (2) dv/dx = -6u/dy gives 2y + ¢'(x) = 2y.

Therefore @'(x) = 0o that g(x) = ¢ (a constant)

Therefore v = 2xy + ¢,
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Thus the harmonic conjugate of u(x,y) = x° - y2 is given by v(x,y) =
2xy+c and the corresponding entire function is given by

flz) = X’ —y2 + i(2xy+c)
=2 +ic.

Let u(x,y) and v(x,y) be given harmonic functions. ‘We now describe a

method, due to Milne-Thompson, of constructing an_analytic function |-

whose real part is u(x,y) or imaginary part is v(x,y).
Milne-Thompson method

Let u(x,y) be a given harmonic function.
Let f(z) = u(x,y) + iv(x,y) be an analytic function.

Then f'(z) = u, (x,y) + ivi(x,y) }
= Uy (x,y) - ity(x,y).

Let gi(x,y) = ux (x,y) and @2(x,y) = uy, (x,3).

zZ+ Z2—2Z

We have x = and y = —
2i
Z+z z-2 7+ z-2
H ' = ’ -1 ’ .
w0 (125.557) {2250

Putting z = z we obtain f'(z) = ¢,(z,0) — ip1(z.0).
Hence f(z) =/ [01(2,0) — i 92(z,0)] dz + c.

Note that it can be proved in a similar way that the analytic function f(z)
with a given harmonic function v(x,y) as imaginary patrt is given by

S(@) =S1vi(2,0) —iwaz,0)] dz +c.

Where y,(x,y) = v, and y>(x.y) = vy

Solved Problems
Problem 6.3.8
Prove that ¥ = 2x — x

conjugate. Also find the corresponding analytic function.

3
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Solution.

. 3 2
Given that w=2x-x" +3x)°.
2 2 _ Ca = : =6
Uy = 2 — 3% +3Y°; uyy = -6x; uy = 6xy; 1y, = 6.
Uyy + uyy, = (. Hence u is harmonic.

Let v be a harmonic conjugate of u.

f(z) = u+tivis anéilytic.

By Cauchy-Riemann equations, we have

vy =u, =2 3% +3)°

Integratjng with respect to y, we get

v=2y-3xy + %) e, (D)

where A(x) is an arbitrary function of x.

vy = -0xy + A'(x).

Now v, = -u, gives -6xy+1'(x) = -6xy.

Hence A'(x) = 0 so that l(x) = ¢ where ¢ is a constant.

Thus v = 2y - 3x%y +y + ¢ [from (1)]

Now f{z) = (2x — x° +3xy2) +i(2y-3xy + y3)+ ic
=2(x+iy) - [(x’ - 3xy") + i(3x%y —y3)] + ic
=2z-2 +ic

Therefore f{z) = 2z—2° + ic is the required analytic function.

Problem 6.3.9

Show that u = log /x* +y* is harmonic and determine its conjugate and
hence find the corresponding analytic function f{z).

Solution. R
Let w=log.x*+y? =14 log (x2+y2).

Therefore Uy = x/(x +y)?
= (1)) - 2x)2/(x )’
= (y x)/(x +y)

Similarly w,, = (° - y%) / (x*+3%)?.
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Obviously #y+u,, = 0 and hence u is harmonic.
Let v be a harmonic conjugate of u.

Therejfore f(z) = u+iv is an analytic function.
By C-R. equations, we have

V= Uy = x/ (% +y2).

Integrating with respect to y, we get v = fan’ (y/x) + @(x) where ¢(x) is an
arbitrary function of x.

Now v, = [I/1+y°/5) ] («v/x°)+ ¢'(%).
Also vy =-u, = G x*+)°] +¢'(x) = /[ x*+y* ] so that ¢'(x) = 0.

Hence ¢(x) = c.

Therefore v = tan™ (y/x) + c.

Therefore f(z) = u + iv = logN x*+)° + iftan” (y/x) + c].

Problem 6.3.1

Show that u(x,y) = sin x cosh 'y + 2 cos x sinh y + x°* — ¥ +4xy is
harmonic. Find an analytic function f{z) in terms of z with the given u for
its real part.

Solution.

Uy = cosx coshy — 2 sinx sinhy + 2x +4y.

Usy = - Sinx cosh'y — 2 cos x sinhy +2.

Uy =sinx sinhy + 2 cos x coshy — 2y + 4x.

Uy = Ssinx coshy + 2 cos x sinhy — 2.

Therefore u+u,, = 0. Hence u is harmonic.

Now let ¢;(x,y) = u,and ¢a(x,y) = u,

Therefore  ¢,(z,0) = cos z cosh 0 - 2 sin z sink 0 + 2z.

Space for Hints
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= cos z + 2z

Similarly ¢x(z,0) = 2 cos z + 4z.

Therefore f(z) =S [91(z,0) — i p2(z,0)] dz(by Milne Thompson Method)

. =flcosz+ 2z—i(2 cosz+ 4z )]dz

=sinz+zz—2isinz—2izz+c.

] 'Problem 6.3.11

if f(z) = ulx,y) + iv(x,y) lS an analytic function and u(x,y) = sin 2x /cosh
2y'+ cos 2x, find f{z).

Solution. :
It can be verified that u(x,y) is harmonic.
Now, u, ={(cosh 2y + cos 2x) 2 cos 2x + 2 sin’ 2x]/( cosh 2y + cos 2x)?

=[2cosh 2y cos 2x + 2] /( cos + cos 2x)?
MSO, uy=[-2 sin 2x sinh 2y] /( cosh 2y + cos 2x)2

Let ¢/(x,y) = uy and ¢a(x,y) = u,

Therefore ¢,(z,0) = [ 2cosh 0 cos 2z + 2] /( cosh 0 + cos 2z)*

= 2/ 1+cos 2z = sec’ z.

And ¢(z,0) = 0.

Now, f(z) =/ [9i1(z,0) — i 9:(z,0)] dz

= fsec’ z dz
=lanz +c
Therefore f(z) =tanz + c.

Problem 6.3.12

Find the analytic function f{z) = u + ivifu + v = sin 2x / (cosh 2y —cos
2x).

Solution.

u+v = sin 2x / (cosh 2y — cos 2x). ........ (1)

Therefore,
Uy + vy =[ 2(cosh 2y — cos 2x)cos 2x — 2 sin’ 2x]/(cos h 2y — cos

2x)°.....(2)

and Uy + vy =[ — 2 sin 2x sinh 2y]/(cos h 2y — cos 2x)°. ......... (3)
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Since the required function f{z) = u+iv is to be analytic, # and v satisfy
the C-R equations u, = v, and u,= -v;.

Using these equations in (2), we get

Uy — Uy = [ 2(cosh 2y — cos 2x)cos 2x — 2 sin’ 2x]/(cos h 2y — cos 2x)? .

Therefore,

ux(2,0) — uy(2,0) = [ 2(1 — cos 2z)cos 2z - 2 sin® 2zJ/(1 - cos 2z)° .

=[ 2 cos 2z— 2 (sin’ 2z+cos’ 2z)]/(1 - cos 2z)°.
= -2(1- cos 2z) /(I — cos 2z2)°.
=2/2sin°z=-cosec’z. ... (4)

Using C-R equations in (3) ,we get

u, + u, =[ — 2 sin 2x sinh 2y]/(cos h 2y — cos 2x)°.
Therefore, u, (z,0) + u, (z,0) =0. ... (5)

Now adding (4) and (5) ,we get, 2u.(z,0) = - cosec’ z.
Therefore uy(z,0) = - % cosec’z. ... (6)
Subtracting (4) from (5) ,we get , 2u,(z,0) = cosec’ z.
Therefore , u,(z,0) = 7 cosec’z. ... @)
Now f(z) = u(z,0) + iv(z,0)

=1 '(z) = uy(z,0) + ivy(z,0).

= uy(z,0) - iu,(z,0).
= (-1/2) (1+i)cosec2 z [using (6) and (7)]

Integrating with respect to z ,we have,
fz) = (1+i/2) cot z + c.

Problem 6.3.13

Given v(x,y) = x* - 6x°y’ +y* | find f(z) = u(x,y) + iv(x,y) such that f{z) is

analytic.
Solution.
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It can be easily verified that v(x,y) is harmonic.
Now, v, = 4x° — 12x)° and vy = - 12x%y + 4y3.
Let f(z) = u+iv be the required analytic function.
By Cauchy-Riemann equations u, = v,.
Therefore u, = - 12x°y + 4)°,

Integrating with respect to x , we get, u = -4x’y + 4x)° + A(y) where 1(»)
is an arbitrary function of y.

Therefore u, = 4’ + 1 2% + A'y) = v,

Therefore (4%’ — 12x°) = -4’ + 12x% + 2.

Therefore A'(y) = O so that i(y) = iere ¢ is a constant.

Thus u = -4x’y + 4y’ +c.

Therefore fiz) = (-4x° + 4y’ + ¢) + i(x! — 6357 + %)
=it - 65 + ) + i(ax’y- 47)] +
=ix+iy)’ + ¢
=iz* + ¢

Aliter(Milne Thompson Method)

Let yi(xy) = v, and ya(xy) = v,

Therefore w,(x,y) = - 12x°y + 4y’ and waxy) = 4x° — 12x)°.

Therefore y(z,0) =0 and y,(z,0) = 42°.

Therefore f{z) =/ fy1(2,0) +i y:(z2,0)] dz

= if4z°dz

=iz* + ¢,
Problem 6.3.14

Find the analytic function f{z) = u+iv given that y — v = e*(cosy - sin y).
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Solution.

u—-v=e(osy—siny). ... ..(D
Therefore u,— v, =e*(cosy—siny).  ......... (2)
And uy— vy =-¢€(siny +cosy). .......... (3)

Since the required function is to be analytic, it has to satisfy the C-R.

equations.
Therefore using C-R. equations in (3) , we get

Ve Uy = -E(SINY + COSY). oo, 4)
Solving (2) and (4), we get
U= €ECOSY  cevrenrnnnn (5)
andv,=€"siny ..ol (6)
Integrating (6) with respect to x ,we get,
v= & siny + f{y)
Therefore v,=¢é'cosy +f'(6) ..... _— @
Using C-R. equations in (5) and (7), we get, f'() = 0.
Hence f(3) =c¢ zlwhere ¢, is a constant.
Therefore v = & siny +c.
From (1) wu=eé€'cosy+ ca
Now, f(z) = utiv
= ¢cos y + ie* siny + ¢ + icz
=¢*(cosy + isiny) + (c; + icy)
= .e *¢” + o (where a is a complex constant)
= 4 0

-_.e +a.

Problem 6.3.15

Ifu+v = (x-y)(x° + dxy +y ) and f(z) = u+iv, find the analytic function

f(z) in terms of z.
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Solution.

utv = (x-P(x +4xy +3° (1)
Differentiating (1) partially with respect to x , we ggt ,
Uty = (0 + dxy +37) + (x—)(2x + 4 eerenenn 2)
Differentiating (1) partially with respect to y , we get,
uy+v, = -(x° + 4xy +3°) + (x ;y)(4x + 2y i (3)

Since f = u + iv is analytic, # and v satisfy the C-R equations.

ur=v, and u,=-v,.

Therefore using C-R. equations in (3) ,we get
Vet ug= - Ay +3y) =) Ax +2Y) ... 4)

Adding (2) and (4) ,we get , 2u, = (x — y)(6x + 6y).

Therefore uy = 3(x° — yz) ............ (5)
Subtracting (4) from (2) , we get, v, =6xy  ............ (6)
Using C-R equations in (6), we get, u, = -6xy ............ (7

Let ¢/(x,y) = ux and ¢y(x,p) = u,.
Therefore $1(z,0) = 32° and ¢a(z,0) = 0.
By Milne-Thompson method ,

J@) =/191(z0) — i 9x(z,0)] dz

=f37dz = Z+e¢

Problem 6.3.16 .

Find the real part of the analytic function whose imaginary part is

e*[2xy cos y + (° — x*) sin y]. Construct the analytic function.
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Solution.
Letv =e™[2xy cos y + (¥ = °) sin y] and f(z).:' u+iv be the required
analytic function.
We can prove that v is harmonic. We use Milne-Thompson method to
find the harmonic conjugate u of v.
Lety; (xy)=v, =e"(2x cosy - 2xy siny + Zyvfin y+ (3 ~x°) cosy)
and ya(x,y) = v, = e*(-2xy cos y — (° —x°) sin y + 2y cosy — 2x sin y).
Therefore y;(2,0) = €7(2z-z) and (z,0) = 0.
By Milne Thompson method,
J@) =[lyi(z,0) +iyaz,0)] dz
=fe?(2z~2°) dz
= f 2ze7dz - [-Z°¢” + fe* 2z dz]
= e
= (x+iy)’ ™

= [(x° —)°) + 2ixy] e*(cos y — i sin ¥)

=e*[(x* —3) + 2ixy] (cos y i siny)
Real part of fz) = e™[(x’ - yz ) cosy + 2xy siny].
(i.e) u=e*[(x’ —y’) cosy + 2xy siny].
Problem 6.3.17
Find the constant a so that u(x,y) = ax’ — y2 + xy is harm&nic. Find an
analytic function f{z) for which u is the real part. Also find its harmonic
conjugate.

.

Solution.

Space for Hints
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u(x,y) = ax’ —y2 +xy.
Given that u is harmonic: Hence it satisfies Laplace’s equation
Fuw/'dx’+ Fuwdy'= 0.
Now, Ou/0x = 2ax +y and ’u/ox’= 2a;
du/dy = -2y +x and dwdy’ =-2.
Fwox’ + uwdy’=0 =2a—-2 = 0.
Hence a = 1.
Therefore  u =x°—)* + xy.
Hence u, =2x +y and 4, = -2y + x.
Let ¢;(xy) =u, =2x +y and ¢2xy) =u,=-2y +x.
Therefore ¢;(z,0) = 2z and ¢2(z,0) = z.
Therefore f(z) =S [91(z,0) —i 92(z,0)] dz
= f(2z—-iz) dz
=2 —iZ2+¢
= (x+ip)’ —i(x+ip)’ /2 + ¢
= (x* =y’ + 2ixy) —(i/2) ( ~y* + 2iny) + ¢
=~y +x) +ixy + (¢ -x)2) + e
Therefore v(x,y) = 2xy + (yz —x°)/2 is the harmonic conjugate of u(x,y).
Problem 6.3.18
If u(x,y) is a harmonic function in a region D, prove that
f(z)= 0u/0x- iou/0y is analytic in D.
Solution.

Let U = du/0x and ¥ = -6u/dy.
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Therefore f(z) = U + iV. Since u is harmonic, U and V have continuous
first order partial derivatives and &w/dx’ + Pw/dy’=0.  ....coeeens (1)
Also 8U/dx = 0°uw/dx’ = -8°w/dy®  [using (1)]
= oV/0y.
Hence oU/Ox = OV/0y.
Now, 0U/dy = &u/dydx = &*w/dxdy = 6/0x(du/dy) = -0V/0x.
Hence 0U/Oy = -0V/ox.
Thus the partial derivatives of U and ¥ satisfy the Cauchy-Riemann
equations. Hence fis analytic in D.
Problem 6.3.1
If # and v are harmonic functions satisfying the Cauchy-Riemann

equations in a region D, then f = u+iv is analytic in D.
Solution.

Since u and v are harmonic, the first order partial derivatives of u and
v are continuous. Also u and v satisfy the C-R equations in D.
Hence f= u + iv is analytic in D.
Problem 6.3.20

Prove that the real(imaginary) part of an analytic function when

2 2
expressed in polar form satisfies the equation 0 1: +l Ou + 12 0 z: =0
or- ror r-o06°

(This equation is the Laplace equation in polar form)

Solution.

We know that Cauchy-Riemann equations in polar form are given

by
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ou_1lov
or r oo
g 1o
M H oo

We eliminate v from (1) and (2).

Differentiating (1) partially with respect to r and (2) partially with respect

to 8, we have

8°%v 8’u ou
=r—t
oroe ort or

v | 8%u

060r T r

r 60°

o%v 0%y 8%u
= , we have r—+—
oro6 O6or or

Since

0*u 10du
C—
or® ror

1 0%u _

+ 0. Similarl
r? 06°? Y

Problem 6.3.21

ou
or

dv 1dv

12
r 96%°

1 8%v

or ¥ Or

+—-——+ =0
r’ 06?

2

¢ and y are functions of x and y satisfying Laplace’s equation. Ifu = ¢ —

wrand v = ¢, + y, , prove that u + iv is analytic.

Solution.

Given that ¢ and y satisfy Laplace’s equation.

Hence ¢u + ¢y, = 0.
And yy, + y,, = 0.
Also u=¢,—wand v =4, + y,

Hence ux__— ¢xy - Wxx
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Uy= Pyy — Yyx
Vr= ex T Yy
= -Gy + Wy [by(1)]
And v,= ¢, — i,
= Py — Wxx [by(2)].
Thus u, =v, and u, = -v,,
Since ¢ and y are harmonic, all the partial derivatives are continuous.
Hence u + iv is analytic.
Problem 6.3.22
Show that if # and v are conjugate harmonic functions, the product uv
is a harmonic function.
Solution.
Since u and v are conjugate harmonic functions, the product uv is a

harmonic functions ,we have

U YUy, =0, ... (1)
Ve TV, =00 (2)
O 3)

Uy ==Vy  cveree.(4d)
Now let ¢ = uv.

Ox = uvy + vu,.
Prx = Wit 2u,vy + Vi,
Similarly ¢y, = uv,,+ 2u,v, + vu,,

= Uy~ 2vsu, + vi, [using(3) and (4)].
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Space for Hints NOW @ux + By = U(Vex + Vi) + V(tixx )

=0 [using (1) and (2)]
Therefore ¢ = uv is a harmonic function.
Problem 6.3.23
If /{z) is analytic , prove that (8%/0x” + &/2y°)| f() P=41"@
Solution.
Let f(z) = utiv.
Therefore | fiz) |I° = &° + V' = ¢ (say) and f'(z) = ux + ivx.
Therefore 62¢/6x2 = 2[ux2 + Uty + Vil +wWo] e (1)
Similarly &¢/0)° = 2[u? + uuy, + v’ + vyl e )
Since u# and v are harmonic,
Uy + Uy =0 and vix + vy, =0  ....coie. 3)
Adding (1) and (2) using (3) we get
FPp/ox® + PPy’ =4 (u +vi)
=4 u +ive |
=4if'@ 1
Hence the result.
Problem 6.3.24
If f{z) = u+iv is analytic and f{z) # 0, prove that
(i) (&°/6x° + &/8y°) log | flz) | =0.
(i)  V:ampf(z)=0.

Solution.

log flz) = log |f(z) | + i amp f(2).
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Since f{z) # 0, log | f{z) | exists.
Further since f{z) is analytic and f{z) # 0, log f(2) is also analytic.
Therefore log | f{z) | and amp f(z) are the real and imaginary parts of the
analytic function log f{z).
Hence both log | f{z) | and amp f{z) satisfy Laplace equation.

() &/0x° (log | fiz) ) + &°/0y"Tlog | fi2) ) = 0

(i.e) (O°/ox’ + &%/0y°) (log | fi2) ) = 0.
(i) Also,8%/0x’ (amp f(z)) + 8*/0y*(amp f(z)) = 0
(i.e) (6°/6x° + &/0y°) (amp fiz)) = 0.
(ie) V7 ampf(z)=0.
Problem 6.3.25
Given the function w = z° where w = u+iv. Show that z and v
satisfy the Cauchy-Riemann equations. Prove that the families of curves
u =c;and v = ¢, (c; and ¢, are constants) are orthogonal to each other.
Solution.
w=2z = (x+iy)3
= (' =30°) +i 3y ~y).

Therefore u = (x’ — 3x)°) and v = (3x2y - y3 ).
Uy = 3x* — 3y° and u, = -6xy;
vy = 6xy and v, = 3x° - 3)”.
We note that u, = vy and uy, = -v,.
Hence u and v satisfy the Cauchy-Riemann equations.

Now u,, = 6x and u,, = -6x.
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Therefore u,, + uy, = 6x — 6x = 0.
Hence u satisfies the Laplace equations.
S‘imilarly Vax + Yy = 6y ~ 6y = 0.
Hence v satisfies the Laplace equations.
u=cy = x3—-3xy2 =g
Differentiating with respect to x, we get ,
3x% = 3(2xy (dy/dx) + ) = 0.
Therefore dy/dx = 3(x* -y )/6xy =(x* — %) /2xy.
Therefore slope of the tangent at (x,,y,) for the curve u = ¢, is given by
m; = x,° — y02/2xgyo.
Nowv =c; = 3%y -y’ =,
Differentiating with respect to x, we get
3(2xy + X’ (dy/dx)) — 3y (dy/dx) = 0.
Hence dy/dx(3x’ - 3y°) = -6xy.
Therefore dy/dx = -2xy/(5° — 7).
Slope of the tangent to the curve u = ¢, at (xn,y0) is given by
my = -2xye/(x0” ~ o).
Clearly, ‘m;m; = -1.
Therefore the two families of curves are orthogonal.

Exercises 6.3.26

1. Prove that the following functions re harmonic. Also find a
harmonic conjugate.

(i) u = sinh x sin y.
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(ii) u=3xy+ 2 -y - 2.
(i) u=é'cosy.

2. Prove that the following functions are harmonic. Also find a
function v such that f{z) = u+iv is analytic and express f{2) in
terms of z.

@ u=2x(I-y)

(ii) u=ée(xcosy—ysiny)

(iii) u=2xy + 3y.

(v)  u=y/+y).
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UNIT 7

7.0 CONFORMAL MAPPING AND SOME DEFINITIONS

rIn this section, we study the concept of bilinear transformations,
cross ratio and fixed points. We start with the necessary definitions

which are useful throughout this material.

Definition 7.0.1

A curve C in the complex plane is given by a continuous function

y: [a,b] — C.

If y(®) = x(1) + iy(2), then the curve C is determined by the two
continuous real valued functions of the real parameter ¢ given by x = x(¥)
andy = y(1) where a<<b. We also write z = z(t) = x(t) + iy(t) where a<
t<b. The point z(a) is called the origin of the curve and z(b) is called the
terminus of the curve.

The curve C is said to be simple ift, £ t, = z(1)) + z(t2).
Equivalently C is simple if the function y is one-one.

The curve C is called a closed curve if z(a) = z(b) and C is called a
simple closed curve if (i) z(a) = z(b) (ii) z(1)) # z(1;) for any other pair of

distinct real numbers ¢,,¢, ¢ [ab].

A simple closed curve is also called a Jordan curve.
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A curve (' is said to be differentiable if z'(1) exists and is continuous. If

further z'(2) # 0, then the curve is said to be regular (smooth,).

Geometrically the regular curve has a tangent whose direction is
determined by the argument of z'(2).

If C is a curve determined by the equation z = z(¥) where a< (< b, then the
opposite cure of C denoted by — C us given by the equation z(#) = z(b+a-
t) where a= < b.

Example 7.0.2

The polygonal line given by

z)={t+it i 0s1s1

ft+i  if 15152

consisting of a line segment from 0 to /+i followed by another line
segment from 7+ to 2+i is a simple curve..
We notice that the above curve is differentiable except a 7+i. Such a
curve is called a piecewise differentiable curve.
Definition 7.0.3
A curve C given by z = z(%) is said to be piecewise differentiable if it is
differentiable except at a finite number of points and at any point where
z(?) is not differentiable, it has a left derivative and right derivative.
Example 7.0.4

The equation given by z(#) = cos t + i sin t , where 0< (< 2 represents

the unit circle C with centre O and radius 1 described in the anticlockwise
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direction. The origin and terminus of the curve are z(0) = 1 = z(2xm).
Space for Hints

The same circle with negative orientation —C is given by the equation

z(t) =cos (2n—1) + isin 2r—t). Thisisa simple closed curve.
Example 7.0.5

In general the equation z(2) = a + r(cos t + i sin 1) where 0<t<2m»
represents a positively oriented circle with centre a and radius . This is
also a simple closed curve.

Example 7.0.6

The curve represented by - %) = cos t + i sint where 0<t<4misa
closed curve. However itisn  simple closed curve, since z(w/2) =
z(5n/2). Actually the equation represents a unit circle traversed twice.
Definition 7.0.7

Let f be an analytic function in a region D. Let C be a curve given
by the equation z = z(z) where a<r<b and lying‘in D.

Then the equation w = w(?) = f(z(t)) defines another curve C’ in the w-

plane and is called the image of the curve C under f,
Definition 7.0.8

Let f be a continuous function defined in the region D. Let zj € D.
Let C, and C; be two regular curves passing through z, and lying in D.
Let C’) and C’; be the images of C; and C; respectively under £, If the
angle between C; and C:is equal to the angle between C,”> and C,’both in

magnitude and direction, then f'is said to be conformal at z,.
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Thus a conformal mapping preserves angle both jin magnitude and : |
direction, |
If the angle is preserved only in magnitude and direction is reversed,
\then the mapping is said to be isogonal or indirectly conférmal.
Definition 7.0,9
Let f{z) be an analytic function defined in D and let zy € D. Then z

is called a critical point of f(z) if f'(zo) = 0.

BILINEAR TRANSFORMATIONS

INTRODUCTION

A function f: C—C can be thought of as a transformation from one
complex plane to another complex plane. Hence the nature of a complex
function can be described by the manner in which it maps regions and
curves from one complex plane to another. In this unit, we shall discuss
bilinear transformations and see how various regions are transformed by

these transformations.
7.1 ELEMENTARY TRANSFORMATIONS :

1. Translation: w =z + b.

Consider the transfornﬁation w=2z+b.

Ifz=x+iy, w= u+i§ and b = b;+ib; , then the image of the 'poiht
{(x.y) in the z-plane is the poiﬁt (x+b;, y+b;) in the w-plane.

Under this transformation, the image of any region is simply a

translation of that region. Hence the two regions have the same
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Hence the transformation w = 1/7 is the inversion with respect to the
unit circle followed by the reflection about the real axis.
Here points outside the unit circle are mapped into'points inside the

unit circle and vice versa. Points on the circle are reflected about the real

axis.

~ In terms of Cartesian coordinates the above transformation can be

éxpfcssed in the form
w =utiv = Il/(x+iy) = (x — iy)/ (x* + y‘?).
Therefore  u=x/(’+37) and v = /7 +3).
Similarly from z = I/w we get x = w/(i’ + ) andy = v/’ +V°) ..(1)
Now, consider the equation a(x’ + V%) + bx + cyt+d=20

where a,b ,c ,d arereal. ... .. 2)
This équation represents a circle or a stréight line accordingasa # 0 or a
= 0. Using (1) and (2) ,we get, |
d(a2-+ V)+bu—evva=0 ... (3)
Now, suppose a £ 0; d # 0.
l.n this case, both (2) and (3) represent circles not passing through the
origiﬁ. Hence circles not passing through the origin are mapped into
circles not passing through the origin.
Similarly, a circle passihg through the origin is maped into a straight line
not passing through the origin.
A straight line not passing through the origin is mapped into a circle

passing through the origin.
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W=iz+i = ow=iGtl) f iy + ik,
Therefore u+iv =~y + j(x+1).
Therefore w=-y and v =x+].
Therefore x>0 < v>1.
Therefore the half plane x > 0 is mapped into the half planev > 1.
Problem 7.1.2
Show that the region in the z-plane giveh byx>0and0<y<2is
ﬁaap_pgd into the region in the w;plane givenby -/ <u</land v>0
under the transformation w = iz + ].
Solution.
Letz =x+iy and w = u+iv.
w=iz+1 = w=ilx+iy + 1
= utiv=(y+ 1) +ix
Therefore u=17-y and v=ux
Therefore x>0 and 0 <y<2 & v>0 and -1 <u < I.Hence the
givén region is mapped in to the region v>0and -/ < u < |,
Problem 7.1.3
Find the image of the square region with vertices (0, 0), (2,0), (3,2),

(0,2) under the transformation w = (J+i)z + (2+i).

- Solytion.
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with A'(2+i).
Problem 7.1.5
Show that by means of the inversion w = 1/z the circle given by [ z -3
| = 5 is mapped into the circle | w + 3/16 | = 5/16.
Solution.
Thé circle | z—~ 3| = 5 is mapped into | //w — 3| =5 -
Now |Iw-3|=5 = |1lfu+tiv)-3|=5
= | (1-=3w—3iv| =35 utiv]|
= (1-3w+ 9 = 2507 +)
= 9’ —6u+ 1+ N =254 + 25°
= 16(*+V’) + 6u—1=0.

= u’ +Vv’ + (6/16) u—1/16 = 0.

2
This is a circle with centre (-3/16,0) and radius \/(1—35) -;-i-lg = -1%

Hence the image circle in the w-plane is given by the equation

3 5
W+ —=—
l 16l 16
Problem 7.1.6

Find the image of the circle | z— 3i | = 3 under the map w = 1/z.
Solution.
The image of the circle fz-3i|=3 under the transformation w = 1/z

is given by the equation | I/w—-3i | = 3.

Now, |1iw—3i|=3 = | W u+iv)—3i|=3
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‘:> 20 +v) «u<0.
= WV —u?2 <0

.. The region x > 2 is mapped into a region represented by w + v - w2

< 0, which is the interior of the circle with centre (%,0) and radius %.

‘! HR

u
Now,x<3 = ———— <3
u°+v

= 30+ V) —u>0
= w+v-u3 >0.

.. The region x < 3 is mapped onto the exterior of the circle with centre

(1/6,0) and radius 4

J6
.. The strip 2 < x < 3 is mapped onto the region bounded by the circle
ué +v' =u?2 and W+’ =u/3inthe w-plane.
Exercises 7.1.8
1. Find the image of the square region with vertices (0,0), (1,0) and
(0,1) under the transformation w =z + (3 —i).
2. Find the image of the rectangular region bounded by x = 0; y = 0;
x =2; y = Iunder the (i) translation w = z + (1- 2i) (ii)
rotation w = iz (iii) transformation w = (1+i)z + (2 —i).
3. Find the image of the strip 0 < x < / uﬁder the transformation w =
iz,
4. Find the image of the region y > I under the_transformation w =iz

+1.
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Answers: 2.(i)The rectangular region bounded by u=1,v=-2,u=3 and v=-1
(i1) The rectangular region bounded by #=0,v=0,u=-6 and v=2

(iii) The rectangular region bounded by u+v=1,v-u=-3, u+v=>5and v-u =-1
3. The strip 0<v<].

4. u+v>2,

7.2 BILINEAR TRANSFORMATIONS

Definition 7.2.1

+b
A transformation of the form w = Tz) = 2z )
cz+d

Where a,b,c,d are complex constants and ad — be # 0, is called

a bilinear transformation or Mobius transformation.
a -d

We define T(e) = — and T(—=) = oo. Hence T becomes a
c c

I -1 onto map of the extended complex plane onto itself.
The inverse of (1) is given by

_ -dw+b
cw-a

z= T (w

which is also a bilinear transformation.

Theorem 7.2.2

Any bilinear transformation can be expressed as a product of
translation, rotation, magnification or contraction and inversion.

Proof.

Let w= az+b wheread —bc#0 ... (hH
cz+d |

be the given bilinear transformation.
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Casei. c=0.

az+b
d

(1) =»>w=

= (a/d)z + (b/d).

= T(z).
Case ii. ¢ #0.

az+b
cz+d

_alz+(d/c)]+b—(ad/c)

clz+(d/0)]
_ £+b—(ad/c)
c cz+d

Now, let 7T)(z) =cz+d

Tz(Z) = 1/z.

Tyz) =z + (a/c)
Then T(z)=(T,0T;0 T 0 T)(z).

Hence the theorem.
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Hence d # 0 (since ad — bc # 0),

Now, let!Ti(z) = (a/d)z and Ta(z) =z + (b/d).
T, and T are elementary transformations and

(T2 0o T))(2) = T2f(a/d)z] = (a/d)z + (b/d)



Corollary 7.2.3
Under a bilinear transformation, the family of circles and lines are
transformed into the family of circles and lines.
Proof.

Under each of the elementary transformations, the family of circles
and straight lines are transformed into the family of circles and lines.

Hence the result follows.
Solved Problems

Problem 7.2.4

— z R o
maps the unit circle |z| = /
4z -2

Show that the transformation w =

. . . . -1
into a circle of radius unity and centre >

Solution.

5-4z
w = 42_2

Sodwz-2w =5 -4z
S(dw+ 4z =5+ 2w

] S+2w
2T 4wed

Now, |z| = ] =2z = |,

(5+2w 542w
- = | =]
dw+4 A 4w+ 4 '
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= 25+ dww+10w+ Uw = 16wiw+16+16(w+ w)

= 12Ww + 6w+ 6w—9 =0
- 1= 1

= WWH=w+—w—_—=0.
2 2 4

-1

This represents the equation of the circle with centre —— _
| ‘ 2 and radius

—_—— — =
473 1.
Hence the result.

Problem 7.2.5

: . 2z+3 - -
Show that the transformation w = ,_4 maps the circle 2ZZ2—2(z+2) =

0 into a straight line given by 2(w+w) 3.9
Solution.

2z43
T o4 -

wz—4)=2z+3
SzZ(w—2) =3+ 4w,

3+4w
w—2

o’.Z:

The imége of the circle 2ZZ—2z+2) 0 is

(3+4w) 3+ 4w 344w 344w
‘ = ~2 + = =0.
}4"2 w—2 ‘ w—2 }41—2
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On simplification, we get 2w+W) 4 3 = g which is obviously a straight
line.

Problem 7.2.6

z-1
Show thatw = 7
owthatw = 7 +1 maps the imaginary axis in the z-plane onto the

circle |w| = J. What portion of the z-plane cotresponds to the interior of

the circle |w| = /,

Solution.
z-1 z-1
@ PTRE———— w — ———————

wi=1  z+l  since  z+l

=
2~ 1] = |z + 1]

@ |x+iy-1|=|x+iy+]]|

=
=Dy = )Y

x = (.

z-1

r———

Hence the transformation w = 2+1 maps the imaginary axis x = 0 onto
_ the unit circle {w| =1.
Also since the point z = [ is mapped to w = 0 ,it follows that the half
" plane x > 0 is mapped onto the interior of the circle jw| = .
Exercises 7.2.7

1. Expresé each of the following bilinear transformations as a

product of elementary transformations.
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Space for Hints . () w o=
. z+1
. S 3z+2
) e iz+6

(i)  1+i-3z

w= "

T itz

2. Prove that the set of all bilinear transformations forms a group

under composition of mappings.

i—iz
3. Show that the transformation w = — o
142 maps the unit circle |z| =

| 1 into the real axis of thc - ane.
7.3 CROSS RATIO

Definition 7.3.1
Let z,, z, 23, z4 be four distinct points in the extended complex“plane.

The cross ratio of these four points denoted by (z,, 2, 23, 24 is denoted by
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(2, ~23)(z, —2,)
(2, - 2,)(z; — 25)
d i

if noneof z,,2,,25,2, iso©

— if z,is©
Zy—2 . .
=224 fziso
Z, 2 . .
275 g s
22 F23

(1222329 = | _

2 if z,is

[ 22 — 23

Theorem 7.3.2
Any bilinear transformation preserves cross ratio.

Proof.

az+b ) - .
Letw = T3 ad — bc # 0 be the given bilinear transformation. Let
cz

Z1, 22, 23, 24 be four distinct points. Let their images under this
transformation be w;, w,, w3 wy respectively. .

We assume that all the z; and w; are different from oo,

We claim that (2, z3, z3, z¢) = (Wy, wa, w3, wy)

az, +b
cz, +d

We have w; = (i= 1,.:2,3,4).
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az,+b az,+b
cz,+d cz;+d

Now, w; —w; =

_ (ad - be)(z, — z4) = ki(z1 — 23) (say)
(cz, +d)(cz, +d)

Similarly, wy — wy = k(22 — z4).
Co (Wi —wa)(wr—wy) = kika(z) - 23)(22 ~ 24).
= k(z; — z3)(z2 - z4).
Similarly, we can prove that
(Wi —wo)(w2—w3) = k(z; — 24)(22 — 23).

- w))w, —w,) (2 -2V —z,)
N (w, —w, )(w, —w;) B (z, -z, =~24)

The proof is similar if one of the z; or w; is .

Note 7.3.3

Four distinct points z,, z, z;, z4are collinear or concyclic iff (z;, z3, z3, z4)
is real,

Further any bilinear transformation preserves cross ratio. Hence it
follows that the family of circles and straight lines are mapped into the
family of circles and straight lines.

Neote 7.3.4
The bilinear transformation which maps the three points z;, z,, z;3 to three
points w;, w,, w; is given by
(@ 21,2223 = (ww,ws wy).
Solved Problems
Problem 7.3.5
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Find the bilinear transformation which maps the points z; = 2, z; = i, z3
= .2, ontow; = I, wy = i, w3 = -] respectively.
Solution.
Let the image of any point z under the required transformation be w.
The required bilinear transformation is given by equation
w, 1,i,-1)=(z 2,i,-2)

(w=iX1+1) _ (z=i}2+2)
w+D(1=1) (z+2)2-1)

C2w-i)  Mz=D)
T w+D(d-i)  (z+2)2-1)

w=i) _  2z—i)

" w—iw+l-i 2z-iz+4-2i

Siwz+6w—-3z-2i=0.
Sow(iz + 6) = 3z + 2i.

3z+2i
T iz+6

This is the required bilinear transformation.

Problem 7.3.6

Find the bilinear transformation which maps the points z = -1, /,00
respectively onw = -f, -1, i.

Solution.

Let the image of any point z under the required bilinear transformation be
w. Since bilinear transformation preserves cross ratio, we have,

(z, -1,1, © ) = (w,-i,-1, i, ).
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, (z-vl):(w+1)(—i—i)
-1 (w=i(=i+)D)

= (z-1)(w-iw-i-1) = 4iw+4
= w(z-1-i(z-1)-4i) = 4i+(i+1)(z-1)

@+Dz+3i-1

(-Dz-3i—1 which is the required bilinear transformation.

2 w=

Problem 7.3.7

Determine the bilinear transformation which maps 0, /, « into , -1, -i
respectively. Under this transformation show that the interior of the unit
circle of the z —plane maps onto the half plane left to the v axis (left halt
of the w-plane).

Solution.

The required bilinear transformation is given by the equation
w, i, -1,-i)=(z 0 1, ©)

S (w+D)i+D) _ (z-1)

T wHDE+D)  (0-1)

2i(w+ 1);

S =1~
iw+w-=1+1i

Siwt+2i=jwtrw-lti-iwz—wz+z—iz
Sowi-i—1Yiz+z)=z—iz-2i—1+i.
Swf(i-1)+ i+ Dz] =z(1-i) - (I +i).

. 2(=)-(+0)
"W A+ -(1-i)
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zZ—1i

.. The required bilinear transformation is w = -y
The equations of the left half of the w-plane and the interior of the unit

circle in the z-plane are Re w < 0 and | z | < I respectively. Now,

Rew< (0 <& Re(-z-:—f:)<0
z2+i

2 [(z—-i)(z+i)] o

lz+i )

o  Re(z-iz-i) <o

o  Re (zz-i(z+2)-D <

o  Re(z2)-1<0 (v Uz+2) is imaginary)
& lz|%< 1

& lz| <1

. The left half plane is mapped into the interior of the unit circle.

Problem 7.3.8
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Find the bilinear transformation which maps -1, 0, I of the z-plane onto -

1, =i, 1 of the w-plane. Show that under this transformation, the upper
half of the z-plane maps onto the interior of the unit circle | w | = 1.

Solution.
The required biﬁnear transformation is given by the equation
w,-1,-i,1) =(z -1, 0 1)

C(wHi=1-1) _ (z=0)-1-1)
T ow=D(=1+i) (z=-1)~1-0)

. -2w+i) -2z
e o= (-2)°

So(l=z)w i) =z(w—D(i-1).
(ie) w+i=iwz+z

(ie) w(l—-iz) =z—1

, z—i i(z-=1) ,(z—i)
e W = =1

T l-iz i(l-iz) \z+i

. . - . [ z-1
.. The required bilinear transformation isw = l( N j
zZ+1

The equations of the upper half of the w-plane and the interior of the unit

circle in the z-plane are given by Im w.> 0 and |z| < ] respectively.

Now,Imw>0 < Im(i(z—l,D >0
z+i

z-1
= Re( ]<0

zZ+1i
< lz|<I,

Hence the upper half plane is mapped into the interior of the unit circle.
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Exercises.

1. Find the bilinear transformation which maps z;, z2, z3 fo W), W2, W3

respectively where

(a) 21=2,Zz=i,Z3==2,‘W,£1,W2=5,W3=-1.

) z1=-i,z2=0zz=i; wy=-1, wy=1, wyg = 1.

() zy=00,22=1i23=0; w; =0, w;=1i, w3=00

d z,=1,2=-1,2z3=0;, wy =0, wz =2, w3 = -L.
2. Find the bilinear transformation which maps the points z,, z,, z3 into
the points w; = 0, w, = 1 and w3 = .
3. Find a bilinear transformation which maps the vertices I+ i, -i, 2 — 1,

of a triangle of the z-plane into the points 0, /, i of the w-plane.

W__32+2i w__i(l—z) _-1

Answers: 1. (a) iz+6 \(b) z+l  (¢) z
e 2(z-1) '

(d) 1+iz-2

_ (z—2, )z, _23)‘
2. (z-23)(z;, —2,)

L 2=(2+20)
3. (i-Dz(3+5)
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In this case, the bilinear transformation becomes w = (d

7.4 FIXED POINTS OF BILINEAR
TRANSFORMATIONS

Definition 7.4.1

If w = f{z) is any transformation from the z;plane to w-plane, the
JSixed points of the transformation are the solutions of the equation z =
o)

Consider a bilinear transformation given by

az+b
w= ¢z+d where ad - bc + 0.

The fixed points or invariant points of the bilinear transformation are

az+b

given by the roots of the equation z = cz+d
(i.e) cz + (d—a)z—b = 0.
Case(i) c#0.

In this case the fixed points are given by

(a-d) £[(d-a)* +4bc

z= | 2c

When (d - a)’ + 4bc # 0, the given bilinear transformation has two

- finite fixed points and when (d ~ a)* + 4bc = 0 it has only one finite

- fixed point.

Case(ii) ¢ = 0.

a) b
d,
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Clearly o is one fixed point.

a b

—lZ 4+ —
Other fixed point is determined by the equation z = (d ) d.
(ie) (d—a)z-b=0.

b
< Ifd— a # 0 ,we get a finite fixed point 1-a

Thus we have

Case (i) ¢ £0; (d—a)’ + 4bc # 0 = 2 finite fixed points.
Case (ii) ¢ # 0; (d—a)’ + 4bc = 0 = one finite fixed point.
Case (iii) ¢ = 0, a #d = oo and one finite fixed point.

Case (iv) c = 0; a = d = o is the only fixed point.
Theorem 7.4.2

Any bilinear transformation having two finite fixed points o and f§

. ) w—a zZ—a
can be written in the form =k )

w-p8 \z-8
Proof.
Let T be the given bilinear transformation having a and B as fixed
points. Let the image of any point y under T be 8.
Then the bilinear transformation T is given by (w, 6, a, ) = (z, y, a,
P

L w-a)E-B) _E-a)r-p)
w-B)6-a) (z-Br-a)

—a_ [(z-a —B)& -
e e L .

Definition 7.4.3
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Le: T be a bilinear transformation with two finite fixed points o, . If
k given by (1) isreal T is called hyperbolic and if |k| = 1, T is called
elliptic.
Theorem 7.4.4

Any bilinear transformation having o and a # o as fixed points can
be written in.the form w —a = k(z — a).

Proof.

Let T be the given bilinear transformation having « and a as fixed

points. Let the image of any point y under T be 8.

Then the bilinear transformation is given by (W, 9, &, %) = (z, 3, &, x).

z
y -

L wW—a a
Y, a’

o—-«a
y-a

S w—-a=k(z—a) where k=

Definition 7.4.5

A bilinear transformation with only one finite fixed point is called
parabolic.
Theorem 7.4.6

Any biflinez}r transformation having o as the only fixed point is a
translation.

Proof.

az+b
Letw = cztd be the bilinear transformation having o as the

only fixed point.
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Thenc =0 and a =d.

az+b

. The bilinear transformation reduces to the formw = 7

b
Sow =z + (;) which is a translation.
Theorem 7.4.7

Let C be a circle or a straight line and z,, z> be inverse points or
reflection points with respect to C. Let w;, w> and C; be the images
of z;, z;and C under a bilinear transformation. Then w,; and w> are
inverse points or reflection points with respect to C.

(i.e) A bilinear transformation preserves inverse points.

Proof.

Let the equation of C be pzz+az+az+ B=0 ...
Result: z; and z, are inverse points with respect to the circle z z +

az+az +f =0 iffz1z2 =az+a 22+8 =0.

Since z, and z; are inverse points w.r.t. C by the above result, we have
pzz, vaz, +az +f =0. ...(2)

az+b
+d

Let the given bilinear transformation be w = where ad — bc # 0.

dw—>b

Z= .
—-cw+ta

. Under the given bilinear transformation (1) is transformed into
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Bt [ E e RN R
—cw+al-cw+a —-cw+a —cwta
Also (2) is transformed into

~b || _dwi-b dwi-B | | dw b
P[ D ~b ][ d—vf—z b..}+a|:i_vf_—2;———[i:'+a|:—dw+——:|+ﬂ =(Q
—ew,ta || —cw, +a —-cw, +a —cw, +a

)

Clearly (4) is the condition for w;, and w; to be inverse points with

respect to (3). Hence the theorem.
Solved Problems
Ptoblem 7.4.8

Find the invariant points of the transformations

1+z |
@w=123 ®)w = z-2i
v
Solution.
%a) The invariant points of w = Mz) are got from f{z) = z.
. N 1+z
/--f(z)—z zZ=71_,

=z-Z=]+z
=1+ =0
=z=1
- iand — are the two fixed points of the transformation.

1
®)fle) =z = 2= ;5
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= 77 -2iz—1=0.
w2
= (z-1i) =0.
Hence i is the (only) fixed point.

Problem 7.4.9

Prove that the transformation w = Z is not a bilinear transformation.

Solution.

Any bilinear transformation, other than the identity transformation

has two fixed points. However the transformation w = Z has
infinitely many fixed points, namely all real numbers. Hence it is not

a bilinear transformation.

Note 7.4.10

The above result can also be established by showing the w = z does

not preserve cross ratio.

Exercises 7.4.11

1. Prove that a bilinear transformation having origin as the fixed

zZ

point can be written in the form w = €Z +d’

2. Prove that a bilinear transformation having 0 and < as fixed point

is of the form w = az.
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3. Find the fixed points and normal form of the following bilinear
transformations. Also determine whether they are elliptic,

hyperbolic or parabolic.

Dw=z+3 (i) w=2z+ 3
() w=2=1
z+1
(iv) w = 6z — 9z
z - 3z-4
v)w= ' Vijw =
Mwss=— " (v —
T Rk Nl G Sl P .
Answers:3.(i)oo (ii)eo (iii) W+i i+1 z+i (iv)3;parabolic
1 2 :
. ——=—.—— hyperbolic
)0,1; w=1 2 z-1 (vi)2; parabolic

7.5 SOME SPECIAL BILINEAR TRANSF ORMATION S

In this section, we shall determine the general form of the transformations

which map

(i) the real axis onto itself.

(ii) the unit circle onto itself.
(iii) the xjeail axis onto thé‘ unit circle.
Theorem '7 S.1

az+b

w | |
A bilinear transformation cz+d where gd — bc # 0 maps the
real axis into itself if and only if a,b,¢,d are real.

Further this transformation maps the upper half plane Im z > ¢
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into the upper half plane
Imw 20 if and only if ad — bc > 0.
Proof.

Suppose a, b, ¢, d are real.

=
Then obviously, z is real w is also real.

Therefore the real axis is mapped into itself.
Conversely consider any bilinear transformation T that maps the
real axis into itself.

Therefore there exists real numbers x;, x,, x; such that

T(x)) =1 T(xz2) =0and T(x3) = ©
Therefore bilinear transformation T is given by
(Z’ xlllexj) = (w; 19 01 w)

(2 —x;)(x; — x; )_W—O_w
(z-x)(x ~x,) 1-0

az+b__

=W
cz+d wherea =x;—x3, b =-x3(x;—x3) ; ¢ = x;- x»

and d = -x3(x;-x3).
Since x;,x;,x; are real, a,b,c are also real.

Now,
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2ilmw=w—w=

— az+b az +b
cz+d cz+d
(ad -bc)(z—2 )
- lcz+d|?

ad - bc
=21 ———— |Im z
l[lcz+d|2)
_(ad—bc)[
" lez+d )

m Zz.

SImw

Therefore, the upper half plane Im z > 0 is mapped onto the upper
half plane Imw >0 < . be > 0.

Theorem 7.5.2

Any bilinear transformation which maps the unit circle |z| = 7 into

zZ—a
the unit circle |w| =7 can be written in the form w = e"{; z _J

where A is real.

Further this transformation maps the circular disc |z| < / onto the
circular disc |w| < 1 iff |a| < 1.

Proof.

+b
Let w= az

where ad - be # 0 be any bilinear
_ cz+ .

transformation which maps |z| = 7onto |w| = 1.
0 and o are inverse points with respect to the circle lw| = 1.
Hence their pre-images —(/a) and —(d/c) are inverse points with

respect to |z} = 1.
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Result: z; and z, are inverse points with respect to the circle z
z+az+az+f =0 iffzz2 = @z + a 22+ =0.
Therefore (-b/a)( 2/(:) = ] (using above result)

Therefore if @ = ~(b/a) , then I/ = - dle.

az+b
Therefore w=
cz+d

8B
- (=)&2)

Now, let |z| =1. Hence (w| = 1.

| z-z| . -
Therefore | = |w| = — = (since zz=1)
I c az-zzl
_laa|z-a
¢ la—z
_|ac
c
aa
Thus —| =1
c
ac .,
c

for some real number A.

zZ—
w=et =
o z-1
where A is real

Now, w_v-t_z—l=e"1(_z__a!)e“”1 Z- ¢ -1
az—1 az—1

81

Space for Hints




r Space for Hints

_G-aGza)
(az-D(az-1)
_ (l-aa)zz-1)
 az-1P
. The transformation maps [z| < 1 onto w| <1
sSl-aa>0

o aa<l
<la| <1

Theorem 7.5.3

Any bilinear transformation which maps the real axis onto unit circle |w|

e:ﬂ(zﬁ_]
zZ—O

= ] can be written in the form w where A is real.

Further this transformation tu.., - we upper half plane Im z > 0 onto the
unit circular disc |w| </ iff Ima > 0.

Proof.
az+b

cz+d where ad — be # 0 be any bilinear transformation which

maps real axis onto the unit circle |w| =1.
0 and oo are inverse points with respect to the unit circle {w| = 1.
Hence their pre-images —(b/a) and —(d/c) are reflection points with

respect to the real axis.

LIf a=—(—b—) , then E:—-(i)
a c

az+b
Now, W=
cz+d

(E) z+(b/a)
=\cJ)z+(d/c)

(¢

Now, suppose z is real. Hence |w| = 1.

W =

.o |

Now, since zisreal z= Z and hence
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lz—a|=|z-a|=|z-a|=|z-|
. la

a 1 -
= 1. Hence = = e™ where A is real.
c

c

. i1 £ — & . . . .
Sw=e' [ —J , where A is real, is the required transformation.

z—a
_ ‘ _ (o
‘Now ww—lze”(z ZJe"’1 7%
’ Z—a \Z—«
(z-—af) E—-;\_l
= Z—E' E—a)
—4ImzIma
z—al

-+ The bilinear transformation maps the upper half plane Im z > 0 onto
the disc |w| <71 iff Ima > 0.

Solved Problems
Problem 7.5.4
Find the general bilinear transformation which maps the unit circle |z|=1

onto |w| = / and the pointsz =/tow=Jandz=-Jtow = -1,

Solution.

We know any bilinear transformation which maps |z| = lonto |w| =

—_—

lis of the form w = e“(_

) ,where A is real.
az -1

Since 1 and -1 are again mapped to 1, -1 respectively, we have

1= e"(Lﬁ)
a -1

......... (D
-l1-a A1+
1= ”I( = ) =e'z(——=) .........
-a~1 l+a @)
Dividing (1) by (2 ¢ 1—(1_0‘) L+a
ividing (1) by (2) we get, - -1 \1+a
—a-qa+l+a = l+a-a-aa
~2a+2a = 0.
c=a e 3)
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Using (3) in (1) ,we get, 1= ™,

Hence e*=-1.

a—2z

. ' w=
- The required is z-1

Problem 7.5.5 _ ~
awz—-bw—-bz+a=0

Prove that the transformation given by maps the
unit circle |z] =/ onto transformation the unit circle |w| = 1 if |b| # |a].

Solution.

awz —bw—bz+a=0.

— (l;z—a)(bg—a] |

ww—1=| = = |—1
az—-b Naz->b

_Gz-1)(b] -]a])

laz—b |

If|blHal,thenww—-1=0¢>zz-1=0

Therefore the unit circle |z] =  is mapped onto the unit circle |w| =1 if
|51 # |al .

Problem 7.5.6

Shpw that the bilineaf transformation which maps the unit circle |z| =1

onto the unit circle |lw| = I can be put in the form

alaz+b )
w=e"| =——= where A is real.
bz+a \
Further this transformation maps the circular disc |z} <1 onto the circular
disc
lw| <I iff |a|>|b|. -
Also if the point z = 1 is the only invariant point, show that the transform
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I

: ; L b + 1 k=1+=
ation may written as — TR where £ = 7
Solution.
We know that any bilinear transformation which maps {z| = / onto |lw|=1
uf Z2-a , ,
can be written in the form  w=¢" (Ez — l] where p is real and this

maps |z} <I onto |w| <l iffja| < 1.
Now, choosea =1 and b =- a.

| z-
.:w=em(ﬂ )
az—1

—e”‘( az+b )z_e,ﬂ(az+bj
—bz—a bz+a
= e”l(fz +é) where e = —e*and A is real.............. Q)

bz+a

Further ja] < 16 |-b| < a (since a = I)

& |b| <lal. |
The transformation (1) maps |z| £ [ onto  |w| <[ iff |a| > |b|.
Now, suppose z = [ is the only fixed point of (1).

az +

Therefore z=1 is the only root of the equation z = e (_ _)
bz+a

(ie) bz* +(a—ae*)z-be* =b(z-1)".
Equation the corresponding coefficients, we get,
a—-ae* =-2b. . )

be'* = —b ereeeeseeeeeene )
(2) can be writtenas a+b =-b+ae” ... 4)

Using (3) we get a—be™ =ae” =b  ooceervvvereesenns (5)

Now,

w—1 =e”(gz+é) -1
bz+a

_ etaz+be* —bz-a
bz+a
_(ae* —b)z +(be" —a)

bz +a
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(ae -—b)z (a— be"l)

_E-D@e’ =b) e s)
| bz +a bz +a '
_G-D@e* -b) _ (z-D@a+?)_ (usin g 4)
b+a+(z-1)b (a+b)+(z—l)b
1 (a+b)+(z—1)b L, b
“w-1l  (z-D(a+d) z-1 a+b
. + 1__= ! +l where k =1+2.
z=1 1+(a/b) z-1 &k b

Exercises 7.5.7 :
1. Prove that any bilinear transformation which maps the imaginary

axis onto the unit circle [w|=1/ can be written in the form

W= e,-,l(z - a)
Z¥@ /. Further this transformation maps the upper
half plane Re z > 0 onto the unit circular disc |w|<! iff Re a > 0.

1+ 2z

- Z) maps the

2. Show that the bilinear transformation w = (

region |z| < I onto the half p]ahe Rew = 0.
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UNIT 8

8.1 CAUCHY’S FUNDAMENTAL THEOREM

In this section, we prove the fundamental theorem of integration
known as Cauchy’s theorem which forms the basis for the theory of
complex integration.

Definition 8.1.1 .
Let p(x,y) and gq(x,y) be two real valued functions. Then the differential
equation p(x,y) dx + q(x,y) dy = 0 is said to be exact if there exists a

function u(x,y) such that ou =p and ou _ qg.
Ox oy

We assume the following theorem without proof.

Theorem 8.1.2
I pdx + gdy depends only on the end points of C if and only if the
J

integrand is exact.

Remark 8.1.3
The above theorem is true if p and q are complex valued functions as
well.

We now apply the above theorem for complex functions to get a
characterisation for I f(z)dz to depend only on end points of C.
’

Theorem 8.1.4

Let f(z) be a continuous complex valued function defined on a region D.

Then I f(z)dz depends only on the end points of C if and only if there
C

exists an analytic function F(z) such that F/(z) = f{z) in D.
Proof.

[ F(z)dz = [ f(z)ddx +idy) (sincez =x+iy)
= [ f(2)dx + if (2)dy
)

j f(z)dz depends only on the end points of C if and only if there exists a
.

function F(z) defined on D such that %}i = f(2) and %5— = if (2).
x

Therefore, or _1or 50 that oF = —j oF which is the complex form of
Ox i 0oy Ox

the Cauchy-Riemann equation for F(z).
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Sihce f{z) is continuous, the partial derivatives of F(z) are also continuous
and hence F(z) is analytic in D, F'(z) = f{z). Hence the theorem.

Corollary 8.1.5 .
Let f{z) be a continuous complex valued function defined on a region D,

then j f(z)dz =0 for every closed curve C lying in D iff there exists an |
C

analyﬁc function F(z) such that F'(z) = f(z) in D.
Corollary 8.1.6
[(z-a)"dz = 0forevery closed curve C provided # > 0.
C

n+l
Proof. Let F(z) = (z=a)”
n+l

Clearly Fi(z) = (z—a)"
=f2).
.". By corollary 8.1.5, ff(z)dz =(. Hence j(z ~a)"dz =0forllnz=0.
C ¢

Lemma 8.1.7
Let C be a simple closed curve. Let D denote the closed region
consisting of all points interior to C together with the points on C. Let f
be a function analytic in D. Then given € > 0 ,it is possible to cover D
with a finite number of squares and partial squares whose boundaries are
denoted by C; such that there exist points z; lying inside or on each C;
satisfying
f(Z) - f(zj)
z-z,
For all points z distinct from each z; and lying inside or on C;;.

~flz)<e (G=12m) ... 1)

 Proof.

We subdivide the region D into squares and partial squares by
drawing equally spaced lines parallel to the coordinate axes (refer figure).
(A square is a closed region consisting of all points on and interior to it.
If a particular square contains points which are not in D, we remove those
points and call what remains a partial square. In this figure o is a square
and o' is a partial square). This gives a finite number of squares and
partial squares which cover the region D. -

HTTY
g |
A
7L
f AN
N
£ IC
L\ 17
N A 5L
/[ o]
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Suppose the Lemma is false. Then in the covering constructed as above,
there exists a subregion with boundary C;such that no point z; exists
satisfying (1). -

Let oo denote that subregion if it is a square. If it is a partial square let oo
denote the entire square of which it is a part.

We now subdivide o, into four smaller squares by drawing line segments
joining the mid points of the opposite sides. At least one of the four
smaller squares say o, is such that 6, contains points of D and no point z;
satisfying (1) exists.

Continuing this process, we obtain a nested infinite sequence of squares
Gly 02 ceesy Oppocnene such that for each o, ,no z; satisfying (1) exists.

Now there exists a point zp common to each o, such that for any & > 0 the
neighbourhood |z ~ z0| < & contains all the squares o, for all sufficiently
large values of n.

Hence every neighbourhood of z, contains points of D distinct from z,.
Hence z,is a limit point of D. Since D is closed zy € D.
Since f{z) is analytic at zy there exists 8 > 0 such that

lf(z;:f(z") ~FE)<E )

|z—29| < 0= |
Choose N such that the square oy is contained in the neighbourhood
|z —zp| <.
Then for every point z in oy (2) holds.
Therefore zj serves as the point z;stated in the lemma. This is a
contradiction since there is no z; in oy satisfying (1).

This contradiction proves the lemma.

Theorem 8.1.8 (Cauchy’s Theorem) |
Let f be a function which is analytic at all points inside and on
a simple closed curve C. Then J' f(2)dz =0.
C

Proof. Let D be the closed region consisting of all points interior to C
together with the points on C.

Let € > Q be given.

LetC; (G = 1, 2, ...., n) denote the boundaries of the squares and partial
squares covering D such that there exists a point z; lying inside or on C;
satisfying
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f(2)-f(z,)

T

- flz))|<e e (1)
)
for all z distinct from z, and lying within or on C,.

C[fOSC)_p as
Let 9,(z) = zZ~-z, :

0 ifz=z,

Clearly d,(z) is a continuous function and
1) =f&) — 2, 1) + 2f () + (2~ 2)é(2).
_ff(z)dz— J'f(z )dz — _[z [, )dz+J-zf(z )dz+_[(z z,)0,(z)dz

¢,

—f(z )jdz z,f'(z, )jdz+f(z )Izdz+j(z z,),(z)dz

= j(z—zj)dl(z)dz (since Idzannd Izdz=0)
i’ (, C,

i jf(z)dz = Z I(Z z)8,(2)dz ... (2)

J=lc, J=te,

Now, in the sum Z J. f(2)dz the integrals along the common boundary
=,

of every pair of adjacent subregions cancel each other. (since the integral

is taken in one direction along that line segment in one subregion and in

the opposite direction in the other) (refer figure)

r

 th

-]
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Hence only the integrals along the arcs which are the parts of C remain.
3 [ floydz = j f(2)dz
J-l C;

~.From (2), j f(2)dz = Z I (z—-2,)d,(2)dz.

_] ('j

Z I (z-2,)8,(2)dz

-‘l(

j f(2)dz| =

<3 fl(z-2,)8,) &

=,

= 3 flz-2)118,(2) ] d2

=] ('

<Zj| (z-z)8,(D)dz ... €))

_..](

Now if C, is a square and s, is the length of its side, then |[z—z| < J2 s, for
all z on C,

Also from (1), we have |J;(z)| < & and hence

.| z-z,||0,(2)|dz < (JE s5,€)(4s)) (By Theorem

4

[ f(2)dz

«

< Ml where M = max{|f(z)|:zeC})

=42Ae. .. @) =
where 4, is the area of the square C,.

Similarly for a partial square with boundary C, if ], is the length of the arc
of C which forms a part of C,, We have

j’|z—z, |6,(2)| dz < V25,645, +1,)

<4245+ V285 ... 5)
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Where S is the léngth of a side of some square containing t.he entire
region D as well as all the squares originally used in covering D.

We observe that the sum of all 4,’s that occur in the right hand side of (4)
and (5) do not exceed S° and the sum of all the l;’s is equal to L(the length

of O).
Using (4) and (5) in (3), we obtain

j f(2)dz} < (4\/_2—S2 ++/28L)e
:
= ke where k = 4\[2—5'2 + */ESL is a constant.

[ f(2)dz| % ke.
Thus ¢

If(z)dz =0,since ¢ is arbitrary .
e

Note 8.1.9 |

Cauchy’s theorem was first proved by using Green’s theorem with the
additional hypothesis that f/(z) is continuous. Later , Goursat proved the
theorem without the hypothesis that f/(z) is continuous. For this reason
the theorem is sometimes known as Cauchy-Goursat theorem.

Definition 8.1.10
A region D is said to be simply connected if every simple closed
curve lying in D encloses only points of D.

For example, the interior of a simple closed curve is a simply connected
region. The annular region enclosed by two concentric circles is not
simply connected. |

A region which is not a simply connected is said to be a multiply
connected region.
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Intutively a simply connected region is one which does not have any
holes in it.

We observe that Cauchy’s theorem can be restated as follows.

Theorem 8.1.11 (Cauchy’s Theorem for Simply Connected Regions)

Let fbe a function which is analytic in a simply connected region D.
Let C be any simple closed curve lying within D. Then J' f(2)dz =0.
>

We now extend Cauchy’s theorem to certain types of multiply connected
regions.

Theorem 8.1.11 (Cauchy’s Theorem for Multiply Connected
Regions)

Let C be a simple closed curve. Let C,(j = 1, 2,......,n) be a finite
number of simple closed curves lying in the interior of C such that the
interiors of C,’s are disjoint. Let D be the closed region consisting of all
points within and on C except the points interior to each C,. Let B denote
the entire oriented boundary of D consisting of C and all the C, described
in a direction such that the points of D are to the left of B. Let f be a

function which is analytic in D. Then J' f(2)dz =0.
’ B

Proof. :
Let L, be a polygonal path joining a point of C to a point C;; Ly a
polygonal path joining a point of C; to a point of C; ......; L;a polygonal
path joining a point of C,.; to a point of C, and L,.; a polygonal path
joining a oint of C, to a point of C such that no two L,’s cross each other
(refer figure).
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This divides the region D into two simply connected regiqns D, and D;.
Let B; and B; denote the boundaries of D, amd D, respectively.

By Cauchy’s theorem for simply connected region,
[f@dz=0and [ f(z)dz=0
B B,

Also. [ f(2)dz + [ f(2)dz = [ f(z)az
B B, B

Since the integrals along L, taken twice in the opposite directions and
cancel each other.

J‘ f(2)dz = 0.

Weobservethat B= C-C;-C5- ... - C, and hence the above
theorem can also be written in the form

[/ (@)dz= [f@dz+ [ f)dz+ ot [ £(2)az
C G Gy

In particular if C is a simple closed curve and C, is another simple closed
curve lying in the interior of C and fis analytic in the region D consisting

of all points inside and on C excluding the points interior to Cy then,

[7)dz= [ ()

Co

8.2 CAUCHY’S INTEGRAL FORMULA

In this section we esfa}_nlish another fundamental result known as
Cauchy’s integral formula d_éin g Cauchy’s theorem.
Theorem 8.2.1
Let f(z) be a function which is analyatic inside and on a simple closed

curve C. Let zj be any point in the interior of C.

94



f(zy) = f(Z)

Znij.z zo

Proof.

Choase a circle. Cy with centre zp and radius rp such that Cj lies in the
interior of C.

f(2)

: e : . Z—Z .
Now, zg is the only point inside C at which the function %0 is not

analytic and hence is analytic in the region D consisting of all points

inside and on C except the points interior to Co.

J~ f(2)dz I f(2)dz

. Z—2Z zZ—z
Hence ¢ 0 G 0
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_ I( [(2)— f(2) + f(2,)
C()\ Z =2,
_ Iff(z)-—f(zo) 4&,3‘,2
Co\ Z2=2 C,Z " %0
-t S(2)— f(z,) dz
_ao( p— sz+f(zo)cjoz_zo

)
— .'[f(z)—f(zo) dz_'_f(zo)(z”l-)

I[ f(D)=f(z,""

i z—2z
We claim that 0

Hence

[ f()az

C

I(f(Z) -f(zo)J dz{ s
¢ Z—2Z,

Since € is arbitrary, we have

=2me

Therefore from (1), we get

=0

|z — zo| < & implies |f{z) —flzo)| < ¢

J[£2La 2 Jem

< Ml where M = max{|f(z)|:z e C})

[L& J-’f(z) ~f(zo)},z 2 ()

Therefore ,given g > 0, there exists 8 > 0 such that

Since f{z) is analytic inside and on C, it is continuous at z,.

(By Theorem

I[f(z)—f(zo)},z o
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ey oL ([ L@
" f(e)= 2m-cf(z-zo dzJ

Thecrem 8.2.2

Let f{z) be analytic in a region D bounded by two concentric
circles C; and C; and on the boundary. Let z, be any point in D. Then

fa ==l [LE) I /@,

2mizz—z, z- zo

Proof.

Let L, and L, be two disjoint line segments not passing through z, both
joining a point of C; to a point of C, as shown in the figure. This divides
the region D into two simply connected regions D; and D,. Let B 1 and B;
denote the oriented boundary of D; and D, respectively.

Then B; + B, = C; + Co.=mmmmmemamm (D

We assume without loss of generality that zye D;.

By Cauchy’s integral formula,
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al

f(20)= 1 J'( f(z) dZ]

2ri

A\ET %0 —-(2)
Also f(2)
T2 s analytic in D, and hence by Cauchy’s theorem,
1 J‘( Jf(z) dz] -0
27ig\z -2, 3)

Adding (2) and (3)ejgnd' using (1), we get

-

f%hi%j(ﬂﬂ&]

-, \Z T %0

flay=sm [LE L0 Dy
2rizz—zy, 2m.z-2z,
Example 8.2.3
dz
I 73 Where C is the circle |z-2] = 5.
Consider ¢
Let fiz) = 1.

The point z= 3 lies inside C.

dz
Hence by Cauchy’s integral formula, ! ,-3 =2mif3)=2=ni

Example 8.2.4
Let C denote the unit circle |z| = 1.

Ihenje—dz je dz =2rie® =2rxi
CZ

cZ~

Theorem 8.2.5
Let f(z) be analytic inside and on the circle C with centre a and radius r.

Then

!
[ f(z)ds
flay=t——
where s is ?he arc length and / is the circumference of
the circle.

(i.e) the value of the function at the centre is equal to the mean of the

value of the function on the circumference.
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Proof.

I (z
A _ f(a)= Ty J.(f_(_ )) dz.
By Cauchy’s integral’s formula , we have , A1 z—a

Now the equation of the circle C is given by z = @ + r ¢ where 0 <0<

2.
. dz =ire'® do.

reiﬂ o
= )(lrerede)

2z
0 re

27ri !
1 % .
=5 ! Fla+re®)do

Also we have s = r@ and s varies from 0 to /.

dt9=-6—i{
r

. fla)= '27:1_;- ! fa+re®)ds

1 /
=] F(z)ds

Hence the theorem.
Theorem 8.2.6 (Maximum Modulus Theorem)
Let f(z) be continuous in a closed and bounded region D and

analytic and nonconstant in the interior of D. Then |f(z)| attains its
- maximum value on the boundary of D and never in the interior of D.
Proof.
Since f'is continuous in a closed and bounded region D, |f(z)| is bounded
and attains its bound.
Therefore there exists a positive real number M such that

| |fz)| <M for all z € D-- —— (1)

and equality holds for at least one point z in D. SuppoSe that there exists

an interior point zp € D such that
f(z)| = M--- (2)

Choose a circle with centre zy and radius r such that the circular

disc |z-zo|< r is contained in D. Then, we have
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ix

Sf(z) = -——21 I f(z, +re’®)e’dO,refer proof of previoustheorem
_ 71 | ’
1 2 . ' ‘ .
S f(zy) 2 — I | f(z, +re?®)|dO——————~——— (3)
27

Also from (1) and (2), we have |f{zp + r )| < |fiz0)|
27
v JIf(zo +re®) | dO <27 £(2,))
0 .

2
A S @) |2 o= [1 £z +7e) | d6 ~(4)
27 2
From (3) and (4), we get

|z == [1 £ (2o +re®) 6
/4 0 -

: 2z
=27 f(z2) = [| f(z, +7e®) | dO

2z

| 17G)1d8= [I £z, +re)| db

2x ' ‘
2 11 7 @) =1 f (2o +re®) 146 = 0.
0 _

Since the integrand in the above expression is continuous and non-

negative,

-we have |fizy)| - |fizo + re'®)| =

(i.e) 'lf(zo)l |f(zo + re’e)l for all z in the circular dlSC |z —zol<r,
(i.e) [fizg)| = |f(z)| for all z in the circular disc.

| Therefore f{z) is constant in a neighbourhood of z,

Since f{z) is continuous, it follows that J(z) is constant throughout D
which is a contradiction. |
Therefore the maximuin of |fz)| is not attained at any of the interior

points of D.Hence the theorem.

‘Solved Problems

Problem 8.2.7
Evaluate usmg Cauchy’s mtegral formula
| 21 jz +35 dz | |
e 2~ where C is |z| = 4
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Solution.

flo) =2 +5is analytic inside and on |z| = 4 and z = 3 lies inside it.
Therefore by Cauchy’s integral formula,

1 ¢z’ +5 |
dz=f(3)=3*+5=14,
2 il z-3 76
Problem 8,2.8 |
Evaluate I 5 1dz
. cZ = where C is the positively oriented circle |z| = 2.
Solution. '

1 1 _}_( 11 )
22 -1 @+DiE-=1D 2\z-1 z+1/
o[ de == [ - L[ 222
cz"=1  2%z-1 27z+]
f(z) = z is analytic and 1, -1 lie in the interior of C.
Therefore by Cauchy’s integral formula,

[ dz =27 if (1) = 27,

C -

diso (2% —2ri f(-1) =27,
~z+1
zdz 1 1

‘. =—2ri)-—(27ri)=2rxi.

! =522 )
Problem 8.2.9

I ze ) dz

Evaluate <% 7 where C is positively oriented circle |z —i| =2
Solution.

& | 1

22 +4  (z+20)z-2i)

1 1 1 AT
= - - by partial fraction
4i(z—2i z+2i) Gy p fr )‘

Now, 2i les inside C and by Cauchy’s integral formula, we have,

2z

e Y
_[ ——dz =2mie”,
n2°—=2i |
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eZ

Also -2i lies outside C and hence * +2 is analytic inside and on C.

I € 5 dz=0
| Hence by Cauchy’s theorem, ¢ Zrel
I .ze dz = i_(27rie2’ -0) =2
oz +4 4i 2
Problem 8.2.10
: 2 2
I(smn'z +cqzzrz Yz |
Evaluate ¢ (z-D(z-2) where C is the circle |z| = 3.
Solution.

By partial fractions,
1 1 1

z-D(z-2) z-2 z-1.
Let f{z) = sin w z° + cos n z°. Then f{z) is analytic inside and on C and the

points / and 2 lie inside C. Hence by Cauchy’s integral formula,

(L2 & 2251
~z-1

=27 i(sin T+ cos 7)
= -2mi

Similarly,

| S@) 4 = 22if )
rz-2

= 2xni (cos 4n + sin 4n)

=2mi

Hence I MrAC) dz =2xi—(-2mi)=4ri.
w(z-D)(z-2)

Problem 8.2.11
Let C denote the boundary of the square whose sides lie along the

lines x = = 2 and y =+ 2 where C is described in the positive sense,

Evaluate

¢ zdz . COSZ

i i) | ————.
()£22+’1 ( )£2(22+8)
Solution.
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[ 2dz 1. zdz
()I22+1 32;[Z+_1_

2
1
&= 3 QRri)(- —;—) (by Cauchy s'integral formula)

-l

]
R A it st

2.
cOsz

>+8.
The points where f{z) is not analytic are + i2V2 and these points lie

outside C. Hence f{z) is analytic inside and on C.
By Cauchy’s integral formula,

@) let f(2)=

COsz =f(z) o o l:ﬂ
I-———-——dz _[ . dz =2xi f(0) =2ni (8) 7

z(z+8) 1}

Problem 8.2.12

zdz
9 - 2z +1)

Evaluate where C is the circle |z| = 2 taken in the

positive sense.

Solution.
f2)=

Let 9-z

Clearly f{z) is analytic within and on C.

By Cauchy S integral formula
j I @),
< (9-z )(z + i) zZ+1i

= 2mif(-i)
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Exercises 8.2.13
| 2% i
1. Provethat ¢? ! where C is the positively oriented circle
lz| = 2.
J‘ dz
-2
2. Evaluate ¢Z ¥ 4 where C is |z - i| = 2 in the positive sense.
J- e‘dz
22 +1

3. Evaluate € where C is the circle of radius 1 with centre at

()z=iand (i) z=-i.

coznz
j 5 dz

4. Evaluate €% ~ l where C is a rectangle with vertices at (i) 2 +
i,-2xiand (i) —i, 2—i, 2 +1i, 1.
1 J- e”dz
27 2. 2% +1

= sin/
if t> 0 and C is the circle |z| = 3.

5. Show that
J‘ dz
22 (z-1) o .
6. Evaluate ¢ where Cis (i) |z| = % (i) |z| = 3/2.

V(3
2.—

Answers: 3 3.(i)z(cos1 +isinl) (ii)- n(cosl-isinl) 4. (i) O (ii) —ni
6. (i) -27i (ii) 0

8.3 HIGHER DERIVATIVES

In this section, we shall prove that an analytic function has derivatives
of all orders. It follows, in particular, that the derivative of an analytic
JSunction is again an analytic function.
Consider a function f{z) which is analytic in a region D. Letze D. Let C
be any circle with centre z such that the circle and its interior is contained
in D. By Cauchy’s integral formula, we have,

i
J‘f(C)

A&~z

f(2)= > dc.
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We now proceed to prove that 27[ iL¢-2)?

mey B f(E)
7@y = ([ o

and in general

Theorem 8.3.1

Let f be analytic inside and on a simple closed curve C.
Let z be any point inside C.

J(2) = — d¢.
Then 271 ! (¢ -2)°
Proof.
f(z)= 5 J‘ S/ (; )
By Cauchy’s integral formula , we have b (e

S -f(z) 1 £(&) f(:)},;
- h h(2m) S—z-h ¢

1 (A, ¢
h27r1 & ~-z-h)(-2)

_ .[ f()dg
27ip (& =z - h)¢ - 2)

Now,
[ L&de _r@de
€ =z-m¢~2) 1(¢-2)
_ I[ f©) [ ]dg :
€-z-m¢-2) (-

GYER
I (czhc Jd‘

jf(()[ ]d .
& -2)|(-z- h)(: z)

-if; 1(9)s
& -z-h)¢~2)°
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1 I f(£)d¢ jf(C)dC f f(&)dg
C2mil (& —z-h)(S - W) 2miz 27id (—z-h){ -2
.f(z+h) f(z) jf(C)dJ

B h 2m . z)?

=hj f&)dg
2mi° (¢ ~2= )¢ ~2)]

......... )

Now, let M denote the maximum value of {f({)] on C. Let L be the length
qf C and d be the shortest distance from z to any point on the curve C.
For any point { on C we have,
lI—zi2dand |{—z—-h| > |{—z|- |h| =d - |A
Hence

| f&) . M
(€= ¢ —2-h)|" d*@-1h)

From (2) we get
fz+h)-f()

V@%IMI M
h 2mi ] (¢ ~2)*|” 27\ d*(d-| k]
i LT - If(C)dJ
N h—>0 h 27i
. f(2+h) f(2) _ J‘f(C)dC
. h—->0 h  27i z)?
e f(&)d¢
- f(2) = pyel) j i~
Remark 8.3.2
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By using induction on n, we can prove that for any positive integer n,

we have,

(n) — n! f(g)

Note 8.3.3
Thus an analytic function has derivatives of all orders and the derivate

of an analytic function is again analytic.

Example 8.3.3
j ¢ dz = 271 where C is the circle| z|=1.
X (n-1 A
Solution.

Let f{z) = €*. Clearly f{z) is analytic and f™(z) = ¢ for all n.

By the formula for higherderivatives,

I-e—"d2=j e dz: 27!1. €0= Zﬂi
"2z ~(z-0)" (n-D! (n-D!

Example 8.3.4
j- sin’ z
‘(z-=/6)

dz = i where C is the circle| z |=1.

Solution.
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Let f{z) = sin’z. Then f!(z) = 2 sin z cos z = sin 2z.

f(z) =2 cos2z. Alson/6 lies inside C.

sin? z 27i
dz="—"—f"(n/6
j@—ma3z TR

= wi(2 cos n/3)
= Ti.
Theorem 8.3.5 (Cauchy’s Inequality)

Let f(z) be analytic inside and on the circle C with centre z; and radius r.
Let M denote the maximum of |f{z)| on C.

!
Then | f"(z)| < M.

n

Proof.
We have
| .
f(n)(zo)= & .[ f(Z)dZ]
27mil. (z—z,)™
i n( M n'M
|f‘ ’(zo)ls———( — )(27rr)= -
2z \r r
n'M

Hence l " (z, )| <

rn

Theorem 8.3.6 (Liouville’s Theorem)
A bounded entire function in the complex plane is constant.

Proof.
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Let f{z) be a bounded entire function.
Since f{z) is bounded, there exists a real number M sﬁch that |f{z)| < M for
all z.
Let z, be any complex number and r > 0 be any real number.

By Cauchy’s inequality , we have

Fe) <.
-

Taking the limit as r— o we get, f/(zg) = 0.

Since zy is arbitrary f/(z) = 0 for all z in the complex plane.
Therefore f{z) is a constant function.

Theorem 8.3.7 (Fundamental Theorem of Algebra)

Every polynomial of degree > 1 has atleast one zero (root) in C.
Proof.

Let f{z) be a polynomial of degree > 1.

Suppose f(z) has no zero in C. Then f{z) # 0 for all z.

Further f{z) is an entire function in the complex plane.

is also an entire function. Also as z — 0, f(z) — .

o1
- f@)
1

~» 0 asz— o0,

1@
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is a bounded function.

f(2)

is constant function.

Hence by Liouville’s theorem,
f(z)

~.f{z) is a constant function and hence it is a polynomial of degree zero
which is a eontradiction.

Hence f{z) has atleast one root in C.

Hence the theorem.

Theorem 8.3.8 (Morera’s Theorem)

If f{z) is continuous in a simply connected domain D and if
I f(z)dz = 0 for every simple closed curve C lying in D, then f{Z) is
’

analytic in D.
(This theorem is the converse of Cauchy’s theorem)

Proof.

By Corollary 8.1.5 , there exists an analytic function F(z) such that F/(z)
= f{z) in D.

Also we know the derivative of an analytic function is an analytic
function. | ’

Hence F'(z) is analytic in D.
B Jf(z) is analytic in D.

Solved Problems

Problem 8.3.9
sin z ] .
Evaluate j 5dz where C is the circle |z| = 2.
w(z—7m/2
Solution.

Let f{z) = sinz. Hence f/(z) = cos z. Also n/2 lies inside |z| = 2.
sin z

Hence dz = 2zif \(7/2
! —nl2) (@2)
= 27i(coz n/2)
=0.

Problem 8.3.10
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Evaluate ——a’z where C is the unit circle.
¢ (2z+i)’

Solution

= 12 4
j(2z+z) - 8! (z+i/2)

Let f{z) = 2. Thenf!(z) = 32’ and f '(z) = 6z.

Also — -é— lies inside C.

Hence ———d = -—(@Jf"(—i)
~(2 z+i)’ 8

Problem 8.3.11
j- (e’ +zsinh z)

2

Evaluate
(z —-7i)

Solution. Let f{z) = &° + z sinh z.
Therefore f/(z) = &° + z cosh z + sinh z.

Also #i lies inside C.

Hence If(—dz 2xif (i),

(z - 7i)?

= 2mife™ + mi cosh wi + sinh ni]
= 2mi(-1 — 7i)
= -2mi(1+ 7).

Problem 8.3.12
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Show that when f is analytic within and on a simple closed curve and zp

isnoton C,
then |- f@)dz _ S
(z=-2,) #(z-2,)
. iy . @ g
Case i. Suppose zpis in the exterior of C. Then both m an
T 40
-——I—-(E)— are analytic inside and on C.

(z—-2,)

Therefore by Cauchy’s theorem, J' f (Z)a)’z - J‘ (? (Z:d)z
Z Z, 0

Case ii. zg lies in the interioy .

Then by Cauchy’s integic. ¢ .inula, _[ J (z)a)'z = 2w i f ‘(zg).
(z-2z,

Also by the formula for higher derivatives, j' Sz )d)z =2rif (zy).
(z-2,

S '(z)dz J‘ f(2)dz
(z-2,) c(z— Zo)
Problem 8.3.13

Let the function f{z) = u(x,y) + iv(x,y) be continuous in a closed
bounded region D and let it be analytic and not constant in the interior
of D. Show that the function u(x,y) reaches its maximum value on the
boundary of D and never in the interior of D.
Solution.
Consider the function €. Since f{z) is continuous in a closed
bounded region D and non constant in the interior of D, ¢ is also
continuous in the closed bounded region D and analytic and non
constant in the interior of D.
Now, the maximum value of |¢” | is attained only at a boundary
point of D. (by maximum modulus theorem ).
Therefore || = ¢**”
Therefore, maxnmum value ¢"™” is attained only at a boundary point
of D.
Therefore, maximum value of u(x,y) is attained only at a boundary
point of D.
Problem 8.3.14

Evaluate J' sin 2z dz where C is |z| =1.

2 (z-rmild)*

Hence j

Solution.
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Let f{z) = sin 2z. Since f(z) is analytic and = i/ 4 lies inside C,we
sin2z dz 2ri i

h , —_ "t —
ave ;[(z—m/4) s (4

Now f {(z) = 2 cos 2z, f!(z) = - 4 sin 2z, fM(z) =- 8 cos 2z
Hence f"'(ri/4) = -8 cos(mi/2)
= -8 cosh(m/2).

sin2zdz 87i /4
J' = = - co§ —
‘(z—rmi) 3 2

Problem 8.3.15

e22

~(z+ l)4

dz
where C is the circle |z| = 2.

Evaluate

Solution.

Let fz) = e Clearly f{z) is analytic and
fiz)= 2% ; fz)= 4 ; f M(z)= 8€”

By the formula for higher derivatives,

e 27i
[ ( Jf -0

(27:1)(8 )

_ i8me™?
3 .
Problem 8.3.16

r4

¢ dz
Lz +2)(z+1)’

Evaluate _[
where C is |z| = 3.
Solution.
1 _(z+2)-(z+]))
(z+2)(z+1)?  (z+2)(z+1)
1
T (z+)? (z+2)(z+))
1 1 1
= - +
(z+1)* z+1 z+2

Space for Hinta

7 ¥
- .

|

e’ ~ e’ B e o
£(2+2)(z+1)2 é= ;‘..(z+2)dz ;[(z+1) dz+ £(2+1)z dz
(1

We note that z = -2, -1 lie in the interior of C.
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Space for Hints Let f{z) = €°. It is analytic in C. Also f/(z) = €°.

By Cauchy’s integral formula,

[ —de=2mifrd) =2mic?

“(z+2)

e’ _ S .
!(z+l) dz=2rmif(-1) =2rie”.

e’ 2ri o
([ i dz =(—1—'—J fi-1) =2nie”.

Therefore from (1), I ¢

d = 2ni -2_ -l+ -1
S G &7 Amilem -]

=2nie?

Exercises 8.3.17

Evaluate the following.

1 J' (z+ 3)dz
C Z

where C is 1~} =

2z

| 2 [——5dz where Cis|z| = 32

. (z=1*

5> Where Cis |z = 2.

3 J- coszdz
~(z-n/2)

4, _[ el dz where Cis |z| = %.
C zn+
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UNIT 9
SERIES EXPANSIONS

INTRODUCTION

In this chapter, we consider the problem of representing a given
function as a power series. We prove that if a function is analytic at a
point 2y ,then it can be expanded as a power series called Tayplor’s series
consisting of non-negative powers of z — z; and the expansion is valid in
some neighbourhood of z. We also prove that a function f{z) which is
analytic in an annular region a < |z — zy| < b can be expanded as a series
called Laurent’s series consisting of positive and negative powers of z —
zp. We also introduce the concept of singular points of a function and
classify the singular points and discuss the behavior of the function in the
neighbourhood of a singularity.

9.1 TAYLOR’S SERIES

Theorem 9.1.1(Taylor’s Theorem)
Let f{z) be analyuc in a region D containing zy. Then f{z) can be
represented as a power series in z — z, given by

1@ = fla)+ L )+ L) £

The expansion is valid in the largest open disc with centre z, contained in
D.
Proof. |
Let » > 0 be such that the disc |z — zy| < 7 is contained in D;
Let 0 <r) <r. Let C; be the circle |z~ zg| = 7,.

By Cauchy’s integral formula, we have,

f(&)
Se— | —==d{ e, 1
f@)= j [ o
Also by theorem on hlgher denvaﬁves, we have,
(n) f (é’ )
fP(2)= 211(; e J— )

Now,
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1 _ 1
$-z (§~2)-(2-2)
1

P

r, (Z—zo)n

2 A - n-1 4,_2

LI PN [Z_Z°}+ 275 | 4 +,(Z z°) + 0
¢ -2 ¢ —2 G-z ""g_zo 1_(2"30)

(using the identify L l+a+a’ +onta™ + « )
1-a l-a
_ 1 z-2, (z z,) (z-z,)" (z-2,)"
¢ =2 (4 2,)" (C z) ¢-2) €-2) (-2
Now, multiplying throughout by ——— f (4) , integrating over C; and using (1)
and (2),
we get
] (n-1)
(&)= f(z)+ )z -2)+L ;f")(z-z(,)2 PP Al YPRPR L S
(n-1)

Whero R, EZ20)l f__SEME__

27i C, (C_Z)(C-ZO)

Here { lies on C; and z lies in the interior of C; so that |0 - 2| = 1y

and lZ—ZoI <r.

-zl =€ ~z20) - (z-2d| 2|~ 20| - |z 20| = 7, - |2~ 20].

1 < 1

18-zl n-lz-z]

Let M denote the maximum value of |f{(z)| on C,.

I f(z2)dz

¢

Then by Theorem: < Ml where M = max{|f(z)|: z € C}
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|z—z,|"  MQ=n)

R < :
27 (rn—1lz-2z,Dny
n-1
_ Miz-z| (Iz"zo IJ
(n-lz-z,) 4
Also [=—22! <1. Hence limR, =0.
rl H—rw
.. Taking limit as n — oo in (3),we get
(n)(z
f(z)=f(zo)+f( °)( - 0)+f( 0)( -z, +.. +f " 0)(2 z,)" +..

Note 9.1.2

The above series is called the Taylor series of f{z) about the point
zo. Thus if f{z) is analytic at a point z; , then f{z) can be represented as a
Taylor’s series about zy, which & a series in non negative powers of z —
zo. The expansion is valid in some neighbourhood of z,.

Note 9.1.2
The Taylor series expansion of f{z) about the point zero is called the
Maclaurin’s series. Thus the Maclaurin’s series of f{z) is given by

f(@)= f(0)+ f(0)+-—-f O +........ +-§;—f‘"’(0)+ .......
Example 9.1.3

1
The Taylor’s series for f{z) = — about z = ] is given by
z

-——f(l)+ ( ( z-1)%+.......

Now,

f@)=1= f=1
f@)=-2= ) =-1
fr@=5=rm=2
@ === ") =6

oooooooooooooooooooooooooooo
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1 :
Hence the Taylor’s series expansion for —about 1 is
z

|
—=1—(z=-D+E-1P--1)+.
z
This expansion is valid in the disc |z— 1| < I

1 ..
Similarly Taylor’s series for f{z) = — about z =i is given by
z

. N2 . n3
1 1 =z 1+(z i) __(2-41)

z i i i 3

Example 9.1.4

Let f{z) = €.
Then £ = ¢° for all » and hence /(0) = 1.
Hence the Maclaurin’s series for € is given by

and the expansion is valid in the entire complex plane.
Maclaurin’s series expansion of some of the standard functions are given

below.
. z z° z"
e =l-—4+——....... + (- —+....... zZ|<w®
] TREET (-1 — (|z | <)
3 5 2n-1
2. sinz=z—2—t i (D" ... (2] <)
31 51 2n—1)!
2 4 2n-2
3. cosz=l-2mt it ()T e . (|| <)
21 4l 2n-2)!
3 5 2n-1
4 s1nhz=—1- Z i AR (| z|<»)
TR 2n—1)!
2 z4 Z2n
5 coshz=1+——|—+-&—'—— ........ +(2 )'+ ....... (1z | <o)
n
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6. -—1—=1--z-}~z2 ~z . +(=1)"z" +......(Jz|<])
1+2z

1
7. —=l+4+z+22 422+ +z

S S (z|<D
-z
22 23 n
8. log(l+z)=z——+"—...... +(—1)”' — teen. (Jz|<D
2 3 n
22 7 z"
9. logl-z)=—2-"—-"— ... ——— s (z|<1)
2 3 n

Solved Problems

Problem 9.1.5

Expand cos z into a Taylor’s series about the point z = #/2 and
determine the region of convergence.
Solution.

Let f{z) = cos z.
The Taylor’s series for f{z) about z = /2 is

(7:/2)

(z-7/2)" +

f(2)= f(7z/2)+f (z _,,/2)+f%r'_/_22

S(7/2)

3!
Now f(z) = cos z. Hence f(n/2) = 0.

fl(z) =-sinz. Hencef!(n/2) =-I.

f(z) = -cos z. Hence f"(n/2) = 0.

J"(z) = sinz. Hence f""(n/2) = |I.
The Taylor’s series for cos z about z = 7/2 is

(z=712) (z-7/2)" (z-2/2)°

COSZ = — + - + e
1! 3! 5!

The expansion is valid throughout the complex plane,

Problem 9.1.6

Expand f{z) = sin z in a Taylor’s series about n/4 and determine the
region of convergence of this series.
Solution.

The Taylor’s series for f{z) about z = /4 is
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f(2)=f(rr/4)+f-'(—’1"/—42(z-zr/4)+-f—"-(-;’-'fi4-l(z-7:/4)2 +I—-—(%/—i)-(z—7t/4)

Here f{z) = sin z. Hence f(x/4) = IN2.
f(z) = cos z. Hence f/(n/4) = IN?2.
fMz) = -sinz. Hencef!(n/4) = -1N?2.
f™(z) = -cos z. Hence f'"(n/4) = -1N2.

| The Taylor’s series for sin z about z = n/4 is

.1 (z-=ml4) 1‘_(2—7r/4)2 1) (z-#/4) 1)
e L ot ) () o1,

_ 1o @-7n/4) @-x/9' (z-n/4)’
-JE(H T 5 TR )

The expansion is valid in the entire complex plane.

Problem 9.1.7

: z-1
Expand f(z) =-—— as a Taylor’s series
z+1

(a) about the point z = 0.

(b) about the point z = 1. Determine the region of convergence in
each case.
Solution.

a. f(z)=§—;—:

=@Ez-1D@E+ 1)
=z-D(1-z+2-7+...) iffzl < 1.
=(z—-22+z3-....)—-(1—z+zz—z- ..... )
=]+2-22+27+....

The region convergence is [2|</.

b, f(z)= -j{-}
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T 2421

_[‘ _ _1\2 1\
=Z ! 1-2 1+(z l) —(z 1) +.eeeee if
2 2 2 2
z—=1 (z-D* (z-1)°
= - + -
2 2? 2}

The region of convergence is given by l

----------

—1 < 1 which is same as the

circular disc |z - 1] < 2.

Problem 9.1.8
Show that

1+

i "

1 oD
—;i;}Z(nm+%

(n+1)(z+1)" when|z+1|<1

Ms

N""I —
I
i

) when|z-2|<2

ii. z n=l
Solution.
C 1 1

z? [1 —(z+1)]2
=[1-@E+]?
=1+2z+1) +3@+1)°+4z+1)°+... ... iflz+1| < 1.
=14+ (n+1)(z+1)" when|z+1|<1

n=]
i Lo 1
z (z-2+2)°
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| B " z-2Y
=Z+Zz(_1) (n+l)( > )

Here the region of convergence is which is the same as the

circular disc [z - 2| < 2.

Problem 9.1.9
Expand ze” in a Taylor’s series about z = -] and determine the region of
convergence.

Solution.

Let fz) =ze™

+ -
= 72t 1) g2

i
.(z+1)eZ(z+l) _e2(z+l)]

e
- (z+1){1+2(21:“1)+4(Z+1)2 +}_{1+2(Z+1)+4(z+])2H
e .

2! T 2!
2 2 3 2 2
1 (z+1)+2(z+1) +2 (z+D) o p— 1+2(z+l)+2 (z+1) +o
== 1! 2! 1! 2!
e

l- 2 2 27 2 22 2° 3
=?—_—1+(]—ﬁ}(ZHH[I_!_E!—)(ZH) +(E-—3T)(z+l) S ]

The expansion is valid throughout the complex plane.

Problem 9.1.10

2

Find the Taylor’s series to represent Z
(z+2)(z+3)

in|z|<2.

Solution. By partial fractions
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2
2z 1 =1+ 3 __8 (verify)
(z+2)(z +3) z+2 z+3
8
1+

SEAREE: 2)-]
=l4+—|1+— - = 1+—=
\ 2) . 3,( 3
4 2 Y 8 z2 \
—143 1—£+-2-2——.... 21242 _
2| 7272 3

3t 5 ...)
\

3 3 3 8 3 8,
= 1+==Z |+ -+ =z + - z2 +......
(Hz 3)+( 27 32)2 (2.22 337

1 = n+l 8 3 ) n
6 Z( ) (3n+l 2n+l

n=1

and the expansion is valid in |z| < 2.

Exercises 9.1.11

1.Expand 1/z about z = -1 and z = 2 as Taylor’s series, stating the
region of convergence.

2.Find the Taylor’s series for ze® about z = 1.
Answers:1. //z= -1-(z-1)-(z~1)2+...:Iz+1|

2. e[1+2(2—1)+3(2—1)2 +4(z_1)3 +]

1! 2! 3!

9.2 LAURENT’S SERIES

A series of the form Z b, (1)
n=1 Z”

can be considered as an ordinary power series in the variable 1/z. Hence

0
if the radius of convergence of the power series Zb”z” is r and » < oo,

n=l

then the series Z b,

n=1 Zn

uniform in every region |z| > p > r and the series represents an analytic
function in |z > r.

converges in the region |z| > ». The convergence is
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If the series (1) is combined with the usual power series, we get a more

general series of the form Z az". verenn(2)

-

This series is said to converge at a point if the part of the series consisting
of the negative powers of z and the part of the series consisting of non-
negative powers of z and separately convergent. We know that the series
consisting of non-negative powers of z converges in a disc |z| < r; and the
series cansisting of negative powers of z converges in a region |z| > ry.

Therefore if r; < r, the series represented by (2) converges in the region
r; < |z| < r; and in this annulus region_it represents an analytic function.

We shall now prove that the converse situation is also true.

(i.e) any function which is analytic in a region containing the annulus

- @
ri<|z —zg|<r can be represented in a series of the form » a,(z-z,)"

-

Theorem 9.2.1 (Laurent’s Theorem)

Let C; and C; denote respectively the concentric circles |z — zg| = 7,
and |z — zo| = r2 with r; < r,. Let f{z) be analytic in a region
containing the circular annulus r;<|z — zp|<r,. Then f{z) can be
represented as a convergent series of positive and negative powers of z —
zp given by

f(2)= Z Za (z2-2,)"

n=0

J(g)dg
§—z,)"

f f(Q)de
2mi & (G = z,)™

and a, =

Where b, = j
2mi{ (

Proof.
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Multiplying by / (Q and integrating C; we get,

1= A (g)dg b' L L= Y S (3)

G, z2-zy (2-2z) (z2=2y)"

Where b= oL [ LI ] J-f(C)(Cf ~z,)"d¢

27i [ (& —2z,)" 2ri(z—zy)" ; -
From (1), (2) and (3) we get
fz) = a0 + aiz - zo) H... taniz  — zg)" o+
bl b2 ) bn—l
e + =z + ... +n—_—(z—zo)”" +R,(z)+S,(z) ... (4)

The required result follows if we can prove that R, — 0 and S, — O as n
—> 00,
Now, if € C_then |{ — zo| = r; and
lz—C =1z ~20) — (- 2z0)| 2 |2 — 2| -
H e Cy, then |~ zp| = > and
I€—z2| = 1(C—20) = (z—2z0)| =72 - |z — 2|

Now let M denote the maximum value of |f{z)| in C; UC..

Then
by theorem (z)dz| < Ml where M = max{[f(z)l :z € C}, we have,
[R|<|z--zo |" MQ2nrr,)
27 rzn(rz'“lz—zo )
n-1
< Mlz-z| (lz—zol]
(r,—=lz-2z,) v,
Since 122 | <1,R,— 0asn— w.
¥y
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1 My'@rn)
|z=2, 1" 27 (12~ 24 | -1;)

< Mr, ( v ]
(lz=-zy|-r)\|lz-2, |

Since — 14— < 1,S,— 0asn— w.
z-2z,
Hence, by taking limit » — o in (4) we get,
o0 b L) ,
f@)=3—"—+Ya,(z-z,)

n=| (z_zo))7 n=0

Also |S,| <

Hence the theorem.

Remark 9.2.2
The formulae for the coefficients a, and b, in the Laurent’s series
: 1 r f(&)dg
expansion are given by b, = — —— ... 1))
’ " e Y
1 d
and @, = — | Sy )

27i g (& = zy)™
Since the integrands in the integrals of (1) and (2) ére analytic functions
of { throughout the annular region, any simple closed curve C in the

annulus can be used as the path of integration in place of C; and C» .

Hence Laurent’s series can be written as

R } _ 1 f(Qdg
f(z)—gAn (2=2)",(r 4 z~2, |<r,)whereA, — (j T

Solved Problems
Problem 9.2.3
Find the Laurent’s series expansion of f{z) = z%¢’* about z = ¢,
Solution.
fiz) = et
Clearly f{z) is analytic at all points z # 0,
1 1 1
Now, f(z) = zz[l -+ e +§Z—3-+ ..... }
L 2
Nz 427

This is the required Laurent’s series expansion for f{z) at z =0,
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| Problem 9.2.4

-1

Expand (2-1z-2) 454 power series in z in the regions

S lz| <1 i 1<|z| <2 iii|z] > 2
~-1
Solution. Let f{z) = (z-1)(z-2)
1 1
e . . _z=-1 z-=-2
By splitting into partial fragtiors, we have f(z) =
i The only points ,.\-V!wex\ v_‘z):' is not analytic are 1 and 2. Hence

f(z) is analytic in |z| < I and hence can be represented as a

Taylor’s series in |z| < 1.

1 1

()= -

/) z-1 z-2

-1 1

= +

-z 2-=z

=—(1-2)" +-1-(1 —EJ—]
2\ 2

2 n
=—(I+z+z" +..+2" +....)+l 1+2+Z s 424,
~ 2 2 4 2n

ii. J(z) is analytic in the annular region 7 < |z| < 2 and hence can
be expanded as a Laurent’s series in this region.

f@)=—-
yA

-1 z=2
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1
¥4

N | o—

n=0 £

( -1 -1

1——1-] +1(1—5)

. Z 2 2

3 2 2 n 1

]+(-1—)+(1) +..... +l l+£+—z—+...+-z—;-+...](since
z z 2 2 4 2

< land

—Z-<l
z 2

1 a0 zll
n+} + Z 2n+l )

n=0

This gives the Laurent’s series expansion in 7 < lz| < 2.

tii.

J(2) is analytic in the domain |z| > 2 and this domain, we have,
|2/z| < 1. Hence

i[ 1 if 1
f(z)'2[1—(1/2)]“}?[1—(212)]

Y- -Lo-erap
Z Z

Problem 9.2.5

Expand

1
z(z-1)

as Laurent’s series (i) about z = 0 in powers of z and

(ii) about z = / in powers z — 1. Also state the region of validity.

Solution.

(i) The only points where 1{z) is not analytic are 0 and 1.

Hence f(z) can be expanded as a Laurent’s series in the annulus 0 < |z| <

1.

]

g = 7D
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-1
= —— (1 - Z)

Z

= _.1_(1+z+z2 +on+z"+..) (since|z|< 1)
Z

=—(—1—+1+z+z2 Fot 2"+ )
z
This is the Laurent’s series expansion of f{z) in 0 < |z| < [

(ii)f{z) is analytic in 0 < |z — 1| < I and hence can be expanded as a

Laurent’s series in powers of z — 1 in this region.

11 1
2(z-1) z-1|1+(z-1)

= (z—])[1+(2—1)]_
__1 1[1_(2..1)-..(- Po(z=-1)’+...](since|z—-1}<1)
z—
1

— ~1+@-D-(z-D*+.......
z-—-1

This gives the Laurent’s series expansionin 0 < |z— 1| < I.

Problem 9.2.6

4

(z+D(z+2)

Find the Laurent’s series for about z = -2.

z

f(2)=

Solution. Let (z +1)(z+2)

=— 1 + 2 (verify)
z+1 z+42

-1 2

= +
(z+2)-1 z+2

2

zZ+

=[1-(z+2)]" +

=[1+(z+2)+(z+2)* +...]+

z+2

-2 +1+(z+2)+(z+2)* +
zZ+2

Problem 9.2.7
z

Expand i) = C =D =2 i a Laurent’s series valid for (i) |2| < J
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(i) I<|z|<2

i) jz| >2 (iv) jz—I|>Tand (V) 0 < |z-2]| < I.
Solution.

_ z
et &= e

1 2
..- f(Z) = 1 + 2 A ] i
z- ~Z  (by partial fractions)

i. |z| < 1.

— —1 2 — (1 _ -] _ -1
f(Z)—]_Z+2(1_Z/2)— (1-2)"+(1-z/2)".

Since |z| < 1, f(z) can be expanded in series as

LR
il. 1<|z| <2
1 2 |
= + =—(1-1/2)"+0-2/2)".
A= sy LT a2

4

Now [ < |z] < 2 = |1

Z

i 1 1’ z 2\
f(z)=;[1+;+[;} S j| +{1+(—2—)+(5) + e }
(3G (56
= e +| =] + =] +=+1+]| = |+ = +......
z z z 2) \2

2| > 2. Hence |

<1 and

< 1. Hence we have

<1 and |-

iii.

fley=— -

| 2
+ —~(1=-1/2)"+=010-2/2)".
z(1-1/z) z(1-2/z) z( 2 ( )

z
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2
=.l(1+—+—1-2—+ ..... )_E[l+§+(2) + }
z V4 Z Z Z Z
3 7 15
=TT 3T Ta e

iv.

|z— 1| > 1. Hence | z~-1]

1 2
J(2)= z—l—z—2'

1 2

Cz—1 z-1-1
1 2

z=1 (z—l)(l—L)
z—1
12 (]_ 1Y
z—-1 z-1 z—1
1 2 1 ( 1 )"'
1+ + + ...
z—-1 z-1 z—-1 \z-1

12 2
z=1 (z-1° (z-1)°

------

v.  0<|z-2/<1

1 2
z-2+1 z-2°

=[l+(z-2)]" =

f(2)=

2
z-2

—_—[1—(2—2)--1—(2—2)2 -] —

z-2

Problem 9.2.8
‘ 1

_ 2 . _ o .
Expand % —3z+2 in Laurent’s series valid in the region 7 < |z| < 2.
Solution.
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1
Z)= ——
1@ 22 -3z+2

_(E=-2)-(z-1) 1 1
then 7 &= 0G oy~ 0 T2

f(2) is analytic in the region 1 < |z| <.
Hence f{z) can be expanded in Laurent’s series in that region. Now

e S R

Z
Z

2

4

<1

<1 and .
Hence f{z) can be

In the region | < [z] <2, we have
expanded in Laurent’s series as

1, z () (zY 1, 1 (1Y 1y
f(z)———2~[1+5+(5) +[E) = ]—;[1+;+(;) +(;) +}

1&(zY 1&(1
--33(2) 54
o0 n o0 1 !

Z
- 2n+f —Z zl1+|
n=0

n=0
Problem 9.2.9
f(z)=

If (z+3)(z=1)" find Laurent’s series expansion in

(1)0<|z-1<4 and (ii)|z- 1]>4,
Solution.

Let £(z) =

z+4

z+4
(z+3)(z-D?
By expressing f{z) into partial fractions ,we get

1 1 5

M= 15z+3) Tean ' G- 1)”,

(i)0 <|z- 1] < 4. Hence

1 1 5
- +
16(z-1+4) 16(z=1) 4(z—-1)7.

f(2)=
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64(1 +_z;‘) T16(z-1)  4Gz-1)",

1 ( z—l)] 1 5
= 1+ - + >
64 4 16(z—-1) 4(z-1)".

Since we have

1 z-1\ (z-1)° (z-1}’ 1 0
SN e

5 1 1 1|z-1 (z-—l)z
= -— + - — +.... .
4z-1)° 16(z-1) 64 64| 4 4

This is the required Laurent’s series expansion for f(z) in 0 < |z — 1| <4.

4
z-1

] 1 5

<1.

(i))]z— 1} > 4. Hence

Now f(z)= _ N :
16(2—1)(1+_L) 16(z-1) 4(z-1)%.
z—1
S5 e
= - — [+ — | —....]- +
16(z -1) z-1 z-1 16(z=1) 4(z-1)
_ 1 N 1 4 N 42 )
(Z_I)Z (2_1)3 (2_1)4 (2_1)5 ......
Problem 9.2.10

- z° -1

Find the Laurent’s series expansion of the function (z+2)(z +3)

valid in the annular region 2 <|z| < 3.
Solution.
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z? ~1

Let f(z)= .
J(2) (z+2)(z+3)
By splitting f{z) into partial fractions, we get

3 8
=1+ — .
/(2) zZ+2 z+43

f(z) is analytic in the annular region 2 < |z| < 3.
Hence f(z) can be expanded as a Laurent’s series in that region

f(z)=1+ 3 N 8 .
z(l + —) 3[1 + f)
z 3
Problem 9.2.11
220 +1

z
For the function z(z+1) ,

find (i) a Taylor’s series valid in a neighbourhood of z =i and
(ii) a Laurent’s series valid within an annulus of which céntre is the

origin.
Solution. .
3
(2) = 2z7 +1
(i) z(z+1)
=2z-2+ 1 + —-l—-(by partial fractions)
z z+l1
1 1
=2(z-D+—+—— ... (1)
z z+1
= g(z) + h(z) + j(2).

[
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1 1
Where g(z) = 2(z— 1), h(z) = Z andj(z) = ? +1. |
Taylor’s expansion for g(z) about z = i is obviously 2(i — 1) + 2(z — ).
Taylor’s expansion for h(z) about z = i is given by

= B (i n
h(z) = h(@)+ nf Yz-iy"

n=1 .

1 _1\" ! _1 " '
Here k(i) = —=; h"(2) = ( 13+1n so that ' (i) = ( I.n)+1n .
1
1 &', L, =D N
h(z)=—.+z(‘n+)! T(Z—l) =Z—(-n+)l (z-9)".
l n=t 1 n. n=0 1

: 2 (=)' (z=i)"
J(z)zz( l) ( n+l)
Similarly we can prove that =)

Hence the Taylor’s expansion for f(z) is

Py . GG e
f(2)=20-1)+2(z z)+2[ — +(]+i)"+l](z D"

1

f(2)=2z-2+ 1, 1+2)" (from(l))
(ii) z

1
=2z-2+—+(1-z+2z> =2 +....) if|zl<]
z
. In the annulus 0 < |z| < 1 the Laurent’s expansion is given by

f(z)=l—1+z+z2 —2 4zt -
z

Problem 9.2.12

f(2)=

2c
e

3 . . R
(z—=1)" about z = I as a Laurent’s series. Also indicate

Expand .
the region of convergence of the series.
Solution.
eZ(:—I)+2
z)=
f@=G
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PEIRIES)

G-y
__e [, 2= 22E-1)
(-1 1 2t

1 2 2 4 2
= ¢? R P
e[(z—-l)3+(z—l)2+(z—1)+3+4!(2 o ]

This series converges for all values of z except z = 1.

Exercises 9.2.13

f(z)=—1

1. Expand (z+1)(z +3) in Laurent’s series valid for
(I1<]z|<3
Gi))z| > 3
(i) 0 < |z+1} < 2

1 1 1 N 1 1 z =z

— — —

2

+
Answers:]_(i) 2z 2278 2z2 2z 6 18 54
1 4 13 40

—-——+
(il) ZZ 23 Z4 ZS

1 -—l+1(z+1)——1—(z+1)2+...
(iii)2(2+1) 4 8 16

Zeros of an Analytic Function
Definition 9.2.14
Let /(z) be a function which is analytic in a region D. Letae
D. Then a is said to be a zero of order r (where r is a positive integer) for
M) is f{z) = (z - a)"p(z) where ¢(z) is analytic at a and p(a) £ 0.
Example 9.2.15
Consider f{z) = sin z.

_Z: .z
We know that sin z = 3 s
= 1— i -+ Ei —
- 3! 5! llll
=z ¢(2).

z2  z*
(l +——.... )
Where ¢(z) = 3t 3!
Obviously ¢(z) is analytic and ¢(0) = I # 0.
z = () is a zero of order 1 for sin z.
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Example 9.2.16
Let f{z) = (z — 2i)f°(z + 3)°¢
2i is a zero of order 2 and -3 is a zero of order 3 for f(z).

Example 9.2.17
Let f(z) = 2’sin z.
f(2)= zz(z—f—s-+z—5-— ..... \
Then 33! y
2 4 )
_ zs[l 2L
3 8 )
3

(%55
Where ¢(z) = 3t 5
Obviously ¢(z) is analytic and ¢(0) # 0.

'z =0is a zero of order 3 for flz) = Z’sin z.

Example 9.2.18
z> -1
fla)=0=>2—-1=0
=Gz-D)E +z+1) =0.

—1+if3 —1-i3
2 72

and each one is a zero

Hence the zeros of f{z) are 1,

of order 1.
Theorem 9.2.19
Suppose f{z) is analytic in a region D and is not identically zero in D.
Then the set of all zeros of f{z) is isolated.
Proof.

Let a € D be a zero for f{z). We shall prove that there exists a
neighbourhood |z — a| < J such that this neighbourhood does not contain
any other zero for f(z).

Suppose a is a zero of order r for f{z).

Thenfz) =z-a)oz) ... (1)
Where ¢(z) is analytic at a and ¢(a) # 0.

Now, since ¢ is analytic at a, ¢ is continuous at a.
We can find a 6 > 0 such that

| p(a) |
2=al <0 = o) - p@| < .
We claim that the neighbourhood |z — a| < & does not contain any other
zero of f{z). Suppose b # a is another zero of f{z) in this nei ghbourhood.

Then |6 —a| < J and f{b) = 0.
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“(b-a)o(b) =0 (from (1))
Now, since b#a, (b—a) #0

“p) =0
| p(a) |
Further |b~a| <6 = |p®) —p(@| < ~ 5

le@| . . .
= |p(a)| < > which is contradiction.
Thus the neighbourhood |z — a] < & contains no other zero of f{z) and
hence the set of all zeros of f(z) is isolated.

Corollary 9.2.20
Let f(z) be analytic in a region D. Suppose f(z) = 0 on a subset
of D which has a limit point in D. Then f{z) is identically zero in D.

Corollary 9.2.21
Let f{z) and g(z) be two functions which are analytic in a

region D. suppose f(z) = g(z) on a subset of D which has a limit point in
D. Then f{z) = g(z) in D.

(consider the function f{z) — g(z) and the result follows from corollary
9.2.20.

Exercises 9.2.21

1. Find all the zeros of the following functions
(z+D*(@iz+2)°
z+7

(@) cosz (b)

2. Prove that there is no analytic functions whose zeros are precisely
the points 1, 1/2,1/3,.....,1/n,.....
Answers:1.(a) (2n+1)n/2,neZ (b) -1 and -2/

9.3 SINGULARITIES
Definition 9.3.1

A point a is called a singular point or a singularity of a
JSunction f{(z) if f(z) is not analytic at a and fis analytic at some point

of every disc lz—a| <r
Example 9.3.2
1
Consider the function f{z) = 2
1

Then fl(z) = ‘;7 for all z # 0.

Thus f(z) is analytic except at z=0.
*+z = 0 is a singular point of f{z).
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Example 9.3.3
|
Consider the function f{z) = 2z —1)"

0 and i are singular points for f{z).
Definition 9.3.4
A point a is called an isolated singularity for f(7) if
(i) f{z) is not analytic at z = g and
(ii) there exists » > 0 such that f{z) is analytic in 0 < |z —a| <
r.
(i.e) the neighbourhood |z — a| < r contains no singularity of f{z)
except a.

}Example 9.3.5
| Z + 1 . . ()
Jfz) = ZZ—(ZTI) has three isolated singularities z = 0, i, -i.

Example 9.3.6
Con31der the principal branch of logarithm given by
log re'® = = log r + i@ where -x < 0 < &,
All points on the negative real axis are singular points of this
function. These singularities are not isolated.
Example 9.3.7
1

Consider the function f(z) =SIDZ . singular points are 0, +r, £27,

...... and these are isolated singular points.

9.4 SINGULAR POINTS AND POLES

We now proceed to classify the isolated singularties of a function.
Let a be an isolated singularity for a function f{z). Let » > 0 be such
that f{z) is analytic in 0 < |z—a| < r. In this domain the function fz)
can be represented as Laurent series given by

f(z)= Z( —a) Z”:a,,(z——a)” where
J' Jas . J‘ f(&)dg
27rz ~-a)™ 2@l (& —a)™

The series consisting of the negative powers of z — a in the above
@0 bn

Laurent series expansion of f{z) is given by r-! (z-a)" and is called.
the principal part of singular part of flz)atz = a.

The singular part of f{z) at z = a determines the character‘of the

singularity.

140



There are three types of singularities. They are
(i) Removable singularities.

(ii) Poles
(iii) Essential singularities.
Definition 9.4.1
Let a be an isolate singularity for f{z). Then ais called a removable
singularity if the principal part of f(z) at z = a has no terms.
Note 9.4.2
If a is a removable singularity for f(z), then the Laurent’s series expansion

of f(z) about z = a is given by

f@=Ya,e-ay

n=0
—ap+aiz—a) + ..¥az—a)"+.....
lim f(z) = a,
Hence “7°
Hence by defining f{a) = ay the function f(z) becomes analytic at
a.
Example 9.4.3
San
f(2)=—-
Let z Clearly 0 is an isolated singular point for f(z).
sinz 1 22z
=—| Z—-— 4 ———
Now. Z z 3t 5!
2 4
=1-Z 4 .
31 S

Here the principal part of f{z) at z = 0 has no terms.
Hence z = 0 is a removable singularity.

lim sz _ 1
=—0 )
Also z Hence the smgularlty can be removed by defining

f(0) =1 so that the extended functlon bﬁcomes analytic at z = 0.
Example 9.4.4

Z San

/

/
£

f(z)=
Let
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z = 0 is an isolated singularity.

j z—-sinz 1 2z J
= z—|z——+——.... |}
Further z’ z’ CUN

2
1 =z z

T3 s

-----

"z =10is aremovable singularity.
By defining f{0) = 1/6 the function becomes analytic at z = 0.

'Definition 9.4.5

Let a be an isolated singularity of f{z). The point a is called a pole if the
principal part of f{z) at z = a has a finite number of terms. If the

principal part of f(z) at z = a is given by

b, b, b
+ +
z—a (z-a)’ (z-a)"

where b, # 0, we say that a is a pole of order r for f(z).

Note 9.4.6
A pole of order 1 is called a simple pole and a pole of order of 2 is called

a double pole.

Example 9.4.7
e.z
- f@=—.
Consider z
e 1 2
—=—+l+—+—++...
z z 2!

Here the principal part of f{z) at z = 0 has a single term //z. Hencez =0
is a simple pole of f{z).

Example 9.4.3

sinz T
. —+nrx,
Letf{z) = tanz = COSZ The singularities of f{z) are 2 where
n € Z. All the singularities are poles of order 1.

Example 9.4.9
| cosz

f(@)=—

Z  has a double pole at z= 0.

cosz 1 zr Zf
| —=—1l-—+—-....
For, 22 2\ 20 4

= L — -]_ Zz
- 22 2! 4' lllll
Example 9.4.10
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z2~2z+3
z-2

f(2)=2+(z-2)+ ——?’—2- (by parital fractions)
Z —

f(2)=

Then
Here f{z) has a simple pole at z = 2.

Definition 9.4.11

Let a be an isolated singularity of f(z). The point a is called an essential
singularity of f(z) at z = a if the principal of f{z) at z = a has an infinite
number of terms.

Example 9.4.12
Let f{z) = ¢'”. Obviously z = 0 is an isolated singularity for f{z).
1 1 1
4=+ —+—+.....
Furthere’” = z 2z° 3lz The principal part of f{z) has

infinite number of terms. Hence e’ has an essential singularity at z = 0.

Example 9.4.13
Let f{z) = Z’sin(1/z). f(z) has essential singularity at z = 0.

In the following theorem , we give equivalent characterizations for an
isolated singular point a of f{z) to be a removable singularity.

Theorem 9.4.14

Let f(z) be a function defined in a region D of the complex plane except
possibly at a point @ € D and let a be an isolated singularity for f{z). Then
a is a removable singularity for f{z) if and only if there exists a complex

number ao such that by defining f(a) = a, the extended function becomes
analytic at a.

Proof. Suppose a is a removable singularity for f(z).

f(2)= Za"(z—-a)”,O z-alkr
Then n=0

=ap+ajz—a) + axz— a)2+ ......
.. By defining f(z) = ay, f becomes analytic at a.
Conversely, suppose there exists a complex number g, such that by
defining f(a) = ay, f becomes analytic in |z —a| < r.

Hence fcan be represented as a Taylor’s series, in power of z — a in this

neighbourhood, given by f(z) = i a,(z-a)".
n=0

This shows that the principal of f{z) at z = g has no terms. Hence a is a
removable singularity for f{z).
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Theorem 9.4.15 (Riemann’s Theorem)

Let fbe a function which is bounded and analytic throughout a domain 0
< |z —zo| < 8. Then either fis analytic at z, or else zp is a removable
singular point of f; |
Proof. Consider the Laurent’s series for the function in the given domain
| 1

about zg. The coefficient b, of (2—2,)" is given by
1 j‘ f(2)dz
" 2mi{(z—-2y)™™ where C is the circle |z — zy| = r where r < 6.
Now, since fis bounde_c"i' there exists a positive real number M such that
f(z)| SM in0<|z-2zp| <0 ‘

[ f(2)dz

by theorem < Ml where M = max{lf(z)l :z € C}, we have,

1 MQ2xr)
271_ r-n+]
= My"
Since it is true for every r such that 0 < r < 4, taking limit » — 0 we get
b,= 0. Hence the Laurent’s series for f{z) has no principal part. Hence
the theorem follows.

b |<

Theorem 9.4.16
Let f{z) be a function having a as an isolated singular point. Then the
following are equivalent.

(i) ais apole of order r for f{z).
. L f(2)= - 0(2)
(i1) f(z) can be written in the form (z—a)
where 0(z) has a removable singularity at z = g and and
limé(z) = 0.

z—a

1
(iii)a is a zero of order # for f(2)
Proof. ()= (ii) |
Let a be a pole order 7 for f{z). Then the Laurent’s series expansion of

r b @
f(2)= <+ > a,(z—a)"
f{z) about a is given by | ; (z-a)" nz=:§ ) where b, # 0.

- _ 1
s f(2)= ooy
1

= (z-a)

6(z) where 8(z) =b, +b,_(z—a) +......
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limé(z)=b, #0

Clearly ™ and 6(z) has a removable singularity at z = &
i) = (iii = 6(z) _
(D= Let 1@ (z-a) and by suitably defining 6(a) we
may assume that 6(z) is analytic at a and 6(a) # 0.
1 1 1 1
= (z —a) —— and ——is analytic at aand # 0.
f(2) =ema 6(z) 0(z) &(a)
1
Hence a is a zero of order r for ./ (2)
: | ﬁ
(iii) = (i) :
Let a be a zero of order r for f(2)
=(z-a)" g(2) _ '
Then J (Z) where g(z) is analytic at a and g(a) # 0.
z
f( ) — gl( )

(z—a)" where g;(z) is analytic at a and g;(a) # 0.
Letgi(z) =ap+taiz—a) +....+ au(z —a)"+.... so that ap # 0.

z) = ¥ota, +a, (z-a)+..in0<]z—al<r
f( ) ( _a) (Z—a)r—l l(
. The principal part of f(z) atz = a is
] — et and a, # 0.
(z-a)" (z-a) z-a

.. a is a pole of order r for f{z).

Theorem 9.4.17
An isolated singularity a of f{z) is a pole if and only if lim f(z) = .
f(5y=-22
Proof. If a is a pole of order r for f{z) then (2-a)" with g(a) # 0.
- im f(z) = oo,
hm f(2) =co.

Conversely let a be an lsolated singularity for f{z) and let

O(z) =——

limé&(z) = 0.

z2—a

Then
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| Now consider the function

Hence a is a removable singularity for 8(z) and by defining 6(z) =0, 6
becomes analytic at a. Let a be a zero of order r for the function 6(z).

Then a is a pole of order r for f{z).

Definition 9.4.18
A function f{z) is said to be a meromorphic function if it is analytic
except at a finite number of points and these finite set of points are poles.

| Example 9.4.19
1
f(@)=—7.
Let z(z-1)°
f(z) is analytic exceptatz = O and z =1. Also 0 and 1 are poles of
order 1 and 2 respectively. He'. "2)isa meromorphic function.

Example 9.4.20

e’ 1 z
— ==+ ...
z z 2 is a meromorphic function.
Example 9.4.21

e’ isnota meromorpic function since z = 0 is an essential singularity

for e’

The following theorem due to Weierstrass describes the behavior of a
function in the neighbourhood of an essential singularity.

Theorem 9.4.22

Let zy be an essential singularity for a function fz). Let ¢ be any

| complex number. Then given g, 8 > 0 there exists a point z such that

z—zp| <Jand |fiz) —¢| < e
(i.e) The function f{z) comes arbitrarily close to any complex number ¢
in every neighbourhood of an essential singularity.
Proof. Suppose the theorem is false. Then there exist d, € > 0 such that

for every point z satisfying 0 < |z~ zp| < & we have |f{z) — ¢l Ze
1

f@)~c

1 1

—_— < —.
| f(2)~-c| &

g(z)=

sl g2) =
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Hence g(z) is bounded and further g(z) is analytic in 0 < |z —zg| < 4.
Hence by Riemann’s theorem, z = z, is a removable singularity for g(z).
1
= f(z)-c
Now, if g(zp) # 0 then g(z) is analytic at zp.
Therefore by suitably defining g(z), the function g(z) becomes analytic at

Zy).
If g(z¢) = 0 then let z;, be a zero of order r for g(z).

Then z, is a pole of order » for g(z),

Thus f{z) is either analytic at z, or else z; is a pole of f{z) which is a
contradiction to the hypothesis that z, is an essential singularity for f(z).
Hence the theorem.

Solved Problems
Problem 9.4.23

-
<

e
e’ -1

f(z)=

Determine and classify the singular points of
Solution.

The singularities of f{z) are given by the values of z for which ¢ —1 =0.
Hence z = 2nni, n € Z, are the singularities of f(z).

2 n
Now, e —1=(1+z+£27+ ..... +i-+...)-1.

Hence 0 is a removable singularity for f(z).

lim
z—>2nm

&
= o0
Also [eb -1 if n # 0 and hence 2nmi, n # 0, are simple poles
of f(z).

f

LY

Problem 9.4.24
Determine and classify the singularities of f{z) = sin(1/z).
Solution.
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1 1 1
f(z)=—~- ' TE s T
Also z 31z7 5z

Thus the principal part of f{z) atz = 0 has infinitely many terms and
hence 0 is an essential singularity for f(z).

Problem 9.4.25
1

Determine and classify the singular points of (2sinz-1)
Solution.

| The singularities of f{z) are given by the values of z for which

2sinz—1=0.
T
z=—+2nn,ne’,
The singularities of f(z) are given by 6 and they are
double poles.
Exercises 9.4.26

1. Find the singularities of the following functions and classify the

singularities.
z e (
z2-2z+3
Giy 272 (iv) ze

2. Show that the singular points of each of the following functions
are poles. Determine the order of each pole.
32: 1
2 2 2
iamhz Gy @D iy 7 E9)
z+1 z(1+2) _ 1

e _ L 2
(iv) 2z (v )1 cOSZ (v) z' 42z +1

3. Find the order of the pole z = 0 for the following functions.
e’ e’ l1-sinz
5
@ ° Gip & (i) °
Answes: 2. (i) 0 is a simple pole (ii) 1 is a double pole (m) 0,3 are
double poles (iv) 0 and 2 are simple poles (v) O is a simple pole (vi) i and
—i are double poles.

3. (i)1 (ii) 2 (iii) 5

——
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UNIT 10
CALCULUS OF RESIDUES

In this chapter, we introduce the concept of the residue of a
function f{z) at an isolated singular point and prove Cauchy’s residue
therorem. Using this theorem we evaluate certain types of real definite

integrals.

10.1 RESIDUES

Definition 10.1.1
Let a be an isolated singularity for f{z). Then the residue of f(z) at a is

defined to be the coefficient of in the Laurent’s series expansion of

zZ—a
f(z) about a and is denoted by Res{f(z),;a}.

1
Thus Res{f(z);a}= m'[f(z)dz =b Where C is a circle |z-a| =
C

such that is analytic in 0 <|z-a| <r.

Example 10.1.2
. e’
Consider f(z)=—
z
e’ 1 z z?
5 = 1+—+—+......
z z 1t 2!
1 1 1 z z?
==ttt —+.....
z° z 20 31 41

Therefore f{z) has a double pole at z = 0.
Therefore Res{f(z) ; 0 } = coefficient of 1/z = 1.

The following lemmas provide methods for calculation of residues.

149

- Space for Hints




Space for Hints

Lemma 10.1.3

If z = a is a simple pole for f{z) , then
Res{f(2);a} = |im(z - )./ (2).

| Proof.

Since z = q is a simple pole for f{z), the Laurent’s series expansion

for f(z) about z =a is given by
b,
z

f(2)= +a,+aq,(z—a)+......
Now, (z-a) f{z) = b; + ap(z-a) -i:aI (z-a)°+.....
s limGE-a)f(2) =5,

o 17}

= Res{f(z),; a].
Lemma 10.1.4
. _ g(@) : :
If a is a simple pole for f{z) and f{z) === where g(z) is analytic at
z—a
aand g(a)# 0, then Res{f(z);a}=g(a).

Proof.
By Lemma 10.1.3, Res{f(z);a} = im(z—a)f(2)

z—ra

~lim () = g(@).

Lemma 10.1.5

If a is simple pole for f{z) and if f{z) is of the form Z—EZ—;— where
z

h(z) and k(z) are analytic at a and A(a)#0 and k(a) = 0, then

Re s{f(2); @) = ,f((‘;’)
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Proof.

_ NG
=lim@-a) .
Y . (z-a)
=limA @ 1im ==

= limAz )hm[ W)= k(a)J

= fa )[k (a)]

(sinc_e kfa) = 0)

Res{f(2);a} = 122
k (a)
Lemma 10.1.6
Let a be a pole or order m > 1 for f{z) and let f{z) = ( £ (z)) — where
z—a)"
g(z) is analytic at a and g(a) # 0.
(m-1)
Then Res{f(z);a} = g @ :
(m-1)!

Proof.
(m ])(a) (m H! J’ g(z)dz
Zi L(z-a)"
where Cis a cnrcle |z-a| = r such that f{z) is analytic in 0 < |z-a| < r.
(m-1)
g (@ _ 1
= dz= Res ,ay.
T j f(2)dz= Res{f(z);a}

SOLVED PROBLEMS
Problem 10.1.7

(by theorem on higher derivatives )

+1
Calculate the residue of 22 at its poles.
z' -2z
Solution.
+1
Letfi) = ——— = _Z*1

z* -2z z(z-2)
z = 0 and z = 2 are simple poles for f{z).

Re s{f(2);0} = ]im(z—o)l: 2t . ]

s z(z-2)
z+1 |
“lim:5
Res{f(2);2} = lim (z - 2)[2(112)]
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z+1

=lim

z—>2 V4

Problem 10.1.8

N | W

l1+e

Find the fésidue atz = 0 of

Solution.

Let f{z) =

14+¢°

ZCOSz+sInz

Clearly O is a pole of order 1 for f{z).

-

Z COSz+sinz

Re s{ f(2);:0} = Iim 11% where A(z) = I+ ¢° and

z—>0

k(z) = z cos z+ sinz,by Lemma 10.1.5.
Now,k'’(z) = -zsinz+cosz+cosz

= -zSinz+2cosz
2
Therefore, Res{f(z);0} = 5
Problem 10.1.9

=1

2z

Use Laurent’s series to find the residue of F—'E—I—E—. atz=1.
Z —
Solution.
2z
Let f(z) = ————.
(z) 1)
First we expand f{z) as Laurent’s series at z = /.
eZ(:—l)+2
z) = ————.
Jz) 1)
B 22
(z-D* ‘
2 _ 2., 172 3¢, _1\3
= ° > .1+2(Z 1)+2 z=1) +2 (z=1) +......
(z-1 1! 2! 3!
=e’. ! >+ 2 +2+i(z——'l)+ ......
(z-1) z—1 3

This is Laurent’s series expansion for f{z) at z = /.

Res{f(z);1} = coefficient of

=2e?.

1

z—1
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Note 10.1.10

Without expanding in Laurent’s series the residue at z=1 can
be found as follows. Since f{z) has a pole of order 2 atz = 1 ,
we choose g(z) = e*.

2z
. 2e
Res{f(z)1} = £ _ = 2¢?,
1! 1!
z=1
Problem 10.1.11
Find the residue of T atits pole.
z—-1)
Solution.
ze”
Let = .
1= =

z = I is a pole of order 3 for f{z).
Let g(z) = ze* sothat g’(z) = €° (z+1) and g”'(z).= €°(z+2).

Then Re s{f(2);1} = g"z('z) = %g.

Problem 10.1.12

Find the residue of -——l—— at its pole.
z—sin z
Solution.
Letfs) = ——
z—sinz
z2
Nowz—-sinz=z—(z-=——+2__ .
31 51 )

z? Z°

’E'— - 'gT .........

., 1 z?

=2 (G gyt )
. 1
z= 0 is a pole of order 3 for f{z) and f{z) = P
(5 - ; ....... )
1
Now let g(z) = ] 2
(= o)
TI T
: g"(0)
Then Res {f(z); 0} = o1 - Clearly g(0) = 6.
1 1 z¢ Zz*

Now 2y =31 51 Ty T Differentiating with

153

Space for Hints /
A




Space for Hints

respect to z, we have [e(2)] 51 M 7

Hence g’(0) = 0.
Again differentiating with respect to z we have,

[c@F[-g"(2)]+ &' (2)28(2)g'(2) _ =2, 12z

2

lg(2)*] st 7!
_ gﬂ(o) B __2
Putting z = 0 and using g(0) = 6and g’(0) =0weget 35 51
3
Hence g7(0) = 5
g 3
Therefore Res {f(z); 0} =" 5y = 190-

Exercises 10.1.13
1. Find the order of each and find the residue at the poles for each
of the following functions.

“ z z+1
(1) (22 +]) (11) 2'2 -2z
2z +3 z?
(iii) z(z* +1) (V) 22442
z? -2z

2. Find the residue of (z+ 1)2 (22 +4) at all its poles.

3. Find the residue of -——1—2-——— atz=1.
a+z%)

Answers: 1. (i)Simple pole;Res %, -i simple pole;Res 1/2
(i1)z=0,2 simple pole;Res-1/2,3/2
(iii) 0,i,-i simple poles;Res 3,(2i+3)/2,(2i-3)/2
(iv) ai,-ai simple poles;Res ai/2,-ai/2
2. z=-1;-14/25;2z=2i;(7+i)/25,(7-i)/25.
- —i(2n-2)!
@7 (n-D1P?
Theorem 10.1.14( Cauchy’s Residue Theorem)
Let f{z) be a function which is analytic inside and on a
simple closed curve C except fbr a finite number

of singular
points z;, z, , ... .... .z, inside C.

Then | /(2)dz =271 Res{f(2):z,)

Proof.
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“ot, - /f/; %
\\ G \
I

; ,

b, & C %
RN f%m "
" J, (g; |
“’;“}";““”an LY 7;;

“u,&% #\a.w f/f‘

M%& wﬂ"éf
WW
LetC;, Cy,Cs........... C, be circles with centres z; ,z2, ...

...... z, respectively such that all circles are interior to C and
are disjoint with each other.(refer figure).
By Cauchy’s theorem for multiply connected regions, we have

[ 7 - [r@udz+ [y [1@)

= 21 i Res{f(z);z;} +2m i Res{f(z);z2}+............¥2m i Res{f(z),zn}
(by definition of residue)

= 2771‘57_:Res{f(z);zj}.

Hence the theorem.
Example 10.1.15
ZZ
Evaluate I(z —2)(z+3) where C is the circle |z| = 4.

C

Z2

Letf(z) = (z —2)(z +3)

z=2 and z =-3 are simple poles for f(z) and both of them lie
inside |z| = 4.

. Zz 4
Now, Res {f(z) ; 2} = 121_%1(2 - 2)[(2,- -2)(z + 3)] s

. Z2 9
Res {/(z) -3} = lglgl(z +3)[(z -2)(z+ 3)i\ s

Therefore by residue theorem,
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([ f(2)dz =27 i[fg‘- + (— -95-)}

=-211
2

z
-C[(z-—Z)(z-i—B) =
Theorem 10.1.16 (Argument Theorem)

Let fbe a function which is analytic inside and on a simple
closed curve C except for a finite number of poles inside C. Also

21 i

let f(z) have no zeros on C. Then 1 : jf (Z)dz= N — P where N is
2ri 7 f(2)
the number of zeros of f{z) inside C and P is the number of poles
of f(z) inside C.
( A pole or zero of order m is counted m times).
Proof.

/'(2)

We observe that the singularities of the function 2) inside

C are the poles and zeros of order » for f{z). Let C; be a circle
with centre z; such that it is the only zero of f{z) inside C).
Then f{z) = (z-z¢)"g(z) where g(z) is analytic and nonzero

inside C;. Hence f(z) = n(z-zo)™" g(z) + (z-20)"g (2)

S (@) nm g'(2)

: = e e (1)

f(z) z-z, g(2)

g'(z)
g(2)
and hence can be expanded as a Taylor’s series about z.

Re S{f‘(Z) s 2, } = coefficient of in(1)
f(2) 2= 2

is also analytic

Since g(z) is analytic and non zero inside C).

f'(z),
Similarly if z, is a pole of order p for f{z), then Re s{ £(2) 321} =P,

1 f (2)
, . dz= N — P where
Hence by Cauchy’s residue theorem, 5 _; i f(2)

N is the number of zeros and P is the number of poles of f{z)

within C.

Corollary 10.1.17

If f(z) is analytic inside and on C and not zero on C,

then . S (Z)dz= N Where N is the number of zeros
2ri L f(2)

lying inside C.

Proof.

Since the number of poles is zero, we have, P=0.
Hence the result follows.
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Theorem 10.1.18 (Rouche’s Theorem)

If f{z) and g(z) are analytic inside and on a simple closed curve C
and if |g(z) | < |f{z)| on C, then f(z) + g(2) and f(z) have the

same number of zeros inside C.

Proof.

g(z)
fz)+g(z) =fz) [H ffg] = f(z) $(z) where ¢(2)= [l " f(z)].
Hence [ f(z2)+8(2)] = f(2) +g'(x) =1'(2) $()+ f2) $°(2)
f'(@+g' (@) _ (@) + f(2)¢')

f(z)+g(2) f@De(z) -
@, 9@
f(z)  o(2)
L L@@y, L L@,
2wiy. f(2)+g(2) 2riy f(2)
1+ 92
27:1'! oz) & (1)
g(2)
Now, by hypothesis |g(z)| < |f{z)| and hence f—(z_) <lonC.

Therefore |@p(z) — 1| < 1 on C.

Hence by maximum modulus theorem, |¢(z) — 1| < I for every
point z inside C.

Therefore ¢(z) # 0 for every point inside C.

¢'(2)
Hence j 2(2) dz — Number of zeros of ¢(z) within C.
’.

= (.
| ([ @@y,
2zil f(z)+g(2)

Hence from (1) we have,
1 ' I 1

2riy.  f(2)

Therefore N; = N ; where N; and N3 denote respectively the number

of zeros of f{z) +g(z) and f{z) inside C. Hence the theorem.
Remark 10.1.19 ’

We can deduce the Fundamental Theorem of Algebra from
Rouche’s theorem.
Theorem 10.1.20 ( Fundamental Theorem of Algebra)

A Polynomial of degree n with complex coefficients has n zeros in C.
Proof.

Letay + g,z + a2z2 e SO +a,z" , where a, # 0 ,be a polynomial
of degree m.
Letf(z) =anz' and g(z) = ap + a; +....... a2
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230 z

183
1)

Hence there exists a positive real number 7 such that

for all z with |z| > r.

Hence by Rouche’s theorem f{z) and f{z) + g(z) have the same
number of zeros inside the circle |z| = » +1. But 0 is a zero

of multiplicity
n for f(z).

Hence the gives polynomlal f(z) + g(z) also has n zeros.

Solved Problems
Problem1 10.1.21

Evaluate I
= 2z+3

where C is |z] = 2.

Solution.

z = — = is the simple pole of f{z) which lies inside the circle |z| = 2.

Re s{ f(2): ——} - lim :(( )) where h(z) = 1 and k(z) = 2z +3.

3

Res{f(z); —5} = 5

1
Therefore by residue theorem, I f(2)dz=2n 1[5) =7
’.

Problem 10.1.22

Evaluate I Cj
z%e’

where C = {z;|z| = 1}.

Solution.

-
P4

Given integral can be written as J' f(z)dz  wheref(z) = —-
: z

f(z) has pole of order 2 at z = 0 which lies inside the circle |z| = 1.
Let g(z) = e?.Hence g'(z) = - ™.

Therefore by Lemma 10.1.6, Re s{ f(2);0} = g'l('o) =.]

By residue theorem , J'f(z)dz =2ni(-1)=- 2ni.
.

Problem 10.1.23

3+ 3si |
Evaluate _[ o8 fzdz where C is the square having
v z(z-1)
vertices 3+3i , 3-3i, -3+3i, -3-3i.
Solution.
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Let f(z) = 2+ 351n72rz . Here z= 0 is a simple pole and z = I is

z(z-1)
a double pole for f{z) and both of them lie within C.

L (2) 2+3sinzz
Res ) ; 0p = M| 7 ) =2

Re s{f(z);1} = ——Ll where g(z)= 2+3sm7rz-
2'(z) = z37c’cosnz—§2+3sin7rz)

z
Therefore g’(1) = - 3m— 2.
Therefore Res{f(z);1} =-3n—2.

Therefore by residue theorem J f(z)dz =2m i(2-3n-2) = -6m” i.
.

Problem 10.1.24

Evaluate _[ tan zdz Where C is |z]| = 2.

Solution.

Letf(z) =tanz =

sinz _ h(z2)
cosz k(z)

_(_%]ﬁ_l)_ﬂ,neN.

Cos zhas zeros at z =

/4 /1
Therefore f(z) has simple poles atz = — 5 and z = Einside the
circle |z| =

Res{ f(z2):;7/2} = h(x/2)  sin(z/2) _

K(x/2)  —sin(r/2)
_ _h(==/2) _ sin(=7/2) _
Res{f(z);—7/2} K'(-z/2)  —sin(-7/2)

By residue theorem , j tan zdz = 2ni[(-D+(-1)] =- 4ni.

Problem 10.1.25

Prove that ——dz = i? where C is |z| = 3
~(z+ )? e 2
Solution.
2z
Let f(z) =
1@ (z+1)°

f(z) has a pole of order 3 at z = -1.
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Re s{ f(z);—-1} =

where g(z) = e

Now g’(z) = 2e” and g”(z) = 4¢*.
4 22
Re S{f(Z),—l} - = 2

e

4 i

Therefore by residue theorem , If (2)dz =27 i( o2 ) o2
C

Problem 10.1.26 3 .
Evaluate, using (i) Cauchy’s integral formula (ii) residue theorem

J' z+1
sz+2z+4

dz where C is the circle |z++i] =2.

Solution.
Clearly C is a circle with centre a = -(/+i) and radius 2.

z+1 _ z+1
22 +2z+4 (z+1D? - Y
_ z+1 )
C(z+1+iV3) +(z+1-iv3)
_ z+1
T [z=(=1-i3] +[z—(=1+i3]
Z, =—1+iJ3 and z, =—1—1i+/3 are the singular points of

Now

the given integrand

z+1
22 +2z+4
Now|z, —a| = i(W3+1)| |= V3+1>2

and Izl—a|=|—z(\/——l)l|= J3-1<2

z, =-1 —i[3 lies inside C.
(1) By using Cauchy integral formula.

. +1.

Consider f{z) = Zn
[z —(=1—i3]
We note that f(z) is analytic at all points inside C.
Therefore by Cauchy’s integral formula, j J(2) dz = f(z,);
) 1 (z+1Ddz ,

(l.e) - = -1 - 1,‘/5

2ri ![z—(l—iﬁ)][z—(—l+i\/§)] 7t )

o) I (z+Ddz _ (-1=iv3)+1
' 2m z2+2z+4  (=1-i/3) = (=1+i3)
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-3 1
~2i\3

f 2t -lorh=ni
~z°+2z+4 2

(i1) By using residue theorem,

z+1
Z)=
7@ 22 +2z+4
=—1-1i+/3 lies inside C.
; h(=1—i/3)
Res{f(z);~1—iV3} = where h(z) = z+1 and
(/@ PR s

k(z) = 22 +2z+ 4 so that k’(z) = 2z+2
~1-if3+1 =3 1
ReS ;—1 —l\/§ = = - —
) } 2A-1-i3)+2 =-i243 2

By residue theorem, j f(2)dz = 2;” =i.

Problem 10.1.27

CcoSz
Use residue calculus to evaluate j——d where C is the

2i -3z
unit circle.
Solution.

Let f(z) =

3cosz
2i-3z
2i
Here z = ? is a simple pole and lies within C.

Re s{ f(2); ——} = lim h(( )) where h(z) = 3 cos z and

z—>21/3 k

k(z) = 2i— 3zsothat k'(z) = -3.

Res{f(z); __2?_’1_ - 3COS—(§1' /3)

By residue theorem j f(2)dz = 27 i [~ cosh( 2/3)]
. C

(i.e) J.Bcﬂd = —-27rz[cosh(2/3)].

Problem 10.1.28

3z2 +z-1

Use residue theorem to evaluate I —dz around the

(z> ~1)(z-3)
circle |z| =
Solution.
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3z7 +z-1

Let =
) S 1)z -3)
f(z) has simple poles 1, -1, 3 and only 1, -1 lie inside |z| = 2.
Res{f(z);l} = kﬁ%); where A(z) = 322+ z-1and
kiz) =2° — 3z2—z + 3 so that
k'(z)= 32 -6z-1.

Res{/(2}l} =2 — =

Similarly Res{/f(z);-1} =

4
3—-1-1 1

3+6-1 8

Therefore by residue theorem,

2 _ _ _ _ 5 .
[P : dz==(2m)(—§+1)=2m( 5)= i
(z" -D(z-3) 8 8 4

Problem 10.1.29

-

Evaluate ‘[ © dz where C is the circle |z-1|=1.
~(z —1)(z+2)

Solution.

_ e
Y (z+2)((z-1)

f(z) has simple poles at 1, -2; the pole 1 is inside the circle
|z-1| = I and z = -2 lies outside the circle.

AV — 13 z — e =E
Res{f(z):1} = llm( 1{(2 +2)z - 1)] 3

4

z—1

By residue theorem, I f(e)dz =2n i.[—gj .
C

Z

J- e d_i27re.

Z
Iz —1)(z+2) 3

Problem 10.1.30

Show that the function 2 + z” — " has precisely one zero in the
open upper half plane.

Solution.
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Take f{z) = 2 + z° and g(z) = - ”. Let C be the simple closed
curve consisting of the semi circle |z| = 7 in the upper half
plane together with the interval /-r,7] on the real axis.
Ifze[-rr], then [gz)| = I and |[f{z)| > 1.

Hence |/12)] > |g(z)|. .
Now, ifz = 7e" 0 < 0 < z, then 2 ={2+z°| > |z°| - 2 = - 2.

-rsin@
=g ! .

Also |gz)| = ,— e

Hence for sufficiently large value of , we have fz)| > |g(z)|.
Hence by Rouche’s theorem, f{z) + g(z) = 2 + z°- ¢” and

fz) = 2 + 2 have the same number of zeros in the upper half
plane. Also 2+z° has exactly one zero in the upper half of the plane’

namely iN2 .
Hence 2 + z° — ¢ has exactly one root in the upper half plane.
Problem 10.1.31

f(z)= (z° +D 1 L@,
2 2 R
Let (z7 +2z+72) .Evaluate miz f(2) where C is
the circle |z| = 4.
Solution.

I'and — T are zeros of order 1 and -1 +I and -1 -1 are poles of
order 2 for f{z). Also these zeros and poles lie inside C.
Hence number of zeros of f{z) = N = 2 and number of poles of f{z) =
= 4.( Poles are counted according to their multiplicity)
1 ' j‘ S
2riy. f(2)

Therefore by Argument theorem ,
2.

Exercises 10.1.32

1.Evaluate the following integrals

@) j Sz-4 dz where C is the circle |z|=2,
- z(z-1

=N-P=2_4
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Space for Hints ) J' 32=% i where Cis the circle z|=3/2.
z(z-1D)(z-2)

C

where C is the circle |z|=2.

3dz
(iii) Ey

(z
(iv) 3+z
z

Answers: 1.(i) 67i (ii) -2mi (iii) -2mi (iv)

dz where C is the circle |z|=1.

/
/

ori
10.2 EVALUATION OF DEFINITE INTEGRALS

We use Cauchy’s residue theorem for evaluation certain types of real
definite integrals.

Type 1

2r
j S (cos@,sin@)dO where f{cosb,sinb) is a rational function
0

of cos@ and sinG.
To evaluate this type of integral we substitute z = ¢'?. As 6 varies

from O to 2z, z describes the unit circle |z| = 1.

18 -18 -1
Also, cos @ = ¢ -;e = Z+22 . And

1

Sing= ¢ ¢’ _z-2
2i 2§
Substituting these values in the given integrand the integral
is transformed into

-1 -l i
[6(z)dz Where 6(z) = £ [ “22 z 2? ] and C is the
)

l

positively oriented

unit circle [z] =1 .

The integral _" 8(z)dz can be evaluated using the residue theorem.
’

Solved Problems
Problem 10.2.1

2z
Evaluate I —Eif—
5 J+4siné
Solution.
2z
Let] = [ ——de,_
5 O +4sind
Put z = ¢*
. z— Z—l
Then dz = iz df and sin 0= >
i
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dz
The given integral is transformed to I = j 5
' 1z|:5 + 4[ H

where C is the unit circle |z| =1.

_ _[ dz
a 2z% +5iz -2
Let f(z) = ! = 1
2z% +5iz -2 2(z+2)(z+i/2)
Therefore -2i and —i/2 are simple poles of f(z) and the pole —i/2
lies inside C.

1 1
Also R = 20z+2i) 3i
so Res{f(2);- } Ll}}} 2(z+2i) 3i

Hence by Cauchy’s residue theorem, I = 2 7i [—;—) = -2—7—7-
i

Problem 10.2.2

2z
do 27
Prove that = (-1<a<]l
;‘; +asin@  \1-42 ( )
Solution.
6 . z—z" .
Put z = €. then sin 8= 5 and dz = iz d6.
i
2z d
I d9‘ = _[ = where C is the unit circle .
s 1+asing@ ¢ |: [Z_Z—lj]
izl 1+ 4qa :
21
_ _‘. dz
~z[2i+a(z— z™ )]
_ J' 2dz
saz’ +2iz—-a
2
Letf(z) =

az’ +2iz—a

~2it+-4+4a’

2a

The poles of f(z) are given by z =
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. , 2
—izivlza (since -1 <a < 1),

a
 —i+iVl-a? _—i—iv1-a?
Let z;, = and z,=
a a
1++1-a? .
We note that |z;| = ) 4 >1 (since -1 <a< 1)
a

Also, since |z;z5] = 1 it follows that |z,|< /. Hence there are

no singular points on C and z = z; is the only simple pole inside C.

Res{f(z);z,} = ]im (= _Z‘)[(z - 22)/(:'1— z )}

>z,

| 2/a
Z) — 2,

1

ivl—-a?

: f de 1
By residue theorem, —— =27 —
-([l+asin9 m[i,/l_cﬂ}
2z
| —a’
Problem 10.2.3
T  adb T
Prove that I = | —; — = a>0
;[a“—i—sin‘@ Va? +1 (@>0)

Solution.

T add
I_I (1—(cos29)
0 g% +

2
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=]’- 2adé
- 2a* +1—cos26

_T ado
5 2a’ +1—cosg

(putting 26 = ¢)

= 1_[ adz _I) (putting z = ')
l('z[Zaz +l—(Z+Z }
2
_ Zaj' dz
i 2[2Qa*+1)z—z? —1]
= 2ai_[ 5 dz -
Y [-22a” + Dz +z° +1]
= Zai_[f(z)dz ............................. (1)
’
Where f(z) = ! and C is the unit circle |z| = 1.

z? —=2(2a* + Dz +1

Poles of f{z) are the roots of z° -2(24°+ 1)z+1 = 0.
Therefore z = (2a°+1) + 2ava’ +1

Letz) = 2d°+1) + 2aNa* +1 ; z, = (2d°+1) - 2aa® +1
Clearly |z,| > I and |z,z2| = I so that |z,|<].

Hence the only pole inside Cis z = z.

Res{f(2);z,} = lim (z - 22)[(2 p )l(z -z )]

z->z,

S
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1

) (- daWa® +1

From(l),I=27ri|: 2ai }

—4ava® +1

Problem 10.2.4

27
dé
Using Cont integration, evaluate -
sing Contour integr. -([13+5s1n9
Solution.
2z
do
Letl= | :
5 13+5sin@
-1
Put z = ¢*. Then sin 0= ; and dz = iz d6.
i

Therefore the given integral is transformed to

d.
[= _[ z (where C is the circle |z| = 1)

-
Ciz[l3+5[z z H
20

B J‘ 2dz
5z% +26iz -5

C

2 3 2
5z +26iz—-5 (z +5)(5z +1)

Let f{z) =

i
—S—and — 5i are simple poles of f{z) and the pole

inside the unit circle.
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Res{f(z2); ——} = lim h(( )) (where A(z) = 2 and

z—— l/5k

k(z) = 5z2 + i26z - 5).
1. ( 2 )
z->»—1/5 2i ! 261'

()
~2i+26i

1
12

Hence by Cauchy’s residue theorem, I = 27?1'[%) = %
1
Problem 10.2.5

27
do
Use Contour integration technique to find the value of I —
2+cosé

Solution.

27

ae

Letl= [———

s 2+cosd

6 z— Z—I
Put z =¢”. Then sin 6= > and dz = iz d6.
l
-1

Also cos 6 = 2 +ZZ

L : d
The given integral is transformed to [ = I =

: ,-z[z ) ( o H

(where C is the circle |z| = 1)

ZZ[Z-I— id +1}

J- —2idz
~(4z +z? +1)
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—2i —2i —2i

Let/tz) = 22+4z+1: (z+2)2—3: (Z+2—‘\/§XZ+2+\/§)

- —2++3and =2 —+3are simple poles of f(z) and the pole
—2++/3 lies inside C.

_ —2i
Res{f(2);-2++/3} = zll_glﬁ[zz " 4]

Z[T4+_23/I.§+4J

—1

N

- —1 27
Hence by Cauchy’s residue theorem | =27 i[ J =
S 5

Exercises 10.2.6
1.Show that

G ij do z

5+3cos@ 2

0

(ii).zf 46 il

S+4cosf =€
2x
dé 27
(iii). = .
;!. 2+cosf 3
Type 2
.[ S (x)dx where f{x) = ‘Z((x)) and g(x) , h(x) are pplynomials in z
o X ;
and the degree of 4(x) exceeds that of g(x) by at least two.
g(z)

To evaluated this type of integral, we take f{z) = o)
z

The poles of f{z) are determined by the zeros of the equation A(z) = (.
Case (i) No pole of fz) liles on the real axis. |

We choose the curve C consisting of the interval [-r.¥] on the real
axis and the semi circle |z|= r lying in the upper half of the plane.
Here r is chosen sufficiently large so that all the pales lying in

the upper half of the plane are in the interior of C.!Then we have
_ff(Z)dZ= If(x)dx + jf(z)dz where C, is the semi circle.
C —r ¢

Since deg h(x) — deg f(x) > 2 it follows that
and hence
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22—z 42
Let/z) = o750

Poles of f{z) are the zeros of z'+102°+9 = 0.
Z+1072+9 =2’ +9)(2°+ 1).
Therefore z = + 3i, £i. Hence z = 3i, -3i, i, -i are the simple poles

of fz) . -

Choose the contour C as shown in the figure.

[f@)z= [ forae+ [ £

The poles of f{z) lying within C are i and 3i and both of them
are simple poles.

Res{f(z);i} = (()) where h(z) = z2-z+2 and k(z) = 2+ 1022 +9
so that k'(z) = 477 +20z.

~1—i+2 1-i
SN = T 20 16
Re s{ £(2):3i} = 7*;” (verify).
4

Idz = 27 i (sum of the residues at the poles)
C

f1-i 7+3i
=2mi +
16i 48

. 10] 57
=2ni =
48i ) 12

j- x2—x+2dx J- z2-z+2 5«x

+ _
Jx* +10x* +9 e z'+10z2°+9 12
Now as r— oo the integral over C; — 0.

-x+2 = 57 .
x +10x2 +9 12
Problem 10.2.11

From (1),

Therefore, J‘

o0
dx
Evaluate I = I 3
o (x” +a )
Solution.
Since 5 =3 is an even function, we have
(x"+a’)
k- +] o0

I(x+a) ;{x+a)
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Letfz) = &

(z> +a*)’
Poles of f(z) are the roots of (*+ d°)* =
Now, (z + a) = (z+az) (z—az)
Therefore ai and —ai are double poles of f{z).
Choose the contour C consisting of the interval [ -r, ] on the real
axis and the semi circle C, with centre 0 and radius r that lies in
the upper half plane.

- [ f(2ydz= j f@dx+ [ f(2)dz 1)
C -r &
The poles of f(z) lying within C is z = ai.

1
(z+a i)

Res{/(2);ai} = 1-g'(ai) where g(z) =

Now g’(z) =-2 (z+ai)>.
1

4a’i

Therefore g ’(aD =
Therefore,

Res{f(2)ai} = —

o L Y7
..E[f(z)dz-Zm(4 3-.)— .

a’i) 2a’

r

dx T
_I,,(x2 T a) J.lf(z)dz T4

When as r— oo, the integral over C; — 0.

_eo(x2 -!-az)2 T 24a%

T dx T

dx T

(xZ +a2)2 a3 ¢

© temam, §
!

‘ Problem 10.2. 12
0 ( - 1) 6

Prove that
Solution.
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z
————,
Now let fiz)= (¢ —D
The poles of f(z) are given by the sixth roots of unity, namely
e p=01,......., 5.

Therefore f{z) has 2 simple poles on the real axis , viz., 1 and -1
and two poles ¢™> and e”™ lie on the upper half of the plane.

~1-g, g

1@ = [ pe+ [ peodes [ f@)der [ @
[f@dz [ f(x)dsemmmmr(])
4 1+g,

Now, j f(2)dz=-miRes {f{(z); -1}

¢,
= - ﬂl(fl-(-'-i)—) where h(z) = z*
k'(-1)
- i(-1/6)

R T/ R —— )\
Similarly j f(2)dz =-miRes {f(z); 1}

= _ 7[1(_’1_(}_).}
k'(1)

= -mi(1/6)

ST 3 7/ R— (3)

Also I f(2)dz=2ri[ Res {fz) ; €} + Res {f(z) ; €™°}]
C
_ ) h(emlli) e¢87rf3
- 27[1[ 6e15n'/3 + 68110::/3

e:4n'i3 e:8:rl3
= 27ri +

6e151r/3 62110.1'/3
_ﬂl(e—mw +e—12ﬂ'/3)
3

Ti( _
__(e /3 _em/3)

3
?(—21‘ sinz/3)

]
~
-
N’
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Space for Hints | |Substituting (2) , (3), (4) in (1) and taking limits s €1, &, — O and #

—o0 WE get

< xtdx 7 7 71'\[?:
jre 2 2D
x0 =1 6 6 3
. 2]3 x*dx _ 73
Y x® -1 3
. ]'ix“dx _ 73 |
B . x° —1 6
Type 3
_[ g(x) cosax dx or J‘ 8(x) sin ax dx where g(x) and h(x) are
o h(x) =~ h(x

real polynomials such that degree of /(x) exceeds that of g(x) by
at leastone and a > 0.

Case (i) h(x) has no zeros on the real'»eixi.s.

g(Z) eia:

h(z) |

Therefore f(z) has no poles on the real axis.

Choose the contour as in type 2 and proceeding as in type 2 , we

In this case take f{z) =

get the value of j @e""“T dx
2 h(x)

8(x) e’ dx , we obtain
h(x)

°

Taking the real and imaginary parts of

(x) cosax dx and _[ (x) sin ax dx
< h(x

g
W) |
Case (ii) A(x) has zeros of order ong on the real axis.

Take f(z) = i((j)) e"" . We notice that f(z) has real poles.

Suppose a is a real zero of A(x) on the real axis. In this case we
indent the real axis as Case(ii) of Type 2 and evaluate the integral.
To prove that the integral over the upper semicircle tends to zero
as r — oo , we use the following lemma.
Jordan’s Lemma 10.2.12
Let f(z) be a function of the complex variables
z satisfying the following conditions.
(1) f(z) is analytic in upper half plane except at a finite number
of poles.
(ii) f(z) — O uniformly as |z| — o with 0 <argz <=z

the values of j

a0 w
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—d

. e
Rest/ @)tk = s @ +57)Ga)
o
T i2d[(a® +b*)-2a7]
I
" 2a(b® -a?)
ie™
- 2a(av2 —bz)'
. —b
Similarly, Res {ftz); b} = 2b(llvz — %)
—ie™®
T 2b(ar-b%)
From (1), !f(z)dz = an[z(azl_bz)(ea _ eb H

-7 (e e)

az—-bz\a b )

_ox (et e .

a2 -b b a ) @
Also (1) can be wrikten using (2) as
[fdz + , e gem T [E e 3)
. . (x? +a*) (x> +b%) a*-b* b a y

Further the integral over C; tendsto 0 asr — 0.
Therefore (3) becomes

]9 e” PR e"’_e"’
(x* +a*)(x* +b?) a?-b’{b a )

-0

Equating real parts on both sides we get

T COS X = T e’ e
J(xP+at)(x? +b%) a-v’\b a )

Problem 10.2.15

Prove that I __c_o_sgz_x?dx = —7-r-(a +1e™® where a > 0.
o (14+x7) 4

Solution.

181

Space for Hints




Space for Hints

az

Let f{z) = m

The poles of f(z) are given by i and —i which are double poles.
Now choose the contour as in problem 10.2.13. The pole of f{z)

that lies within Cis i,

~Res{f(z);i} = —11—' g’(i) where g(z) = (z-i)*f(z) =

iz

e

(i+2)*

(z+i)’iae'™ —e'“2(z+1)
(z+ i)4

~ Res{f(z):i} = — 4iae""1;e'” (49) _- ie_":a +1) .

Hence by Cauchy’s residue theorem,

_ A e (a+])) m(a+De™
2‘:f(z)dz =27 z( a J =

Therefore, g’(z) =

2
.ff(z)dz+ If(x)dx _r(a +21)e
C, e

As r—o, the integral over C; tends to zero.
Iy (a+De™

[ £t = ZEED

e 2

I °°S‘§x2 =Z(a+De~
Equating real parts © d+x7) 2
T cosax g

Therefore, | ————dx == (a+1De ™.
Problem 10.2.16

Prove that j . sinx _, _ _7sin2

o x +4x+S5 e
Solution.
eIZ
Let f(z) = .
1) = S —

The poles of f(z) are the roots of the equation z°+4z+5=0. They

—4+416-20

are given by z = 5 =-2+]

Choose the contour C as shown in the figure.

182






Space for Hints 5

+ a’ so that

Re s{ f(2);ia} = ((l )) where h(z)=ze” and k (z) =z
a

k'(z)= 2z. f
. _iae" _e™
Res{f(2)ia} = =3

Hence by Cauchy’s residue theorem,

_[f(z)dz = 27:1'(6; ] =mie™”

[ f@dz+ [ fydx=mie™
C, -r
As r—o , the integral over C; tends to zero.

Tf(x)dx= rie™®

oo

. ——dx nwie™®.
_‘x +a?

D - .
« x(cosx +isinx)dx S
( ) dx=mie™®

. x? +a’

-0

Equating imaginary parts on both sides, we get,

xsmxdx —a
R
' x*+a’
Smce the above integrand is an even function, we have,
x sin xdx
2 j dx=me™.
x* +a?
J- xsm xdx 7ve"’
x*+a’ 2

********************************************************Z
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