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Dear Student,

We welcome you as a Student of the B.Sc degree Course.

This paper deals with Algebra, Calculus, Trigonometry, Analytical
Geometry of Three Dimensions, Vector Calculus, Differential Equations,
Applications of Differential Equations. The learning material for this paper will

be supplemented by Contact seminars.

Learning through the Distance Education mode, as you are all aware,
involves self — learning and self — assessment and in this regard you are

expected to put in disciplined and dedicated effort.
On our part, we assume of our guidance and support.

With best wishes.
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UNIT-1
STATISTICS
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In this unit, we are going to discuss how to find the correlation between two
variables and then to find the relationship between two variables.

After the completion of this unit one may able to fit
e Correlation coefficient between two variables.
e Regression equations.
e Rank correlation coefficient.
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.0 Introduction

~
>
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Correlation is a statistical measure for finding the degree of association
between two or more variables. Here “association” mean that the tendency of
the variables moves together. If two variables x and y are so related that
movements 1in one, tend to be accomplished by the corresponding movements in
the other wvariables, then two variables are correlated.
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1.1 Correlation coefficient
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Let x be a variable having the values x,,X,,X;,....x, and y be the second

variable having values y,,¥,,¥;,...,», . If there is a change in one variable

corresponding to a change in the other variable we say that the variables are
connected.

If the two variables deviate in the same in the same direction the cor-
relation is said to be direct or positive. If they always deviate in the opposite
direction the correlation is said to be inverse or negative.



Definition : The covariance between two variable X and Y is defined by

S (x—D(r-y)

n

(i.€)

cov(x,y) =

S (x—x)(-y)
7l

Definition : Karl Pearson’s coefficient correlation between two variable X and Y

_ , cov(x, y)
is denoted by y, and is defined by —————
0,0,

, cov(x, y)

(i.e) Yoy = -
o0,

BN Cat). (1e)
¥ no .o,

Note: Two variables x and Y are independent if y 5 =0
Theorem 1.1

. DI RO I OIY)
nS 5 = (0 > 57 (S )
Proof:

we know that covariance of X and Y is cov(x, »)

2 =00 -y

e

=2 [ -y —p+ 7]

=X~ nxy -y 5]

Space for
Hint




| EZmon 2]

=n%[nzxy - )
S

(Le) o, = \/anZ — QX

n

(ie) o, = %\/anz —(Zx)2

Similarly o, = %\/nz y2 -y

cov(x, y)
oo,

Thus y,, =

any — (ZxXZy)
Vst = Wy = ()

This prove the theorem.

(e) vy, =

Theorem 1.2 : The correlation coefficient is independent of the
change of origin and scale.

Proof :

_2-x)v-v)

We know that correlation coefficient is y 4
noc _oc
X - J)

C
Q
-
K
I
&
=
o
=
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where 7%,k >0




Thus x, = A+ hu, and y;, = B+ kv,
Hence x= A+hu and y=B+kv
X ——;=h(u,.——;) and y,.—;:k(v,. —;)

and o, = ho,,0, = ko

v

cov(x, y)
o0,

S l-x)p->)

no,.o,

_ 2 k(v )
nho ko, /

2 w—w)(v—v)

no,o,

Hence 7y, =

.—_—yuv
Thus y , =y,

(1.e) the correlation coefficient is independent of the change of origin and scale

This proves the theorem.

Theorem 1.3 —-1<y <1
no. .o,
D (x—x)(y—y)

n\/l(xi _;)2 Jl(y, —;)2

n n

@b
\/Zaiz\/zbiz

a4




We know that from Schwartz inequality (Z ab, )2 < (Z a, : XZb,. 2)
Thus (1.1) = ¥°4 <1

(i.e) |y, =<1

(Le) —1<y <1t

This proves the theorem.

Note:

(i) This correlation ¥ is said to be perfectly positive if y =1
(ii) This correlation y is said to be perfectly negative if y = —1

2 2 2
o + O — O " x-
Theorem 1.4 y  =— > ad

20,0,

Proof: We know that o?,_, = %Z[(x, —¥.)- (; _;)]2
L5 e %) -G -5
) 2 (O E) 3] S (W 1) (W

2 2
=oc°x—2y o0,0, +07,

2 2 2
O- X +G y _O- x—y
- Yy =

20,0,

This proves the theorem.



Space for
hint

Example 1.1:

Find the correlation to the following data :

(i 10 12 [18 |24 ({23 {27

;y 13 18 12 125 [30 |10

Solution:
Given that
x |: 110 |12 |18 |24 |23 |27
y 113 18 12 25 30 10
We know that y_ = Z(x—ny—y)
no.o,
X Y X"')_C (x_;c’)Z y_’); (y-—
10 13 -9 81 -5 25
12 [18 [-7 149 0 0
18 12 -1 1 -6 36
24 25 5 25 7 49
23 30 4 16 12 144
27 10 8 64 -8 64
114 | 108 |0 236 0 318
total
Now x = Z_)_C
n
144
6



=7.280

S - -7)

Now y_ =
no,.o,

_ 70
6(6.272)7.280)

=0.256

Thus the correlation coefficient between X and Y is 0.256



Example 1.2 :

Find the correlation to ‘the following data:

Solution:

Age of
husband 23 27 128 |29 |30 |31 |33 |35 |36 |39
Age of
wife 18 22 |23 124 |25 |26 |28 |29 |30 |32
Given that
Age of
husband 23 27 128 |29 {30 |31 |33 135 |36 |39
Age of
wife 18 22 |23 124 |25 126 {28 [ 29 |30 |32
n — x
We know that y, , = ny 2(2 XZJ’) =
Vs = (B Y2y - (E)
X y x? y2 Xy
23 18 529 324 414
27 22 729 484 594
28 23 784 529 644
29 24 841 576 696
30 25 900 625 750
31 26 961 676 806
33 28 1089 784 924
35 29 1225 841 1015
36 30 1296 900 1080
39 32 1521 1024 1248
Total 311 257 9875 6763 8171




nY xy— (x> »)
Vit =) Y2y ~ ()
_ 10(8171)—(311)257)
\10(0875)— (311) 1/10(6763) — (257)

Now 7,, =

_ 1783
(45.044X39.762)

= 0.996

Thus the correlation coefficient between X and Y 1s 0.996

Example 1.3:

Find the correlation coefficient to the following data:

Marks in

Mathematics : 65 66 67 67 68 69 70 72
Marks 1n

Statistics : 67 68 65 68 72 72 69 71

Solution:

Given that

Marks 1n

Mathematics : 65 66 67 67 68 69 70 72
Marks in '

Statistics : 67 68 65 68 72 72 69 71

nYy uv— (YuXZv)
Iz~ Yz~ ()

Choose A=67 and B=68

We know that y =

where u=x-A and v=y-B



X y u=x—-67 [ v=y-—68 22 v2 uv
65 67 -2 -1 4 1 2
66 68 -1 0 1 0 0
67 65 0 -3 0 9 0
67 68 0 0 0 0 0
68 72 I 4 1 16 4
69 72 2 4 4 16 8
70 69 3 1 9 1 3
72 71 5 3 25 9 15
Total 544 552 8 8 44 52 32

Now 7 n> wv— 3 u)>v)
T e - (uf n v -y
____ 8(32)-(6)8)
V8(44)- (8)" V8(52)~ (8)’

_ 192
(16.971)18.762)

=0.603

Thus the correlation coefficient between X and Y 1s 0.603

Check Your Progress:

(1) Find the correlation coefficient to the following data:

X |1:1300 | 350 {400 | 450 |500 |550 |600 |650 | 700

Y |: 800 | 900 | 1000 | 1100 | 1200 | 1300 | 1400 | 1500 | 1600

(2) Find the correlation coefficient to the following data:

| Father’s
height 2] 67 68 64 67 72 70 70 69 70
Son’s |
height ;| 65 66 67 68 68 69 71 72 72

10



Example 1.4: Space for

Hint

If Y x=71, > y=70, > x* =555 ) y* =526,

ny =527 and
n=100, then find 7,

Solution:

Giventhat Y x=71, > y =70, > x> =555 > y* =526, ) xy=527,
n=100.

any— (ZxXZy)
\/an2 —(Z:x)2 \/nZy2 —(Zy)2

47730
(224.63)218.40)

We know that y,, =

=0.9729

Example 1.5:

Given n =1000, x = 65, ; =83, o, =4.5, o, = 3.6 and the sum of the

products

of the deviations from the mean of x and y is 4800. Find the correlation co-
efficient between x and y.

Solution:

Given that n = 1000, x= 65, ;: 83, o, =4.5, o, =3.6 and
Z (x - ;Xy - ;): 4800

We know that y | Z (x i ;Xy B ;)

no.o,

_ 4800
1000(4.5)3.6)

y.\‘_v

11



=0.2963

Example 1.6 :
If z = ax + by and y is the correlation coefficient between x and y. Show that
2 2 2
O- x + O' - O" xX—y
c’: =a’c’: +b’c’?, +2abyo,o,. Hence deduce that y = . ya =
x 7y

Proof:

Given that z = ax + by
c.z=ax+by
Now z—z = alx—x)+b(y—)
and (z -z =a?(x=x] +62(y = > +2ab(x—x )Ny - »)
We know that y_, =y

> l-xfy->)

no .o,

LS le=xly=y)= o0,

n

Thus o2, = %Z(z-—;)z

_ lz(aZ(x_;)z +b2(y-3) + Zab(x*;Xy—;))

n

az%}:(x_;)l +b2—i—Z(y—;)2 +2ab—;—Z(x—J_er—;)

2 2 2
=a’c’y +b%0%, +2aby0 0, ——mmee e

12



Deduction:
Putting a=b =1 in (2.2), we get,

2 2 2
O x—y =0 x+O y —720’x0'y

2 2 2
Cx+0", —0 s
Thusy = —2 = .

20,0,

This proves the problem.

Example 1.7 :

If x and y are discrete variables and if o’, =0’y =0 and
Find (1) o,, ;, and (i) O 9yi3,2p-3

Solution : (1)

Let u=2x—-3y

u=2x-3y

and u —u = Z(x——;)—3(y—;)

Hence (u - ;)2 = 4(x - ;)2 + 9(y - ;)2 - 12(x - ;Xy - ;)

=40? +9c2 —12><—1—x0'2
n

2

=T7o

Thus o, =7

(ie) 0,,,, =70
Solution : (ii)

Let u=2x+3 and v=2y -3

13

cov(x,y)=

1

c?.



- u=2x+3and 1—z=2; -3
And (u-u )(v-v)=4(x =~ X)(¥ = »)
(i.e) cov(u,v) = 4cov(x,y)

=4><—!-'0'2

1
2

==

Example 1.8:

A computer while calculating the correlation coefficient between two
variables X and y obtained in the following constants.

n=25 > x=125 D y=100, > x*=650, > y>=460 and
ny = 508. It was later found that at the time of checking that

operator had copied down two pairs of observations (x;.y;) as (6,14) and (8,6)

instead of the correct values (8,12) and (6,8) .Obtain the correct value of the
correlation coefficient between x and y.

14



Solution;

Given that ,

Wrong(qci, y:) Corréc(xi ¥;)

(6,14) (8,12)
(8,6) (6.8)

Correct z X =wrong Z x — (sum of wrong items)

+ (sum of correct items)

—=125—(6+8)+(8+6)
=125

Correct z y =wrong Z y —(sum of wrong items)

+ (sum of correct items)

=100— (14 + 6) + (12 +8)
=100

Correct Z‘k? =wrong sz —(sum of squares of wrong items)
+(sum of squares of correct items)

T —650—(6* +82)+ (8 +67) - 650

Correct Y_y”° = wrong > y?* —(sum of squares of wrong items)

+ (sum of squares of correct items)

=460 - (14> + 6%) + (12*% +8?%)
= 436

Correct Z Xy =wrong ny — (sum of product of wrong items)

+ (sum of product of correct items)

15



=508—(6x14+8x6)+(8x12+6x8)
=520 '

Thus correct correlation coefficient=y

_ n> - ()3 y)
Vi (Ex) Jn Xy - ()
_ 25(520) — (125)(100)
J25(650) — (125)2 \/25(436) — (100)>
500

T 25%30
~ 0.667

Hence the correlation coefficient is 0.667.
Check Your Progress:

(1) Find the correlation coefficient for the data.

120 TIIO 120 | 119 | 140 | 125 | 127 | 119 | 140 | 160
240 | 250 | 260 | 266 | 232 {245 | 255 [ 267 | 268 | 239
(2) Find the correlation coefficient for the data.
X: 300 {350 {400 | 450 {500 550 600 650 700
y: 800 | 900 1000 | 1100 | 1200 | 1300 | 1400 | 1500 | 1600
(answers :(1)0.373,(2)1)
1.2 Rank Correlation Coefficient
.. 6 _
Definition: Rank correlation coefficient is defined as p=1-— Z(x y)

formula

16

n(n2 — l)

Note: If two or more individuals get the same rank then the rank correlation




6(Z(x-—y)2 +CF)

is modified as p=1—
P n{n? ~1)

where

CF= correction factor and it is obtained from

CF = —1—15m1(m12 —1)+ %mZ (m;? —l)+ cees

Here m,,m,,... is the number of times that ranks be repeated.
Example 1.1:

Find the rank correlation coefficient for the following data.

X: 5 2 8 1 4 6 3 7
Y- 4 5 7 2 8 1 6
Solution:
Given that
X: 5 2 8 1 4 6 3 7
y: 4 5 7 3 2 8 1 6
We know that rank correlation
6> (x—y)
P = 1— 2
n(n — 1)
x —-—

x 7 Y (x—y)’

5 4 1 1

2 5 -3 9

8 7 1 1

i 3 -2 4

4 2 2 4

6 8 -2 4

3 1 -2 4

7 6 1 1

Total 28

17




Thus p=1-

6x28

168
504

. =0.667

(i.e) the rank correlation coefficient is 0.667

8x (82 —1)

Example 1.2:
Find the rank correlation coefficient for the following data.
X : 78 65 36 98 25 75 82 90 62 39
Y: 84 53 51 91 60 68 62 86 58 47
Solution:
Given that
X : 78 65 36 98 25 75 82 90 62 39
Y: 84 53 51 91 60 68 62 86 58 47
RN 0]
n(n — 1)
X Y Rank of Rank of X—y (x——y)z
X (x) Y(y)
78 84 4 3 1 I
65 53 6 8 -2 4
36 51 9 9 0 0
98 91 1 1 0 0
25 60 10 6 4 16
75 68 5 4 1 1
82 62 3 5 -2 4
90 86 2 2
62 58 7 7 0
39 47 8 10 -2 4
Total 30

18




4 6x30
Thus p=1 10x{10% -1)

180
990

=0.818

(1.e) the rank correlation coefficient is 0.818.

Example 1.3:

Find the rahk correlation coefficient for the following data.

X : 48 58 38 28 60 38 54 60 40 56
Y: 74 70 32 52 46 54 38 40 32 22
Solution: Given that
X : 48 58 28 60 38 54 60 40 56
Y: 74 70 32 52 46 54 38 40 32 22
We know that rank correlation
6(z(x—y)2 +CF)
P =1- >
n(n —1)
Where CF=—1—m1(m12 —1)-+—Lm2(m2 —l)+...
12 12 2 ’
X Y Rank of Rank of XY (x—y)2
X(x) Y(»)
48 74 6.0 1.0 5.00 25.00
58 70 3.0 2.0 1.00 1.00 -
38 32 8.5 9.5 -1.00 1.00
28 52 - 10.0 4.0 6.00 36.00
60 46 1.5 5.0 -3.50 12.25
38 54 8.5 3.0 5.50 "30.25
54 38 5.0 8.0 -3.00 9.00

19




60 40 1.5 7.0 -5.50 30.25
40 32 7.0 9.5 -2.50 6.25
56 22 4.0 11.0 -7.00 49.00
22 42 11.0 6.0 5.00 25.00
Total 225.00
Now CF = —l—m (m2 — 1)+ —l—m2 (m22 —1)+...,
127 12
1 2 2 1 2
=—2(2% —1)+—2(22 —1)+ —2(22 -1
322"~ 20 - 1)+ 52 1)
=1.5
6> (x—y) +CF
Thus p=1- (Z( 2y) )
n\n” — 1)
6x(225+1.5)
= 1— .
11112 1)
. 1359
1t 1)
—1_ 1359
1320
=-~0.0295
(i.e) the rank correlation coefficient is —0.0295
Example 1.4
Find the rank correlation coefficient for the following data
X: |J115 |109 |112 |87 98 98 120 {100 |98 -| 118
Y: 75 73 85 70 76 65 82 73 68 80

20




Solution:

Given that
X : 115 109 112 | 87 98 98 120 100 | 98 118
Y: 75 73 85 70 76 1 65 82 73 | 68 80
We know that rank correlation = p
_, 6(>(x- ») +CF)
n(n2 — 1)
Where CF = Tliml (m1 ~ 1)+ —Emz (m2 — 1)+ ,
X Y Rank of Rank of X=y (x—y)z
X (x) Y(y)
115 75 3 5.0 -2.00 4.00
109 73 5 6.5 -1.50 2.25
112 85 4 1.0 3.00 9.00
87 70 10 8.0 2.00 4.00
98 76 8 4.0 4.00 16.00
98 65 8 10.0 -2.00 4.00
120 82 1 2.0 -1.00 1.00
100 73 6 . 6.5 -0.50 0.25
98 68 8 9.0 -1.00 1.00
118 80 2 3.0 -1.00 1.00
Total 42.50

Now CF=Lml(m12
12

n
o | =

Lo
3(32--1)+1—2f2(252 1)

— 1)+ém2 (mf - 1)+ oy

21




6(Z(x—y)2 +CF)

Thus p=1-— n(nz-«l)
6x (42.5+2.5)
= 11— _
10{10% - 1)
_ . 42.50
990
=0.7273

(i.e) the rank correlation coefficient is 0.7273

Example 1.5:

Ten competitors in a beauty contest were ranked by three judges in the following

order:

Judge I: 1 6 5 10 3 2 4 9 7 8
Judge IT: | 3 5 8 4 7 10 2 1 6 9
Judge III: | 6 4 9 8 1 2 3 10 5 7
Solution:

Step 1: To find the rank correlation coefficient between Judges I and 1I

Now
Judge I (x): |1 6 |5 10 3 2 4 9 7 8
Judge 11 3 5 8 4 7 10 2 1 6 9
(»):
Now we shall find >’ (x—y)
xX—y

* 7 Yo =y

1 3 -2 4

6 5 I 1

5 8 -3 9

22




10 4 6 36
3 -4 16
2 10 -8 64
4 2 2 4
9 1 8 64
7 6 1 1
8 9 -1 1
Total 195

We know that rank correlation = p

> G-»))
n(n2 —1)

6 <195

6
=1—

10x(10% —1)

=—0.18182

(i.e) the rank correlation coefficient is —0.182

Step 2:

To find the rank correlation between judges II and 111

Now

_,_1170

Judge IT (y):

10

Judge 111 (2) :

10

Now we shall find > (y - z)’




¥ z yoE (v—z)
3 6 3 9
5 4 1
8 9 1 1
a 8 4 16
7 1 6 36
10 2 64
2 3 1 1
1 10 9 81
6 5 1
9 7 2 4
Total 204

We know that rank correlation= p

6(2 (v—z))

n —1)

_ 6x204
10x (102 —1)

1224

990

=—0.23636

(i.e) the rank correlation coefficient is — 0.236.

Step 3:

To find the rank correlation between judges III and 1.

L

Now

Judge I11 6 4 9 8 2 10
(2): "

Judge I (x): |1 6 5 10 2 9

24




Now we shall find Z (x—z)

X z X—Z (x_z)z
6 1 5 25
4 6 2 2
9 5 4 16
8 10 2 4
1 3 2 4
2 2 0 0
3 4 1 1
10 9 1 1
5 7 = 2 2
7 8 ] 1
Total 31

We know that rank correlation

=1_6(Z(x—~z)2)

- P n® -1

_ 6x31
10x(10% —1)

186
990

=0.812121

(1.e) the rank correlation coefficient is 0.812.
Step 4:

Clearly from step 3, the judge I and Judge III have a positive rank correlation and
there these judges have taste in beauty.

25



Check your progress:

(1) Find the rank correlation coefficient to the following data.

X : 92 89 87 86 83 77 71 63 53 50
Y: 86 83 91 77 68 85 52 82 37 57
(2) Find the rank correlation coefficient to the following data.

X : 30 50 25 30 60 70 80 65 75 98
Y: 50 60 20 40 70 40 90 60 40 80
(3) Find the rank correlation coefficient to the following data.

X : 48 33 40 9 16 16 65 24 16 57
Y: 13 13 24 6 15 4 20 9 6 19

(answers: (1) 0.73, (2) 0.61, (3) 0.73)

1.3 Interpolation
1.3.0 Introduction

Interpolation is the process of finding the most appropriate estimate for

missing data. It is the ‘“art of reading between the lines of a table”. For making
the most probable estimate it requires the following assumptions.

(D

(1)

The frequency distribution is normal and not marked by sudden ups
and downs.

The changes in the series are uniform within a period. Interpolation
technique is used in various disciplines like economics, business,
population studies, price determination etc. It is used to fill in the gaps
in the statistical data for the sake of continuity of information. For
example, if we know the records for the past five years except the
third year which is not available due to unforeseen conditions the
interpolation technique helps to estimate the record for that year too
under the assumption that the changes in the records over these five

years have been uniform.

It is also possible that we may require information for future in which case the
process of estimating the most appropriate value is known as extrapolation.

26



Given a set of tabular values of a function y = f (x) where the explicit nature of
the function is not known, then f (x) is replaced by a simpler function ¢(x)
such that f (x) and ¢(x) agree with the set of tabulated points. Any other value
may be calculated from ¢(x) This function ¢(x) is known as an interpolating

function. In particular if ¢(x) is a polynomial then the process is called polynomial
interpolation and g/)(x) is called an interpolating polynomial. The existence of an
mterpolating polynomial is supported by weierstrass approximation theorem which
asserts that any continuous function on a closed interval can be approximated by a
polynomial. In this chapter we introduce various interpolation polynomials using the
concepts of forward difference, backward difference and central difference.

1.3.1 Newton’s Interpolation Formula

Theorem 1.1.

(Newton’s Forward interpolation formula for equal intervals).

Let the function y = f (x) take the values y,,);,....,», atthe points
XgsX|s-erees X, Wwhere X, = x, +ih. . Then Newton’s forward interpolation
polynomial is given by

p(p—13)‘(p—2)A3y0 - p(p—l)---('p—ﬁ—l)An
. n:

Y, =Yo T PAY, + Yo

where x = x, + ph.
Proof

Let ¢(x) be an interpolating polynomial of degree n which represents
y=f(x)in x, < x < x, +nk.
Then ¢(x) can be written in the form
$(x) = ay +a,(x—xy ) +a,(x—x, Kx—x, — 1)
+ay (o —xp Nox —xo —B)x —xy —2h)+...+
a,(x—xo \x—xy—h).dx—x, —(n=1))> ©
By definition of interpolating polynomial we have y, = @(x, )

Putting x =x, in ®, we get a,=y, .|
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Putting x =x, + /4 in ©, we get a,= y,

1
:Z(Jﬁ _ao)
1
= Z(J’H _)’0)
. A
o=

Putting x=x0+2h in @, we get a,= y,

a, = 2h2 (J’z —ag — 2ha1)
2h2 (J"2 — Yo~ 2Ay0)
th (J’2 2y +)’o)
AzJ’O

“ o

Similarly substituting x = x, + 34,....,c, + n —1h we get

A3yo Anyo
a3 - 3'h3 ,....’an = 'hn
! n!

substituting these values in @ we get

A Ay
d(x) =y, +(x— xo)%+(x—x0)(x—x0—h)2!hg +.t
An
(x—x, Nox—xo —R).. (x Xog—h— lh) !2}3

This gives the Newton’s forward interpolation polynomial
Since ¢(x) is the interpolating polynomial which represents

y = f(x) then function ¢(x) can be written as y.

p(z;— ) e, 4 2lp= 13)'(19 -2) 3

S Yp =Y+ PAyy + Vo t...+
p(p—l)...(p—n_—_l)A,, X=X,
n! h

interpolation formula is used to interpolate the values of y near the end of the set of tabulated

Yo where x=x, + ph. ie, p=

values or for extrapolating values of y to the right of the last tabulated value Y,
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Solved Problems

Problem 1 Space for Hints
I y(75)=246, »(80)=202, y(85)=118, y(90)=40, find »(79) |
Solution Hence x; =75, = 5and we have to find the value of
yat x=79.
Newton’s forward interpolation formula is

plp-1) plp-1)p~(n-1) ,,

Vp = Yot Phyg + SO —Nypt ot ” Yo
where p = !
p= 7—9—_l§ =0.8.
5
we now form the forward difference table
X y Ay Ay Ny
75 246 |
-44
80 202 -40
-84 46
85 118 6
-78
90 40

using the values of Ay,, A’y,, Ay, in © we get,

Yog = 246+0.8(- 44)+ &S—ng—*l}(— 40)+ (0.8%08 ;!IXO‘S - 2)(46)

=215.472
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Problem 2 Find a cubic polynomial which takes the following

Values

x 0] 1] 2173

)1 24110

Solution Let us form the difference table first

x | f(x) | AF | Af | A
0 T

1
1 2 -2

= | 12
2 1 10

9
3 10

By Newton’s — Gregory formula,

Af(x,) Af(xO)
flx) = f(xo)-i—(x Xo) m (x xo Xx = % — h)—=—30 T

here x, =0 andZ =1.

(x)—1+(x 0)-—+(x O)(x 1)( )+(x O)(x—-l)(x 2)—-
=1+x—x(x—l)+2x(x-—-1)(x—2)

=l+x—x2 +x+2x> —6x2 +4x

=2x3 —7x% + 6x+1.

f(x)=2x3-7x% +6x+1 -

Problem 3 A function y = f(x) is given by the following table.
Find f(0.2) by a suitable formula.
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X 0 1 2 | 3 4 5 6. -
y=f(x)| 176 | 185 | 194 | 203 | 212 220 | 229

Solution ,
Since the value x=0.2is near the beginning of the table we use Newton’s
forward interpolation formula.

p(z; - ) 2, PP~ p=2)

Yp =Yoo+ PAYy + 3 Yo
oo P2 )plp=(n-1) 0
nl . | .o
where p=> _hxo _
Here x,=0, A=1 and we want to find the value of f (x) at x=0.2
L 20220 )

Now we form the forward difference table

x | fx) | &) | A2r(x)| Arlx)| A ()] & f(x)] A F(x)
0 176
9
1 185 0 f
9 0 .
2 194 0 v 0
9 0 -1
3 203 0 -1 5
9 -1 . 4
4 212 -1 - 3
8 2
5 220 - 1
9
6 229

. @ Dbecomes,
0.2)0.2-1)0.2-3)0.2-4
Yo2 :176+0.2x9+( X Xs! X )(~1_)*
s (0.2X0.2-1)0.2 -2)0.2-3)0.2 - 4)0.2-5) 5)
6! -

=177.67232.

Hence f(0.2)=177.67.

31

Space for Hints



Space for Hints

Problem 4 Construct Newton’s forward interpolation polynomial for the

following data -

10

16

use it to find the value of y for x=35.

Solution Here x, =4 and 2 = 2. The Newton’s forward interpolation

formula is

X
Y=Yp+

Ly

I'h

we form the difference table

_xo)AyO +(x—x, Xx—x, —h)g?;:g +....
b y Ay | A’y | Ay
4 1
2
6 3 3
5 0
8 8 3
8
10 16 ]

E

112

2122

=1+(x__4)+3(x—4)(x—6)

8

14 (x—4)><2Jr (x—4)(x-6)><3 N (x—4)(x—6)(x—8)x0

31 23

3 : .o
SLy=1+ (x ~ 4)+ Yy (x2 ~10x + 24) 1s the required interpolating

polynomial, when x =5, ys =1+1+ %(52 ~50+ 24): 1.625.
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Problem S Find the value of y from the following data at x =2.65

Solution Since the value of x=2.65is near the end of the table we use

X

-1 10

1

2

3

y

21| 6

15

12

3

Newton’s backward interpolation formula.

The formulais y, =y, + pVy, +

where p =

X—X

h

Here x=2.65, x, =3 and h-1.

P

2,653

s p=-0.35

To find Vy,, V?y, etc we from the backward difference table.

Yoo =3+(-035)=9)+ (£0.35(-035+1) (~6)

= 6.4571.

=-0.35

2!

_p_(_’f'_l_)v2

Yyt

X y Ay | Ay | A’y | Aty
-1 -21
27
0 6 -18
9 6
1 15 -12 0
-3 6
2 12 -6
-9
3 3

N (-0.35)-0.35+1)-0.35+2) 5

21

3!

33
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Problem 6 The following data gives the melting point of an alloy of zinc

and lead, @ is the temperature and X is the percentage of lead. Using
Newton’s interpolation formula find (i) & when x =48

(i) @ when x =84
X 40. 50 60 70 80 90

e 184 204 226 | 250 | 276 | 304

Solution (i) Since x = 48 is near the beginning of the table we use Newton’s

- forward interpolation formula.
The formula can be written as

———————p(pﬁl)Azeo + ...
2!

h 10

6, =0, + pAO, +

0.8

where p =

To find AG,, A*6, etc we form forward difference table.

X o A6 A?Q NG, A*E N
40 184
20
50 204 2
22 0
60 226 2 0
24 0 0
70 250 2 0
26 0
80 276 2
28
90 304

0, =184+0.8x20+ (O'ng;g—l)xz

=199.84 =200.
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-0, =199.84=200. , | Space for Hints

(i) Since x =84 is nearer to the end of the table we use Newton’s backward

~ interpolation formula

n

6,=6,+pVe, +L‘2’+—1—)V29 +

x—x, 84-90
h 10

-0.6

where p =

The values of 8,,V6,, V28, etc. Can be obtained from the forward difference
table by sloping backwards with respect to the increasing direction of x.
.0, =304, VO, =28, V0, =2,V°0, =V*9,=V°9, =0.

Hence we have

6—0.6=304+(—0.6)x28+ & 0'6)(;'0'6 =) (2)

=286.96 = 287.
.0-0.6=286.96=287.
Problem 7 From the data given below, find the number of student whose weight

is between 60 and 70.

weight | 0-40 4060 | 60-80 | 80-100 | 100-120
No.of 250 120 100 70 50
students

Solution The less than cumulative frequency table of the given data is as shown

below.

weight
less than 40 60 80 100 120
X
No.of
students

250 370 470 540 590
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we now form the difference table

x y Vy viy V3y viy
20 350
60 370 120 20
10
S0 470 100 _30 20
70

| 10
100 540 w0 .20
120 590

Number of students whose weight is between 60 and 70 is got
from y; — yeo-
we have yq, =370.

Now we shall find y,, by Newton’s forward interpolation formula.

-1 -1N.{p—(n-1 n
Yp =Yo+PVyg +_____p(}; )Vz)’o +m+p(p ) Sf (n ))V Yo

h
Here xy, =40, 2 =20 and x = 70.

where p =

70— 40

H = 1.
ence p %o 5
Now,
Y10 = Y15 = 250+1.5x120 + L5 :)2(’0'5) (-10)+ (1~5)(0-5)(;0.5)(—1-5)(20)
— 423.59375

Vo =424 (approximately).

.. Number of persons whose weight is between
60 and 70 is 424 — 370 =54.

Exercise Problems

(1)For the following data find f (9)
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(2) using Newton’s forward interpolation formula

X 8 10 12 14 16
flx) 1000 1900 3250 5400 8950
(2) Find f (2.5) using Newton’s forward difference formula for the given data .

x 1 2 3 4 5 6
y 0 1 8 27 | 64 125

From the following table find the value of tan 45°15°

x° 45 46 47 48 49 50

oo | 1.00000 | 1.0355 | 1.0723 1 11061 1.1503 | 1.1917
, 3 7 7 5

(4) From the table given below find Sin 52° by using Newton’s forward
interpolation formula.

X 45
0.7071

55
0.8192
(5) The following data is taken from the steam table. Find the pressure at

50
0.7660

60
0.8660

Sinx

temperature t =142° and t = 175°

Temperature
3 140 150 160 170 180
C
Pressure
) 3.685 | 4.854 6.302 8.075 10.225
kg/cm

(6) The following table gives the census population of a town for the years 1931-
1991. Estimate the population (i) for the year 1965 (ii) for the year 1933 by

using appropriate interpolation formula.

Year 1931 1941 1951 1961 1971
Population in
36 1 = 1
lakhs 66 8 93 10

(7) Estimate the value of f (22) and f (42) from the following data

20

25

30

35

40

45

f(x)

354

332

291

260

| 231

204
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{ (= xo Yo = x, Yor— ;) ] [ (s 3 v =, Y(x — xz):l

(20, —x0 Yz, — —x; Yoz — x3) (x5 —-xo)(x3 = x N%; x2)
Here x, =3, x,=7, x,=9, x,=10
Yo =168, y, =120, y, =72, y; =63
Space for Hints To find ¥(6) put x=6 in @

y(6)_[(6—7)(6—9)(6—10)}16“[(6 —-3)(6—9)(6—10)}(120

1 (3-7)3-9)3-10) (7 -3X7-9)7 -10) |

[(6 3)6—7)6- IO)JX72+[(1(6—3)(6—7)(6—9) Jx63

(9-3)X9-7)9-10) 0-3)10-7)10-9)

=12+ 180-72 + 27

= 147.
Problem 2 The Lagrange’s formula to fit a polynomial to the data.
X 0 1 3 4
y -12 0 6 12

find the value of y when x =2,

Solution

The Lagrange’s formula for four set of data is

yz[ (o) n)e-x) ] [(x xo Yo = x, Yo — m}

(xo - X Xxo — X2 Xxo — X3 ) (xl X0 Xxl — X3 )(xl — X3 )

[ (= x Yor—x, Y= ) yz.{((x_xo)(x_xl)(x-xz) },3

(xz — Xo )(xz — X sz x3) X3 — Xy )(x3 —X Xx3 _xz)

Here xy =0, x =1, x,=3, x;=4 and

n=12, y,=0, y,=6,y, =12
e EE e e Lo gxx;}ﬁ s
+[x(x—l)(x—3)}<12

4x3x1

= (x=1)(x=3)(x — 4) = x(x— )(ox — 4) + x(x 1 )(x - 3)
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= (x—l)[(x—-3Xx—4)—x(x—4)+x(x—3)]
=(x—1)x* —6x +12)

=x>-7x* +18x-12

when x=2, y=y(2)=2> —7x2% +18xx2-12=4,

Problem 3 Find the form of the function y for the following data.

Hence find y3

X 0 1 2 5
y 2 3 12 147

Solution
Here x, =0; x; =1L, x,=2; x;=5
Yo=25 =3 y,=12 y;=147
Applying Lagrange’s formula we get
(x x—2Xx— 5) (x 0)x—2Xx~— 5)
1 (0-1X0-2)0- 5) (1 0)1-2)1- 5)
(x 0)x —1)x—2) 147
(5 0X5-1)5-2)

_l —8x2 +17x-10)  3(x® — 74 +10x)_2(x3 _6x? +5x)
5

x3 =3x% +2x
+
60

= é[ﬂ)f +60x” — 60x + 120]

x127

Ly=xT +x% —x+2
At x=3, ¥(3)=3*+32-3+2

= 35,
Problem 4

The values of U (x) are known at a, b, c. Show that maximum (or)

minimum of Lagrange’s interpolation polynomial is attained at

__Yuap? <)
2> Ualb - c)
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Solution

By Lagrange’s formula for 3 set of values we have

(x —b)x - c) (x a)x— c) (x alx— b) -
Ulx)= (a—b)a- c) (—a)(b c) (c a)c—b) U

_ x —(b+c)x+bc
-3 s

. : " dUu
U (x) attains 1ts maximum (or) minimum when %—— =0.
x

du 2x—(b+c)

Now, E =0= Z[(a bXa c) =0

i el [ A | L [ e N

= (b-c)2x—(b+c)ua+(c—a)+ Uclc - af2x - (c+a)Up
+(a —b)2x - (a+b)Uc= 0]

= 2x[Ua(b - c)+Ub(c — a)Uc +(a - b)] = (b2 ~-c? )Ja

(e —a? b+ (a? - b2 e
B ) o e L i 2

[Ua(b c)+ Ub(c a)+Uc(a - b))

_ ZUa(b2 —C )
ZZUa(b—c) '

Exercises

42



(1) Use Lagrange’s interpolation formula to find the value of y when
x =10 if the following values of X and y are given.
x 5 6 9 11

Y 12 13 14 16

(2) Use Lagrange’s formula to find f (x) when x =0, given the Space for Hints

following data.

X

-1

2

2

4

f(x)

-1

-9

11

69

(3) Find Us giventhat U, =4; U, =7;U, =13 and U, =30.

(4) The following table gives the normal weight of a baby during
first 6 months of life.
Age of month 0 2 3 5 6

Weight in /bs 5 7 8 10 12

(5) The amount A of a substance remaining in a reacting system
after an interval of time t in a certain chemical experiment is
given in the following table.

t 2 5 8 14
A 94.8 87.9 81.3 68.7

(6) Determine by Lagrange’s formula the percentage of number of

criminals under 35 years

Age % No. of Criminals
Under 25 years 52.0
Under 30 years- 67.3
Under 40 years 84.1
Under 50 years 94.4
(7) Use Lagrange’s formula find a polynomial to the data.
X 0 1 3 4
Ulx) |-12| o 6 12

(8) Use Lagrange’s formula to find a polynomial to the following
data.
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X -1 0 2 3

U(x) | -8 3 1 12

(9) Find the form of U(x) given that U, =8, U, =11, U, =78 U =123.

(10) Apply Lagrange’s formula to find f (x) for the following data.

X 1 2 -4

flx) | 3 -5 4

(11) From the following table find the value of y when x =10.

X 5 6 9 11
Yy 12 13 14 16
Hence find f (2)
1.4 Attributes
Objectives

In this unit, we are going to discuss how to find the relationship between two

attributes, independency of two attributes.
After the completion of this unit one may able to find the

= Relationship between attributes

* Independency of two attributes
< >~
1.4.0 Introduction

In the earlier units we have discussed those data related to quantitative.

But we cannot measure those data having qualitative nature. Qualitative
characteristics of a population are called attributes and they cannot be
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measured by numeric quantity. .

Suppose a population is divided into two classes according to the possession
or non—possession or presence or absence of a single attribute. The class in which
a particular characteristics is present is called positive class and it is denoted by
upper case of English alphabets and the absence of the characteristics is called
negative class and it is denoted by the lower case of Greek letters. That is
A,B,C,...
denotes the presence of characteristics and a,p,y,... denotes the corresponding
absence of the characteristics.

For example, if attribute A represents rich and B represents literate then o
refers poor and B refers illiterate. Further AB represents the possession of both
rich and literate; AP represents rich and illiterate; aB represents poor and literate

and af} represents poor and illiterate.

The above example can be represent as table form as

Space for

hint

A class represented by n attributes is called a class of n™ order. Thus A,B, o, are
called first order , AB, AP, aB, af} are called class of second order, ABC, ABy,
Apy,... are called class of third order.

Now the number of individuals possess the attribute A is called frequency
of the attribute A and it is denoted by (A). Hence (aB) stands the number of
individuals possessing the attributes a and B.

The total frequency in a population is denoted by N.
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Note:
Class frequencies of the type (A), (AB), (ABC), ... are called positive class
frequencies. e

Class frequencies of the type (a), (aB), (ofy), :.. are called negative class

frequencies. ~

Class frequencies of the type (AB), (aB), (ABC),... are called contrary class

frequencies.
< >
1.4.1.Attributes

The frequency classes for two attributes can be represented in the form of a table

which is given below.

Total
(A)
(o)

The relationship between the class frequencies of various orders are given

below.

For class frequency of order 2:
Space for

N=(A) + (o) = (B) + (B),
hint

(AB) + (AB) = (&),
(oB) + (aB) = (@),

(AB) + (aB) = (B),

(AB) + (aB) = (B),

(AB) + (AB) + (oB) + (af) = N
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For class frequency of order-3
(ABC) + (ABy) + (ABC) + (ABy) = (A),
(ABC) + (ABy) + (0BC) + (aBy) = (B),
(ABC) + (ABC) + (@BC)+ (aBC) = (O),
(ABC) + (ABY) = (AB), o
(ABC) + (ABy) = (Ay) etc.,
Theorem 1.5
For n attributes
(a)total number of class frequencies is 3“ |
(‘t;)total number of positive class ﬁ‘eqﬁéﬁcies lS 2"
(c)total number of negative class frequenc,iés is2" -1
Proof:
Let n attributes be given.
Thus the number of ways of ci)oqsing r attributes from the given set of n attributes
is (1:) .

Since each attribute giveé two symbols (one for positive class and
another for negative class),the number of class frequencies, of order r that can be

obtained from r attributes is 2".
. 3 L ; . - . /m
Hence the total number of class frequencies of order r 1s (r)zf.

Thus the total number of all class frequencies=)7_, (7:) 27

=1+('1‘) 214 (’2‘) 22+ (’;) 23+ . +(2) 2n
=(1+2)"
=3"

(ii)Further any collection of r attributes have only one positive
class frequency of order r.
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Hence the total number of positive class frequencies of all

s> ()
=+ )+ (3)+ ()

=(1+1)"
="
(iii)Clearly there is no negative class frequency of order O.

Then any collection of r attributes gives rise to one negative
class frequency of orderr.

Hence the total number of negative class frequencies of all

DIRGEE

=21

orders

Dichotomization:

Dichotomization is the process of dividing a collection of objects
into two classes according to the possession or non-possession of an attribute.
Notations: We use the following notations in the theory of attribute.

The total number of objects in a population is N.
If A is an attribute then N = (A) + (o) and it is written as (A) =A.N
and (o) = a.N.
Thus N = (A) + ()
=AN + a.N

=(A + o) .N

A+to=1.
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Hence

Thus in symbolic expression A can be replaced by 1 —a and a by 1 —A.
Example 1.1
Prove that (BC) =(ABC) + (aBC)
Proof:
Now (aBC) = aBC.N

=(1-A)BC.N

=BC.N -ABC.N

= (BC) —(ABC)

Hence (BC) = (ABC) + (aBC)
Example 1.2
Prove that for two attributes A and B, prove that
N= (AB) + (AB) + (aB) + (aB)
Proof:
Let A and B be two attributes.
=N =(A) + ()
= (AB) + (AB) + (aB) + (af)

Hence N = (AB) + (AB) + (aB) + (aB)

Example 1.3

For any three attributes, prove that
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N = (ABC) + (ABy) + (ABC) + (ABy) + (aBC) + (aBy) + (afC) +

(apy).
Proot:
LHS=N
= (AB) + (AP) + (aB) + (ap)
= (ABC) + (ABY) + (ABC) + (ABy) + (aBC) + (aBy) +
(aBC) + (afy)

=R.H.S

Example 1.4

Prove that for any two attributes negative class frequencies can be expressed in

terms of positive class frequencies and converse also true.
Proof:
Consider two attributes A and B.
Now (aB) = apf.N
=(1-A)(1 -B).N
= (1 -A -B+AB).N
=N -A.N -B.N+AB.N

=N-(A)-(B) +(AB)

| (@B)=N—(A) —(B) + (AB) | Hence

Thus negative class frequencies can be expressed in terms of positive class

Thus negative class frequencies can be cxpressed in terms of positive class
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frequencies.
and (AB)= AB.N
= (1 —o)(1 $).N
= —a—B+oaB).N
=N —a.N —.N + aB.N

=N — (a) — (B) + (ap)

Hence (AB)=N — (o) — (B) + (a«p)

Thus positive class frequencies can be expressed in terms of negative class
frequencies.
Example 1.5
Show that n attributes Aj,A,,...,A,,
(A1, A2,A3,. . ,A)Z(ADFH(AD)+. . . +(An) — (n —1)N
Proof:
We shall prove the result using induction on n.
If n=2 then (aj0:) =N — (A1) — (A2) + (A1A)
We know that (o) >0
1.e.) N— (A1) —(A)+HA1A) =0
(i.e.) (A1A2) = (A1)+(A2) —N

(i.e.) (A1A2) = (ADHA2) — (2 -DN

Thus the result is true for n=2.
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Assume the result is true for n=Kk.
(i.e.) (A1,A2,As,...,AL) = (AD+HA)*. .. +H(An) — (kDN
Now we shall prove the result is true for n=k+1

Now (A1,A2,As,...,Ax1) = (AD)HA)F.. . HAk-D)H(ArAk1) — (K
)N

(1.e)(A1LA2As,. .., A1) = (ADHA)F. . . H(Ax) H A H(Axk+1) N —(k
— 1IN

(i.e.) (A1,A2,As,...,Ax+1) = (AD)H(A)+.. A(Ag-)H A Ak+) —

kN
(i.e.) (ALA2 A3, Aki) 2 (AD+H(A2)+. . H A1) HA)H(Ax+1) —
(k+1 —1N
(i.e.)the result is true for n=k+1
~ by mathematical induction, the result is true for all positive integer
n.

(led)orn € Z" |, (A1,A2,A3,...,Ap) > (ADHA)+...+H(An) — (n —1)N.
This proves the problem.

Example 1.6
Given frequencies (A) =1150, (o) =1120, (AB) =1075 , (o) =985.Find the
remaining class frequencies and the total number of the observations.
Solution:

Given that (A)=1150, (a)=1120, (AB)=1075 , (af3)=985.

We shall form the contingency table as follows.
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1075 175 ' 1150
135 985 l 1120
1210 1060 2270

From the above table it is clear that (AB) =75, (o) =135,(3)=985,(B)=1210 and
total number of observations=N=2270.

Example 1.7

Given the following class frequencies, find the frequencies of the positive and
negative classes and the total number of observations.

(AB) =733, (AB) =840,(aB) =699, (af) =783.

Solution:Given that (AB)=733, (AB)=840,(aB)=699, (0f)=783.

We shall form the contingency table as follows.

From the above table it is clear that,
negative class frequencies : (a)= 1482 and (B)=1623,
positive class frequencies: (A)= 1573 and (B)=1432
total number of observations= N =3055.

Example 1.8
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A survey reveals that out of 1000 people in a locality 800 like coffee; 700 like tea;
660 like both coffee and tea. Find how many people like neither coffee nor tea.

Solution:
Let A be attribute to denote the coffee liker.

Let B be attribute to denote the tea liker.

We shall form the contingency table as follows.

From the above table, the number of people like neither coffee
nor tea is (afd) = 160.

Example 1.9

100 children took three examinations.40 passed the first, 39 passed the second
and 48 passed the third, 10 passed all three.21 failed all thres, 9 passed the first
two and failed the third, 19 failed the first two and passed the third. Find how

many children passed at least two examinations.

Solution:

Let A be attribute to denote a child passed in the first examination.

Let B be attribute to denote a child passed in the second examination.
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Let B be attribute to denote those see Star T.V. programmes.
Let C be attribute to denote those see Cable T.V. programmes.
Given that (A) = 850, (B) = 70, (C) = 326, (ABC) =200, (afC)=21.
(i)Now the number of people see Doordharsilan and Star T.V. programmes
=(AB)
=(ABC) + (ABY)
=50+200
=250
(i))We know that (ABC) + (aBC) + (ABC)=(C) — (apC)
=326 —-110
=216
The number of people see at least two T.V. programmes
=(ABC)+(aBCO)+ABC)+(ABY)

=216+200 =416

1.4.2 Consistency of Data

—>

-

Consider a population with the attribute A and B. For the data observed in the
same Population (AB) cannot be greater than (A). Hence the figures (A) = 200

and (AB) = 250 are Inconsistent and () =-800 is also inconsistent.

Definition : A set of class frequencies is said to be consistent if none of them is

negative.
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The following are a set of criteria for testing the consistency in the case of

single attribute,

Two attributes and three attributes.

Attribute Condition Equivalent positive class condition | Number
consfzfency congiftion
(A)=0 A)=0 -
A (@) =0 (N) <N 2
A, B (AB)=0 (AB)=0
(Ap) =0 (AB) =(A)
(0B) 20 (AB)< (B) 2°
(aB) =0 (AB) = (A)+(B)- N
(ABC)=0 (HABOC)=0
(ABY) >0 (2) (ABC) < (AB)
(ABC)=0 (3) (ABC) = (AC)
(aBC) =0 (4) (aBCO) < (BO)
(ABY)=0 | (5) (ABC) = (AB) +(AC) —(A)
(aBY) =0 (6) (ABC) = (AC) H(BC) —H(O)
A,B.C (apC) =0 (7) (ABCO) = (AC) + (BC) H(O)
(aBY) =0 (8) (ABC) < (AB) + (BC) HAC)- | 2°
(A)-(B)
-(C) +N
(9 (AB) + (BC) +(AC) = (A) +
(B) +(C) - |
N

57




(10) (AC) HBC) <(AB) < (C) )
(11) (AB) + (BC) H(AC) < (B)
(12) (AB)+ (AC) «(BC) < (A)

Example 1.11

Test the consistency of the data when (A) = 800, (B) = 700, (AB) = 660, N
= 1000

Solution :

For the given data, test the consistency.

(A) = 800, (B) = 700, (AB) = 50, N =1000.

Solution :

Given that (A) = 800, (B) = 700, (AB) = 50, N = 1000.

We shall find the other class frequencies

Since all class frequencies are positive, therefore the given data is
consistent
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Example 1.12

Test the consistency of the data when (A) =600, (B) = 500, (AB) = 50, N

=1000.
Solution :
For the given data, test the consistency.
(A) =600, (B) =500, (AB) = 50, N = 1000.
Solution :
Given that (A) = 600, (B) = 500, (AB) = 50, N = 1000.
We shall find the other class frequencies.
Since the class frequencies (af}) is negative, therefore the given data is
Inconsistent.

Example 1.13

A market investigator returns the following data. OF 2000 people consulted
1754 liked chocolates, 1872 liked toffee and 572 liked biscuits, 676 liked
chocolates and toffee, 286 liked chocolate and biscuits, 270 liked toffee and
biscuits, 114 Liked all the three.Verify that the information given by the

investigator is consistent.

Solution :
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Let A be the attribute that liking chocolate, B be the attribute that liking toffee
And C be the attribute that liking biscuit.

Given that N = 2000, (A) = 1754, (B) = 1872, (O) = 572, (AB) =676, (AC)
=286

(BC) =270, (ABC) = 114.
We know that (aBY) = N — (A) — (B) — (C) ‘HAB) +{ACY HBQ) —(ABC)
= 2000 — 1754 — 1872- 572 + 676 + 286 + 270 — 114
~ - 1080
Since the class frequency (afY) is negative, therefore the given datai is
Inconsistent. |

Example 1.14

The following summary appears in a report on a survey covering 1000

fields. Scrutinize the numbers and point out if there is any mistake or misprint in

Them.

Manure fields 510
Irrigate fields 496
Fields growing improved vaiicucs 427
Field both irrigated and manure 189
Field both manure and growing improved \va;ieties 140
Field both irrigated and growing improved ;fari:eties 85

Solution :

Let A be the attribute of Manured fields, B be the attrlbute of Irrigated

fields And C be the attribute of Fields growing improved varletl.es
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Given that N = 1000, (A) = 510, (B) = 490, (C) = 427, (AB) = 189,
(AC) =85, (BC) = 140.

~ We know that (oY) = N — (A) — (B) — (C) +(AB) + (AC) +(BC) —

(ABC)
= 1000 — 510 —-490 — 427 + 189 + 140 + 85 — (ABC)
=-13 — (ABC)
Now (oY) =0
(i.e)—13-(ABC)=0
(Le.)) (ABC)<-13 - 0.
Since the class frequency (ABC) is negative, therefore there is a mistake
in the data.

Example 1.15

If (A) = 50, (B) =60, (C) =50, (AB) = 5, (AY) =20 and N = 100. Find the least
and greatest values of (BC).

Solution :
Given that (A) = 50, (B) =60, (C) = 50, (AB) =5, (AY) =20 and N = 100 .
Now (AB) = (A) — (AB)
=50-5
=45
And (AC) = (A) — (AY) "
=50-20
=30
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Now (AB) +(BC) + (AC) = (A) +(B) +HC) ~

(ie.) 45+ (BC) 303 50 + 60 + 50 — 100

(BC) = s - e (1.1)
Again (AB)+ (AC) - (BC) <(AB)
45 + 30 «(BC) < 50

(1.2)

(BC) =25 B e
Now (AB) + (BC) — (AC) < (B)
=45+ (BC)-30<60

= (BC) = 45 e
(1.3)

Now (AC) + (BC) — (AB) <(C)
=30+ (BC) — 45 < 50

e = 1O T -
(1.4)

From (1.1),(1.2),(1.3) and (1.4), we have — 13 <25 < (BC) <45 <65
=25<(BC)<45.
Check your progress

(1) N = 120, (A) =60,(B) = 90, (C) =30, (BC) = 15, (AC) = 15, find the limits
between which (AB) lie.

(2) Find the least and greatest values of (ABC) if (A) =50, (B) = 60,(C)= 80,
(AB) =35, (AC) =45, (BC) = 42.

(3) Show that there is some error in the following data: 50% of peopleAre wealthy

and healthy, 35% are wealthy but not healthy, 20% are healthy but wealthy.
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(4) Of 2000 people consulted 1854 speak Tamil, 1507 speak ‘Hindi , 572 speak
English, 676 speak Tamil and Hindi, 2{8_6 speak Tamil and English, 270 speak
Hindi and English, 114 speak Tamil,Hindi and English. Check whether the

information is correct?

< >

1.4.3 Independence and Association of Data

< >

Two attributes A and B are said to be independent if there is same
Propotion of A’s amongst f3’s or vice versa.

Two attributes A and B are independent if one of the following is true.

(AB A
(B) (B)

(AB) _ (aB)
(B) ()

(2)
_Awmx)
(3) (AB) =22
@) (ap) =208
(5) (o) =2

(6) (aB) =32

(7) (AB)(ap) = (AB)(Ab)

Note :
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(H (AB) = %@ , we say that A and B are associated.
(2) (AB) > @1\?—) , we say that A and B are positively associated.

3) (AB) - —(fz—v(ﬂ , We say that A and B are negatively associated.

To measure the intensity of two attribute A and B is called coefficient of

association.

Most commonly. used coefficient of association is Yule’s coefficient of

association or coefficient of colligation.

The Yule’s coefficient of association is defined as

Q= (AB)(aB)—(AB)(aB)
(AB)(aB)+ (AB)(aB)

And the coefficient of association is defined as

1- [ABaB)
AB
v = (4B)(af)

(AB)(aB)
(AB)(apB)

1+

Note :

(1) If Q =Y= 0 T then the attributes A and B are independent.
(2) If Q= Y= 1 then the attributes A and B are perfectly associated.
(3) If Q= Y= -1 then the attributes A and B aré perfectly associated.

Example 1.16

State and prove the relationship between coefficient of association and coefficient

of colligation.

Solution:
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Find the association between A and B when N = 1000, (A) = 470, (B) = 620, (AB)
- = 320.

Solution :
Given that N = 1000, (A) =470, (B) = 620, (AB) = 320.

(A)(B) 470 X 620

Now
N 1000

=291.4
- 470

= (AB)
: A)(B
(ie) 22 . (AB)
Therefore attributes A and B are positively associated.

Example 1.18

Find the association between A and B when (AB) =90, (AB) =65, («B) = 260, (of})
= 110.

Solution :

Given that (AB) =90, (AB) =65, (aB) = 260, (aB) = 110.

Now (A (B) _ 155X 350
N 525

= 103.33
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=90
=(AB)

. A)(B
(ie) 2 > (AB)

Therefore attributes A and B are negatively associated.

Example 1.19

IN an examination in Tamil and English 245 of the candidates passed inA Tamil,
147 passed In both , 285 failed in Tamil and 190 failed in Tamil but passed in

English . How far is the Knowledge in the two subjects associated?
Solution :

Let A be an attribute that a candidate passed in Tamil 'Subject. Lét B be an
attribute that a candidate passed in English subject. Given that (A) - 245, (AB) =
147, (o) = 285, (uB) = 190. The remaining class frequenéies can be obtained
from the following table.

Now (A)(B) _ 245X 337
N 720
= 114.67
< 147
= (AB)
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: A)(B
(ie) 2 < (AB)
Therefore A and B are positively associated.

(1..) the knowledge in the two subjects is positively associated

Example : 1.20

Calculate Yule’s coefficient of association between marriage and failure of

studies.

Solution:

Let A be an attribute that denote marriage and

Let B be an attribute that denote failure of studiers,
Given that

Therefore Yule’s coefficient of association between marriage and failure
of studies =Q
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_(AB)(aB)—(AB)(aB)
(AB)(aB)+ (AB)(aB)

_ (65)(260)—(90)(110)
 (65)(260)+(90)(110)

__ 7000
26800

=0.2612

Example 1.21

Investigate the association between darkness of eye colour in father and son from

the following

Data:
Father with dark eyes and sons with dark eyes 78
Father with dark eyes and sons -With not dark eyes 122
Father with not dark eyes ahd sons with dark eyes 96
Father with not dark eyes and sons with not dark eyes 704

Can we infer eye color is heréditary?

Solution: |

Let A be the attribute that denote dark eye to a father and
Let B be the attril;ute that denote dark eye to a son.

Thus we have the following




174 826 1000

Therefore Yule’s coefficient of association between marriage and failure of

studies = Q

(AB)(ap) — (AB)(aB)
(AB)(ap) + (A3 (aB)

_ (78)(704)—(122)(96)
(78)(704)+(122)(96)

43200
66624

=0.648

Example 1.22

From the figures given in the following table comupare the association between
literacy and unemployment in rural and urban areas and give reasons for the

different of any.

Urban Rural
Total adult males 25 lakhs 200 lakhs
Literate males 10 lakhs 4§ lakhs
Unemployed males 5 lakhs 12 lakhs
Literate  and  unemployed | 3 lakhs 4 lakhs
males

Solution :

Let A,B denote literacy of males and unemployed males respectively.
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Step 1
First we shall find the coefficient of association between A and B in Urban.

Thus we have

(AB)(aB)~(AB)(aB)
ThusO =
usQ (AB)(aB)+ (AB)(aB)
(D(@)-(13)(3) _ 14-39
(7)(2)+(13)(3) 14+39
=-0.472
Step 2:

First we shall find the coefficient of association between A and B in rural.

Thus we have

B

_(AB)(ap)— (AL
Thus Q (AB)(aB)+ (AR (P

_(36)(8)—(152)(4)
(36)(8)+ (152)(4)
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__—320
896

=-0.357

Step 3 :

From step 1 and step 2 it is clear that the association between the literacy and

Unemployed males in urban is greater than that in the urban.

Example 1.23

160 plants are characterized as per the nature of the leaves and color of the flower.

Examine the statement “the color of the flowers and the nature of the leaves are

Independent.”

Solution:

Let A be an attribute that denote color of the flower and
Let B be an attribute that denote nature of leaves.

Given that




Therefore Yule’s coefficient o association between marriage and failure of studies

Q=

(AB)(ap) — (AB)(aB)
(AB)(aB) + (AB)(aB)

_ (99)(5)-(20)(36)
(99)(5)+(20)(36)

_ —225
1215

=-0.185
Thus the colour of the flower and nature of leaves are not independent but they are
negatively associated.

Check your progress

(1) Calculate the coefficient of association between intelligence father and son
from the

following data.
Intelligent father with intelligent sons 200
Intelligent fathers with dull sons 50
Dull fathers with intelligent sons 110
Dull fathers with dull sons 600

Comment on the result.

(2) From the following data compare the association between marks in Physics

and Chemistry in two universities X and Y.
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. X Y
1’i"‘Ei’l:aInumber of candidates 200 1600
Pass in Physics 80 320
Pass in Chemistry 40 90
Pass in Physics and Chemistry 20 30

(3) Of 500 students appeared for a competitive examination 350 were successful
280 had attended coaching class and of these 220 cm out successful. Does the

coaching help in success?

1.5 Index Numbers
1.5.0 Introduction

For comparing many business and economic problems, relative numbers
obtained by reducing the data are used. These relative numbers comparing any two
situations comprising of same type of variables are called ‘index numbers’. Index
numbers are used when one is trying to compare series of numbers of vastly
different size. It is a way to standardize the measurement of numbers so that they
are directly comparable. Students you all would have come across this tool used in
macro economies for stating inflation, consumer price index, wholesale price
index, growth index, industrial output index etc. These indexes are statistical
numbers for decision making and information.

Objectives
The objectives of the unit are as follows
1. To understand the various types of index numbers
2. Fo construct consumer price index.
3. To know about the various tests of perfection for index numbers.

These index numbers are defined as follows
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Index numbers are devices for mitigating deceptions caused by
changes in the value of money-Marris.R. Index numbers represents the
general level of magnitude of changes between two or more situations of a
number of variables taken as a whole.-Karmel.P.H.

Index numbers are used to measure the changes In some quantity
which can be observed directly which we know to have a definite influence on
many other qualities which we can so observe, tending to increase all or
diminish all, while this influence is canceled by many causes affecting the
separate quantities in various ways.-Bowley.

From the above definition we can know index numbers which only
measures the relative change is magnitude. Index numbers relate a variable or
variables to the same variable or variables pertaining to another period. In this
comparison of variable the time period which is used as a basis for comparison
is called as ‘base period’ and the other period is called as ‘current period’. The
Base year 1s of two types. They are
1. Fixed Base year and 2. Chain Base year
Fixed base year 1s a particular year which is used as a basis for comparison of
a number of succeeding years. So, sometimes the base year becomes a remote
period.

On the other hand, chain base year is a varying one ancd is the year
immediately preceding the current year.

1.5.1. Characteristics of Index Numbers

1) Index numbers are specialized averages helps in comparing the changes in
variables which are in different units.

2) Index numbers are expressed in percentages to show the extent of change
without using percentage sign(%6).

3) Relative variations are measured with the help of Index numbers.

4) Index numbers are for comparison they compare changes taking place over
time or between places and like categories.

1.5.2 Uses of Index Numbers

1) The index numbers are used as end results in many situations. For example
index numbers are often cited in new reports and acting as general
indicators of economic condition.
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2) Index numbers are used as part of an intermediate computation to
understand other information latter.
3) Sales indices were used to modify and improve the estimates of future.
4) Consumer price index is used to determine the ‘“real” buying power of
money.
1.5.3 Types of index numbers

There are various types of index numbers. The most important types are as
follows,

1. Price index (plural: “price indices” or “price indexes’) is a normalized
average (typically a weighted average) of prices for a given class of goods or
services in a given region, during a given interval of time. It is a statistic
designed to help to compare how these prices, taken as a whole, differ
between time periods or geographical locations.

Price indices have several potential uses. For particularly broad indices,
the index can be said to measure the economy’s price level or a cost of living.
More narrow price indices can help producers with business plans and pricing.
Sometimes, they can be useful in helping to guide investment.

2. Quantity index numbers study the changes in the volume of goods produced
or consumed; for instance industrial production, agricultural production,
import, export, etc. they are useful and helpful to study the output in an

economy.

3. Value index numbers compare the total value of a certain period with the
total value of the base period. Here the total value is equal to the price of each,
multiplied by the quantity; for instance, indices of profits, sales, inventories,
etc. :

1.5.4 Problems Related to Index Numbers

1) Finding suitable data is difficult: Ex. If sales of a company are reported
only on annual basis, it would be unable to determine the seasonal sale
pattern.

2) Incomparability of indices which occur when attempts are made to
compare one index with another.

3) Inappropriate weighting of factors: in developing consumer price index,
proper attention should be paid to the changes in some variables which are
more important than others. This is practically very difficult and lead to it
appropriate weighting.

4) Selection of improper base: Selecting the base year may be affected by
individual interest or by routine method base selection. Sometimes high
sales may occur due to some reasons if it is selected as a base. Then it will
be a wrong representation. So proper care should be taken to select the
base.
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1.5.5 Construction of Index Numbers
The various methods of construction of index numbers are given below:
Notations: In this chapter we use the following notations.
1. po- price of the commodity in the base year
2. p1- price of the commodity in the current year
3. qo=quantity of the commodity in the base year
4. q;- qu';}ntity of the commodity in the current year
1.5.5.1 Un-weighted (simple) Index Numbers

1. Simple Aggregate Method: This is the simplest method of constructing the
index numbers. The prices of the different commodities of the current year are
added and the total is divided by the sum of the prices of the base year commodity

and multiplied by 100.

Symbolically po; =2Zp;/ Zp;x100

Example 1.1

From the following data construct the aggregate index number for 2001 taking

2000 as the base.

Commodities Price in 2000 Price 1n 2001
A 50 70

B 40 60

C 80 90

D 110 120

E 20 20

Solution:

We know that aggregate index number= pg; = Z”lpI/ E":plxlOO

Commodities Price in 2000 Price in 2001
A 50 70
B 40 60
C ‘ 80 90
D 110 120
E 20 20
Total 300 360

Now po; =2p1/ 2p;x100
=360/300x100
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=120

Example 1.2

From the following data construct an index number for 2005 taking 2004 as the

base.

Commodity Price(Rs.) Price(Rs.)
(unit) 2004 2005
Butter (kg.) 110 120
Cheese (kg.) 75 &0

Milk (1t.) 13 13

Bread (1) 9 9

Eggs (doz) 18 20

Ghee (1 tin) 850 860
Solution:

We know that aggregate index number=py, = E*‘pl/ Z*'plxlOO

Commodity Price(Rs.) Price(Rs.)
(unit) 2004 2005
Butter (kg.) 110 120
Cheese (kg.) 75 80

Milk (It.) 13 13

Bread (1) 9 9

Eggs (doz) 18 20

Ghee (1 tin) 850 860

Total

1075

1102

Now poi =2 pi/ Zp1x100
=1102/1075x00
=102.51

Check Your Progress

1) From the following data construct an index number for 2010 taking 2009

as the base.




Commodity Price(Rs.) Price(Rs.)
(unit) 2009 2010

Rice 7 8

Wheat 3.5 3.75

Oil 40 45

Gas 78 85

Flour 4.5 5.25

(Answer: poi=110.5)

2) From the following data find the index number of the price relatives taking
2007 as the base year using (i)arithmetic mean and (i1)geometric mean.

Commodity Price(Rs.) Price(Rs.)
(unit) 2007 2008
Rice 7 3
Wheat 3.5 3.75
Qil 40 45
Gas 78 85
Flour 4.5 5.25
(Answer:
(1) using arithmetic mean po1=111.92
(ii) using geometric mean po;=111.87)

3) From the following data of the whole sale price of rice for the 5 years

construct the index numbers taking (i) 1987 as the base and (ii)1990 as the

base.
Years 1987 1988 1989 1990 1991 1962
Price of Rice per | 5.00 6.00 6.50 7.00 7.50 8.00
kg.

1.5.6 Average of Price Relative Method
The ratio of the prices pi/p> is called the price relative.

The formula for finding index number for the current year

—Po1
= pl/po x100
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In the average of price relative method the average of price relatives for

various items is calculated by using any one of the measures of central

tendencies such as arithmetic mean, geometric mean, harmonic mean etc.,

Among, various central tendencies arithmetic mean and geometric mean are

very common averages used in this method.

(1) The Arithmetic mean index number is po;

(i.e)

Poi= Z‘I p1/p0 x100/n

(2) The geometric mean index number is poi-

po1 = ( 11 pi/pe)™x100

(i.e)

po1 = antilog [1/n 2+ pi/pex100)]

Example 1.3

From the following data compute price index by simple average method based on

(i) arithmetic mean and (i) geometric mean for 2005 taking 2004 as the base.

Commodity Price(Rs.) Price(Rs.)
(unit) 2004 2005
Butter (kg.) 110 120
Cheese (kg.) 75 80

Milk (l1t.) 13 13

Bread (1) 9 9

Eggs (doz) 18 20

Ghee (1 tin) 850 860
Solution:

(1)First we shall find the price index based on arithmetic mean method.

Commodity(unit) Price(Rs.)2004 Price(Rs.)2005 p1/pox100
Butter (kg.) 110 120 109.09
Cheese (kg.) 75 80 106.67
Milk (1t.) 13 13 100.00
Bread (1) 9 9 100.00
Eggs (doz) 18 20 111,11
Ghee (1 tin) 850 860 101.18
Total 1075 1102 628.05

Thus the price index using arithmetic mean method

=Po1

—Z b1/ x100/n
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=628.05/6

=104.67

(i1) First we shall find the price index based on geometric mean method
Commodity Price(Rs.) Price(Rs.) P1/pox100 ‘LogP
(unit) 2004 2005
Butter (kg.) 110 120 109.09 2.0378
Cheese (kg.) 75 80 106.67 2.0280
Milk (It.) 13 13 100.00 2.0000
Bread (1) 9 9 100.00 2.0000
Eggs (doz) 18 20 111.11 2.0458
Ghee (1 tin) 850 860 101.18 2.0051
Total 12.1167

Thus the price index using geometric mean method

= antilog [1/n Z(

= Po1

pl/poxl OO)]

= antilog (12.1167/6)

=104.5785
=104.58

Example 1.4

From the following data compute price index by simple average method based
on (1) arithmetic mean and (ii) geometric mean and (iii) simple aggregative
method.

Commodities Price(Rs.)2004 | Price(Rs.)2005
Rice 158 272
Cholam 168 326
Cambu 157 309
Ragi 155 304
Solution:

(DFirst we shall find the price index based on arithmetic mean method.

Commodities Price(Rs.) Price(Rs.) p1/pox100
2004 2005
Rice 158 272 172.15
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Cholam 168 326 194.05
Cambu 157 309 196.82
Ragi 155 304 196.13
Total 759.1438

Thus the price index using arithmetic mean method
=Po1

=X p1/po x100/n
=759.1438/4
=189.79

(1))First we shall find the price index based on geometric mean method.

Commodities | Price(Rs.) | Price(Rs.) | pi/pox100 | Log P
2004 2005
Rice 158 272 172.15 2.2359
Cholam 168 326 194.05 2.2879
Cambu 157 309 196.82 2.2941
Ragi 155 304 196.13 2.2925
Total 9.1104

Thus the price index using geometric mean method
=Po1

=antilog [1/n Z (p1/pox100)]
=antilog (9.1104/4)
=antilog (2.2776)
=189.50

(11)First we shall find the price index based on geometric mean method.

Commodities Price(Rs.) Price(Rs.)
2004 2005

Rice 158 272

Cholam 168 326

Cambu 157 309

Ragi 155 304

Total 638 1211

Thus the price index using geometric mean method
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=Po1

S p;/z' pox100
=1211/638
=189.81

Example 1.5
From the data given below calculate the index numbers taking (i)2001 as the base
year and (i1) 2005 as base year.

Years 2001 2002 2003 12004 | 2005 | 2006 | 2007 | 2008 | 2009
Price of | 4 5 6 7 8 10 9 10 11
wheat per

kg.

Solution:

Construction of index numbers taking 2001 as base year

Years Price of Wheat per kg. Index Numbers
2001 4 100

2002 5 4/5x100 =125
2003 6 6/5x100 =150
2004 7 7/5x100 =175
2005 8 8/5x100 =200
2006 10 10/5x100=250
2007 9 9/5x100 =225
2008 10 10/5x100=250
2009 11 11/5x100=275

Construction of index numbers taking 2001 as base year

Years Price of Wheat per kg. Index Numbers
2001 4 4/8x100 =50
2002 5 5/8x100 =62.50
2003 6 6/8x100 =75
2004 7 7/8x100 =87.50
2005 8 8/8x100 =100
2006 10 10/8x100 =125
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[ 2007 0 9/8x100 =112.50
| 2004 10 10/8x100 =125

2009 11 11/8x100 =137.50
Example 1.6

Construct the whole sale price index number for 2001 and 2002 from the

following data by considering 2000 as the base year.

Commodity Whole Sale Price In Rs. per quintal
2000 2001 2002
Rice 700 750 825
Wheat 540 575 600
Ragi 300 325 310
Cholam 250 280 295
Flour 320 330 335
Ravai 325 350 360
Solution:

Construction of index numbers taking 2001 as base year

Commodity Whole Sale Price in Rs.per | Relative for | Relative for
quintal 2001 2002
2000 2001 2002
Po D1 p1
Rice 700 750 825 750/700X100 | 825/700X100
=107.14 =117.86
Wheat 540 575 600 575/540X100 | 600/540X100
=106.48 =111.11
Ragi 300 325 310 325/300X100 | 310/300X100
=108.33 =103.33
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Cholam 250 280 295 280/250X100 | 295/250X100
=112.00 =118.00

Flour 320 330 335 330/320X100 | 325/325X100
=103.13 =104.69

Ravai 325 350 360 350/325X100 | 360/325X100

. =107.69 =110.77

Total 644.77 665.76

Index number 107.46 110.96

using A.M.

Thus the index number for 2001 as base year 2000=107.46
And the index number for 2002 as base year 2000=110.96

Example 1.7

From the following data find (i) fixed base index numbers with 2003 as the base

year and (ii) chain base index numbers.

commodity | Price in Rs.

2001 2002 2003 2004 2005
1 2 3 5 7 6
11 8 10 12 4 18
111 4 3 7 9 12
Solution:
Construction of fixed base index numbers taking 2001 base year
Commodity Price in Rs.

2001 2002 2003 2004 2005

I 100 150 250 350 300
11 100 125 150 50 225
I11 100 75 175 225 300
Total 300 350 575 625 825
Index number (A.M.) 100 116.67 191.67 | 208.33 275
Workings:

Fixed base index number for the years 2002,2003,2004 and 2005 based on 2001
for the commodity I be calculated as

3/2x100=150,5/2x100=250,7/2x100=350 and6/2x100=300.

Similarly for the years 2002, 2003,2004 and 2005 based on 2001 for the
commodity Il be calculated as

10/8x100=125,12/8x100=150,4/8x100=50,18/8x100=225

Construction of chain base index numbers.

Commodity

Price in Rs.
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2001 2002 2003 | 2004 2005
I 100 3/2x100 | 5/3x100 ~ | 7/5x100 6/7x100
| =150 ' |'=166.6F  |=140 - |=85.71
11 100 10/8x100 12/10x100 | 4/12x100 18/4x100
: =125 =120 =33.33 =450
II1 100 3/4x100 7/3x100 9/7x100 12/9x100
| =75 =233.33 =128.57 =133.33
Total 300 350 520 301.90 669.05
Index 100 116.67 173.33 | 100.63 223.02
| number | ~
(AM.)

1.5.7 Weiglitéd Index Number

The unWeighted index numbers studied in the earlier sections are not
unweighted in the true sense of the term. Actually we assign equal importance to
all the items included in the indek ‘and as such they are in reality weighted,
weights being implicit rather than explicit.

Weighted index numbers are of two types ‘The purpose of weighting is to
make the index numbers more perspectlve and to give more important to them.
They are (1))Weighted Aggregate Index Numbers and (ii) Weighted Average of
Price Relatives.
1.5.7.1 Weighted Aggregative Index Number

Weighted aggregative index numbérs are of the simple aggregative type
with the fundamental difference that Wéights are assigned to the various items
included in the index. There are various methods of assigning weights and
consequently a large number of formulae for constructing index numbers have
been devised. Some of the important index numbers are . .

1. Laspeyre’s index number

2. Paasche’s index number

3. Dorbish and Bowley’s index number |
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4. Fisher’s index number
5. Marshall- Edgeworth lndex number
6. Kelly’s index number
Laspeyre’s index number:
In this method the price of the commddities in the base year as well as the cp.frent

year are known and the they are weighted by the quantity used in the base year.

(i.e)

ZPOQO

Paasche’s index numl;er:

In this method the price of the co@odities in the base year as well as the
current year are known and the they are weighted by the quantity used in the
current year. | o |

(i.e)

2 Pi14d1
Po1—5——

x100
>.Poq1

Dorbish and Bowley’s method:

This is an index number got by the arithmetic mean of Laspeyre’s and

Paasche’s index numbers.

(i.e)

__1 [ZP1CI0+ZP1CI1
01 2y pogo = T Poar

=——]x 100
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Fisher’s Ideal method:

Fisher’s price index number is given by the geometric mean of Laspeyre’s and

Paasche’s index numbers.

(i.e)

2. P190 2. P191
Pnq= -+ x100
01 ZquO Zpofh

Marshall-Edgeworth method:

In Marshall- Edgeworth’s index number, the arithmetic mean of base year and

current year quantities are taken as the weights.

(ie)

+
P01 2r1(q0 Q1)x100

*Z Po(9o+q1)

Kelly’s method:

Kelly’s index number uses quantities of some period (which is neither the base
year nor the current year) as weights. This weight is kept contant for all periods.

1.€)
Zplq do+q1
P x 100 Where g=———
0173 poq 2 Poq 2
Example:1.8

Construct the index number of prices from the following data using

i.  Laspeyre’s index number
11. Paasche’s index number
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ii.  Bowley’s index number
iv.  Fisher’s index number

v.  Mrshall-Edgeworth index number

Base year Current year
Commodity Price Quantity Price Quantity
A 2 8 4 6 Solution:
B 5 10 6 5 Now
Base year Current| year

dit ||Pri ti Pri ti |
Commodl |[Prics | niond | Price || B || pogf| P18o| Poq1| P11
D Pp do 19| P1 1 13
A 2 8 4 ‘6 16 32 12 24
B 5 10 6 5 50 60 25 30
C 4 14 5 10 56 70 40 50
D 2 19 2 13 38 38 26 26

Total 160 200 103 130

Laspeyre’s index number

2?1490
=P = x100
01 ZPOQO
200
= x100 =125
160

And Paasche’s index number

X019,
=P = x100
01 Y. Poq1
130
= x100
103
=126.21

And BoWley’s index number
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:P01

_1rxP1d0 2p1Q1]X100

2 2 pvodo 2.Po491

1200 130
1 + ] < 100
2 L1600 103

=125.61

And Fisher’s index number

=Po1

_ 2.P140 XZP1CI1X100
2. Podo0 2. Podi

200 130
:\/——- X <100
160 103

=125.61

And Marshall-Edgeworth index number

=Po1

_XP1qo+XPida

100
Y Po9o+2 Poda

1 [200 T 130] < 100
2 L160 103

=125.48
Example:1.9

For the given data find the different weighted index numbers
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Commodity Base year Current year
Price Quantity Price Quantity
A 6 50 10 56
B 2 100 2 120
o 4 60 6 60
D 10 30 12 24
E 8 40 12 26
Solution:
Base year Current year
Commodity | Price | Quantity | Price Quantity Podo | P19, | P01 P191
Po do P1 d1
A 6 50 10 56 300 500 336 560
B 2 100 2 120 200 200 240 240
C 4 60 6 60 240 360 240 360
D 10 30 12 24 300 360 240 288
E 8 40 12 26 320 480 208 312
Total 1360 1900 1264 | 1760

Now Laspeyre’s index number

91




And Bowley’s index number
= Po,

_12P1do + ZP1¢11]X100
2 "X Pod0 X Pod:1

1 1900 1760
_ + ] %< 100
211360 1264

=139.47

And Fisher’s index number

=P01

_ 2 P140 ><ZP1Q1X100
2 Poq0 X Pod1

1900 1760
= X *x100
1360 1264
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= 139.47

And Marshall- Edgeworth index number

= Ppq

_Z P1qo+2 P191

100
2 Po90+X Poq1

111900 1760

—[222 + 17%9] x 100

211360 1264

=139.48
Example:1.10

For the given data find the different weighted index numbers

Commodity Base year Current year
Price Value Price Value
A 10 100 12 144
B 15 75 20 120
C 8 80 10 . 110
D 20 60 25 50
E 50 500 60 540
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Solution:

Base year Current year
Commodity | Price | Quantity | Price | Quantity | po4q, bP140 | Poq1 | P11
Po Qo D1 qi

A 10 10 12 12 100 | 120 | 120 | 144
B 15 5 20 6 75 100 90 120
C 8 10 10 11 80 100 88 110
D 20 3 25 2 60 75 40 50
E 50 10 60 9 500 | 600 |450 | 540

Total 815 | 995 788 | 964

Now Laspeyre’s index number
=P, 01

2 P190
=X

100
2. Podo

788
815

x100

=122.09

And Paasche’s index number

And Bowley’s index number
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= Poy

1
_ [ZP1QO+ZP1Q1]><100
2 ). Podo 2. Polda
1}788 964
_ [ + ]x 100
21815 995

=122.21
And Fisher’s index number

=Pp1
:JZP1CI0 < ZP1Q1X100

2. Podo 2. Pod1

788 964
=J— X ——x100

815 995
= 122.21
And Marshall- Edgeworth index number
= Ppy
+
_2XP190*2P191
X Podo+2Poq1
788 964
-[22 + 2] x 100
815 995
=122.21
Example:11

Find the value of x in the following data if the ratio between

Laspyre’s andPaasche’s index numbers 1s 28:27

Commodity Base year Current year
Price Value Price Value
A 1 10 2 5
B 1 S X 2
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Solution:

Base year Current year
Commodi | Pric | Quantit | | Quantit | pog,| P1qo| Pod1| P141
ty e Yy Price | y
Po do P1 91
A 1 10 2 5 10 20 5 10
B 1 5 X 2 5 5x 2 2x
Total 15 20+5x 7 10+2
X
Laspeyre’s index number
=Lo1
_2P1d0 o
X Podo
20+5x
= x1
15
Paasche’s index number
= Py,
> P191 100
X Po41
104+2x
=——x100
Given that Lgq:Pg1=28:27
20+5x 7 28
(i.e) X =
15 10+2x 27

(ie) 180+45x=200+40x
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(ie) x=4

Thus the required value is 4.

Check Your Progress

(1) For the given data ‘find the different weighted index numbers.

Commodity Base year Current year
Price Quantity . Price Quantity
A 10 25 12 30
B 8 21 9 25
C 4.5 28 6.5 35
D 3.5 16 4 20

(2) For the given data

find the different weighted index numbers

Commodity Base year Current year
Price Quantity ‘Price Quantity
A 2 10 3 30
B 5 16 6.5 11
C 3.5 18 4 16
D 7 21 9 25
E 3 11 3.5 20

(3) Forthe given data find the different weighted index numbers
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Commodity Base year Current year
Price Value Price Value
A 8 200 65 1950
B 20 1400 30 1650
C 5 80 20 900
D 10 360 15 300
27 2160 10 600

1.5.7.2 Test for Perfection

Several formulae have been suggested for construction index numbers and the problem
is that of selecting the most appropriate one in a given situation. The following test are
suggested for choosing an appropriate index number:

(1) Time reversal test, (2) Factor reversal test.

1. Time Reversal Test:

Reversibility is an important property that an index number should

posses. A good index number should satisfy the time reversal tests. In the
Words of Irving Fisher, “The formula for caiculating an index number
should be such that it gives the same ration between one point of comparison and the
other , no matter which of the two is taken as the base: .or putting it in another way , the
index number reckoned forward should be reciprocal of the one reckoned backward.”
One of the advantages claimed in favor of Fisher’s formula is that it makes the index

number reversible. The time reversal test shows that the following equations hold

good

Poi x Pio=1
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where Py; is the index for time “1” on time “0” as base and Pig is theo
index for time “0” on time “1” as base, If the product is not unity, then we can say
there is a time bias in the method.
Example 1. 12
Verify that Laspeyre’s index number satisfies time reversal test.
Solution :
We know that Laspeyre’s index number

= Po

— Y P19o
2 Po 9o

Y. Podo

and Plo - 2 P1q1

Y. Pi19o % 2. Poqo
2 Podo Y p1q1

Now P()] x P10 =

#+ 1.

Therefore Laspeyre’s index number does not satisfy time reversal test.
Example 1. 13

Verify that Paache’s index number satisfies time reversal test.
Solution :

We know that Paache’s index number

2 DP14q1 2 Podo
Now Pyp; X Py = X
01 10 2DPoq1 X DPido

#* 1
Therefore Paache’s index number does not satisfy time reversal test.
Example 1. 14
Verify that Fisher’s index number sastisfies time reversal test.
Solution :
We know that Fisher’s index number
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. . Ll
LFide L Pl

“‘J:’:FUQ’O " ¥ poda

and Py = LPoq1 , LPod0
Xpriq1 X P10

Y pido . X paids Y Podi _, L Podo
Now Ppg; x Pjp = X 2= X . X
o1 10 YPodo X Podi Y191 X Pido

Therefore Fisher’s index number satisfies time reversal test.

2. Factor Reversal Test:
Another basic test is that the formula for index number ought to
permit to interchanging the prices and quantities without giving inconsistent results
_i.e.; the two results multiplies together should give the true value ratio.
A good index number should satisfy not only the time reversal test, but also the
factor reversal test. A good index number should allow time reversibility,
interchange of the base year and ‘the current year, without giving inconsistent

results.

| , _ S p1d: .
Po1%Qo1 = S podo (i.e)

Where Pm; 1s thé indefc for time “1” on time “0” as base and (y; is the
quantity index for time .“1” on time “0” as base.
~If the product is not unity; then we can say there is a time bias in the
method. | |
Example 115
Verify that Fisher’s index number satisfies factor reversal test.

Solution:

We know that Fisher’s index number
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= Poy
— 2 P19 x 2Piq1
YPoq9e X Podo

YL q1Po  LG91P1
and Qu = X
o1 J 2 qoPo 2 qor1

YXPigo , XZP1d1 2 q1P0 , £91P1
Now Py x = x X [E== X
01 X Qor \/2 Podo X Poq:1 Xqopo X qoP1

2P191
Y Pogo

Therefore Fisher’s index number satisﬁesktime reversal test.
Note : An index number satisfies both time and factor reversal tests then that

Index number is called ideal index number

Examplel.16 For the given data verify that Fisher’s index number in an ideal
number
. Base year Current year
Commodity
Price Value Price Vahue
A 10 100 12 144
Solution : B 15 75 20 120
C 8 80 10 110
D 20 60 25 50
E 50 500 60 540
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md Pro =[S0 x 22
— |788 964
815 ~ 995
= 0.97
Now Po; X Qo1 = 1.22 X 0.97
= 1.18
and ‘;‘%;Zi = %E—g
= 1.18

2 P14
Th Po1 X = =/
us 01 X Qo 2 Podo

995 3964
ROV g
815 788

1.22

Hence Fisher’s index number satisfies factor reversal test.

Thus Fisher’s index number is an ideal index number.

Example 1.17

For the given data verify that Fisher’s index number is an ideal mumber.

. Base year Current year
Commodity

Price Value Price Vaiue

Solution : A 6 >0 10 >0
B 2 100 2 120

C 4 60 6 60

D 10 30 12 24

E 8 40 12 206

Commodity Base yesr Current year Pogo | Piqo Pog Piqi

Price Quaﬂfify Price| Quantity
Po do Py 1

103




A 6 50 10 56 300 | 500 336 | 560
B 2 100 2 120 200 | 200 240 | 240
C 4 60 6 60 240 | 360 240 | 360
D 10 30 12 24 300 | 360 240 | 288
8 40 12 26 320 | 480 208 ([ 312
E ‘
Total | 1360 1900 | 1264 | 1760

First we shall prove that Fisher’s index number satisfies time reversal test.

. . XP1qo ., XLP1Gs
r’ ex number, Pg; = x
Now the Fisher’s ind 01 J; Podo . T Pods

— (1900 1760
T AJ1360 7 1264

= 139

Y 9100 2q1P1
and Pjp= / X
10 Yoo X qop1

\[1264- 5 1360
1760 ~ 1900
= (.72
Now Poy X P1o =1.39%0.72
=1

Hence Fisher’s index number satisfies time reversal test.

First we shall prove that Fisher’s index number satisfies factor reversal

test.

Now the Fisher’s index number, Py; = LPido P14
2 Podo Y Poq1
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1760

=139
| 2 4q1Po ., 2 41P1
= X
and P1o \/E doPo X doP1
%. \/1264 5 1760
1360 1264
= 1.14
Now Pg1 X Q01 =1.39 x 1.14
o =1.59
and 2. P191 — 1760
- X Podo. 1360
= 1.59
Thus Po1 X Qo] Zm
R ' ' X Podo

Hence Fisher’s index number satisfies factor reversal test.
Tous Fisher’s index number is an ideal index number.

Check your Progress

1900
X
1360

1264

Verify the Fisher’s index number is an ideal index number for the following data

Base year Current year
Commodity

Price Value Price Value

A 8 60 12 66

B 4 120 4 160

C 6 - 60 8 90

D 15 45 14 52

E 10 50 14 36

105




1.5.7.3 Weighted Average of Price Relative Method

In the weighted aggregative methods discussed in the earlier sections
Price relatives were not computed. However, like unweighted relatives
method it is possible to compute weighted average of relatives. For purposes
of averaging we use either arithmetic mean or the geometric mean.

The formula for weighted average of relative index number using arithmetic

mean is where P = price relative and V = value weights.

Note : In the above formula p can be calculated from % x 100

(le) P = g—i 100 and V= poqo.

The formula for weighted average of relative index number using geometric

Y. viogp ) Mean 1s

Po; = antilog{ S

Where P = price relative and V = value weights.

Note : In the above formula P can be calculated from 1—;-1— x 100
0

(i.e) P= i—; X 100 and V = pogo

Example 1.18
From the following data compute price index by applying weighted average of

Price relative method using (1) arithmetic mean and (ii) geometric mean.

Commodity Py Jdo P,
Sugar 28 20 38
Flour 22 40 34
Milk 30 10 36

Solution :

Index number using weighted arithmetic mean of price relatives.
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Commodity | PO q0 | P1 = P=2L % 100 PV
Po
p0q0
Sugar 28 20 | 38 560 111.11 62222
Flour 22 40 | 34 880 116.67 102667
Milk 30 10 | 36 300 106.67 32000
Total 1740 196889
Now po; = %
_ 196889
"~ 990
Index number using weighted geometric mean of price relatives.
Commodity | Py qo P, V= poqo =2 | Viegp PV
Po
Sugar 28 20 38 560 111.11 | 2.0458 | 1146
Flour 22 40 34 880 116.67 | 2.0669 | 1819
Milk 30 10 36 300 106.67 | 2.0280 608
Total 1740 3573
_ . Lvlogp
Now Py, = antilog{ =——=}

v
= antilog{ =}

= 113.09

Check Your Progress

From the following data compute price index by applying weighted average of

Price relative method using (i) arithmetic mean and (ii) geometric mean.
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commodity Weights | Price per unit | Price per unit 2006

2004
Commodity Py Jo P,
Sugar 18 20 28
Flour 12 40 24
Milk 20 10 26

1.5.8 Consumer Price Index Number
Consumer index numbers are useful for wage negotiations and wage contracts.

Dearness allowance is calculated based on the cost of living index numbers. Even
for family budgets cost of living index numbers are calculated taking into
consideration the importance of the consumption of articles. Generally items on
which the money is spent are classified into certain heads such as Food, clothing,
fuel, rent etc., each of these groups can further subdivided. Suitable weights can
be associated as per the relative importance of the items. Formula to find the cost

of living index numbers based on
(i) Aggregate expenditure method

Cost of living index number = I,

. YPi4o
1.€ I = &=—=—%100
(e) 01 ZPOQOX

(ii) Family budget method

Cost of living index number = [,
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A 40 80 85
B 25 60 55
C 5 345 50
D 20 35 40
E 10 25 20

where P = price relative = 2—1>< 100

0
and V = value weights = pyq,
Also Y.PW _Xpv
Iy = <5 I =55
Yw XV

Where P = price relative = %1—>< 100
0

and W = value weights = pyqq

Example 1.19

Calculate the index number of prices for 2006 on the basis 0of 2004 from the

data given below.
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Solution :

. YPW
Now consumer price index number = W

Food Rent Clothing Fuel Misc
Weights 35% 15% 20% 10% 20%
Prices in 2001 1800 500 600 100 500
Prices in 2002 2000 700 900 130 550
~ 10362.68
" 539.26
= 103.63
Commodity | Weights | Price per | Price per | p= EL x100 pw
(W) unit 2004 | unit 2006 Po
A 40 80 85 106.25 4250.00
B 25 60 55 91.67 2291.67
C 5 34 50 147.06 735.29
D 20 35 40 114.29 2285.71
E 10 25 20 80.00 800.00
Total 100 539.26 10362.68

Example 1.20

An enquiry into the budgets of the middle class families in a city in India gave the

following information.

What changes in cost of living index of 2002 as compared with that of 2001 are
seen ?
Solution

.. . P
We know that cost of living index number = _Z;:_WV_\{
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Now

Food Rent | Clothing | Fuel | Misc

Weight 40% 20% 20% 10% | 10%
Prices in 2008 | 2800 1500 1600 1100 | 1500
Prices in 2009 | 3000 1700 1900 1130 | 1550

Check your progress

An enquiry into the budgets of the middle class families in a city in India gave
the following information.

What changes in cost of living index of 2009 as compared with tha of 2008 are

seen ?
Weights Prices in Prices in P w PW
2001 2002
Food 35% 1800 2000 111.11 35 3888.89
Rent 15% 500 700 140.00 15 2100.00
Clothing 20% 600 900 150.00 20 3000.00
Fuel 10% 100 130 130.00 10 1300.00
Misc 20% 500 550 110.00 20 2200.00
Total 100 12488.89
PW
Thus the cost of living index number = z‘:;_w
. 12488.89
"~ 100.00
= 124.90

Thus the prices in 2002 compared with the price in 2001 has risen to 24.9%.
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1.5.8.1 CONVERSION OF CHAIN BASE INDEX NUMBER INTO FIXED
BASE INDEX NUMBER AND CONVERSLY

The fixed base index number shows the changes in the level of phenomenon as
compared to a fixed year as base year. But the chain base index number compares
the level from the preceding year. In some situations it is necessary that to convert
the chain base index number into a fixed base index number directly without

referring to the actual prices.

Thus fixed base index of the current year

chain base index or) (fixed base index of)
Fixed base index of _ ( the current year the preceding year
the currentyear ~ 100

and

(flxed base index ot) % 100

Chain base index number _ \ the current year
of the current year - fixed base index of
the previous year

Example 1.21

Year | 199 | 1994 | 199 [ 1996 | 1997 ] 1998 | 1999 | 2000 200 | 200
S 3 5 1 2

Chai | 100 | 112.8 | 86.4 | 102.6 [ 120.5 [ 1053 | 1033 109.8 | 88.4 | 75.8
n
inde
X

Convert the following chain base index numbers into fixed base index numbers.

Solution:

We know that

(chain base index ol) (fixed base index o
Fixed base index of _ \ the current year the preceding year
the currentyear ~ 100

Now the third column of the following table show the fixed base index number
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Years Chain index

Fixed base index number -

1993 100 100
1994 112.8 112.;30>(<) 100 _ 00
1995 86.4 112.?:086.4 o7
1996 102.6 100.0

1997 120.5 120.5

1998 105.3 126.9

1999 103.3 131.1

2000 109.8 143.9

2001 88.4 127.2

2002 75.8 96.4

Example 1.22

Convert the following chain base index numbers into fixed base index numbers.

Years 1996

1997

1998

1999

2000

Chain index | 80

110

120

90

140

Solution :
We know that

Fixed base index of _ (
the current year

chain base index o
the current year

f) (fixed base index ot)
the preceding year

100

Now the third column of the following table show the fixed base index number

Years Chain index Fixed base index number
1996 80 80
1997 110 110 x 80
100 88
1998 120 120 x 88
5o = 105.6
1999 90 905.04
2000 140 133.06
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Convert the following chain base index number into fixed base index number

Years 2000 | 2001 | 2002 | 2003 | 2004 | 2005
Chain 90 105 102 98 120 125
index

Examplel.23

From the fixed base index numbers for the data given below prepare chain base
index numbers.

Years 2000 | 2001 | 2002 | 2003 | 2004 | 2005

Chain index | 94 98 102 95 98 100

Solution:

We know that

fixed base index o
x 100
the current year
fixed base index of
the previous year

Chain base index number _
of the current year

Now the third column of the following table shows the chain base index numbers.

Years Fixed base index number Chain index
2000 94 100.00
2001 98 104.26
2002 102 104.08
2003 95 93.14
2004 98 103.16
2005 100 102.04

Example 1.24

From the fixed base index numbers for the data given below prepare chain base
index numbers.

Years 2000 [ 2001 [ 2002 [ 2003 | 2004 | 2005
Fixed base 100 | 112.8 [ 97.4 [ 100 |120.5 ] 126.1
index number

114



Soluticu :

TR x B L st
YW Rnow thy

LEPEALNE S

fixed base index of\ . .
. . X 100
Chain base index number _ \ the current year
of the current year _ fixed base index cf

the previous year

Now the third column of the following table show the chain base index numbers,

Years Fixed base index Chain index
number |

2000 100 100.00
2001 112.8 112.80
2002 97.4 86.35
2003 100 102.67
2004 120.5 120.50
2005 126.1 104.65

1.5.8.2 Limitations of Index Numbers

Even though index numbers are very important in business and economic

activities, they have their own limitations; they are:

1.

There may be error in each stage of the construction of the index number,
namely, selection of commodities, selection of base period, selection ¢f
weight, etc.

Index numbers may not represent the exact change in price level, becausx
they are based on sample data.

Tastes, habits and customs of people change in course of time and may

make the weighting not suitable for the present data.
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Example:

) 0 4 1 6
IF'A='3 4 |and | 2 “ 1 |then A+B=|5"5
‘ 8 5

9 5) {10
Remark:

The set of all m x n matyices is an abelian group under matrix addition.
The m x n matrix with.each entry 0 is the zero matrix and is denoted by 0 and
the additive inverse of matrix A =(a ;)18 (-a,)and is denoted by —A.

If A=(a,)is any matrix and o is any number (real or complex) we have

defined the matrix oA by
aA =(aay).

The set of all m x n matrices over the field R under matrix addition and

scalar multiplication dgfined above isa vector space. This result is true if R is
replaced by C or by any field F.

We now proceed to define multiplication of matrices. We have already
defined the multiplication of 2 x 2 matrices, which we generalise in the following
definition.

Definition: 2.1.2

Let A=(a;)be an m x n matrix and B = (b,)be an n x p matrix. We

define the product AB as the m x p matrix (c,) where the ij" entry e,1s given by

n

c, :allbl_] +a12b2j toeeeen +a, b “Z aikbkj'

m©-n —
k=l

Nofe: 1

The product AB of two matrices is defined only when the number of
columns of A is equal to the number of rows of B.

Note: 2
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Hints The entry c; of the product AB is found by multiplying i” row of A and

the j"column of B. To multiply a row and a column, we multiply the

corresponding entries and add.

Examples:
(1 1)
1 0 2 3
1 5 : : :
1. Let A=j0 2 1 lande3 2.Alsa3x4matr1xandB1sa
1 0 0 1
\1 0)
4 x 2 matrix. Hence the product AB is a 3 x 2 matrix and
(1 1)
1 0 2 3 | s 10 5
AB=|0 2 1 1 =l 6 12
3 2
1 0 0 1 2 1
1l 0

Note that in this example the product BA is not defined. Even if the
product BA is defined. AB need not be equal to BA.

2 4 0 1 0 O
2. Let A=|9 3 1llandI={0 1 O0|.Then AI=1A=A . (Verity)
4 7 2 0O 0 1

3. Consider the square matrix of order n given by

(1 0 0 ... 0)
01 0 ... 0
Lo e
0 0 0 ... 1)

Let A be any m x n matrix. Then I A=A . Also if A isan m x n matrix,
Al =A.IfAisany n x nmatrix, AI_ =A.If A is any n x n matrix,

Al =I A=A. 1, is called the identity matrix of order n. We shall
denote the identity matrix of any order by the symbol I.
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Problems:

Problem: 1
2 -3 1
Show that the matrix A=| 3 1 3 |satisfies the equation
-5 —4
AA-DA+2D=0.
Solution:
2 -3 1 1 0 O 1 —3 1
A—-1I=| 3 1 3 |-10 1 Of=| 3 o 3
-5 2 -4 O 0 1 -5 2 =5
4 -3 1
A+2I=| 3 3 3
-5 2 =2
Now,
A(A —D(A +20)
(2 -3 1YyY1 -3 1Y)}Y4 -3 1
=| 3 1 3 3 0 3} 3 3 3
-S> 2 —4A-5 2 —-5A-5 2 =2
(—12 -4 —-12}Y 4 -3 1
=l -9 -3 -9 3 3 3
21 7 21 A—-5 2 =2
(0 0 O
={0 O O
0 0 O
=0
Hence A(A-—-D(A+21)=0.
Problem: 2 ‘
Prove that [7\. lj =(?\'n nkn-lj.
0O A 0 A?

Solution:
We prove this result by induction on n.
When n =1result is obviously true.
Let us assume that the result is true for n =k..
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)‘vr 1 }\Jk ' kkk.—l )
0 )L - 0 7\}(
r N . & RN v Y Ty YR

B ( xk+1 ?Lk + mk_]

O A'k-kl
(A (kDA
- 0 Kk-H

The result is true for n =k +1

Hence the result is true for all positive integersn:

Exercises: A .
1. Write down six palrs of matrices A and B such that the product AB 18
defined and in each case compute the product’AB: - T
2. (a) Show that if A is an m x n matrix, then AB and BA are both'defined iff
B is an n x m matrix. |
(b) Write down six pairs of matrices A and B ‘such that both AB and BA
are defined and compute the products AB and BA.
3. If A and B are two matrices such that AB and A + B are both deﬁned
‘show that A, B are squa‘refmatnces of the same ‘order: -
1 -2 4 O 1 O
4. let A=|—-3 0 2jand B=|{—-1 3 -3].
7 4 3 0 0 1
Compute A,B’,ABand BA .
5. f A={2 1 2 |showthat A>-4A-51=0.
2 2 2
1 0 2
6. If A=|0 2 1 |provethat A*~6A%+7A+2[=0.
2 0 3 - * |
3 -4 1+2k —4k
7. Prove that if A=|. - then A - for
(1 “J [ k 1—2k)

any positive integer K.
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8. - Decide which of the following statements are true and
which are false. ,
(a) For any tWo matrices A and B, A + B is deﬁned
| (b) AB is defined =>BA is defined.

(c) For any matrix AAlis deﬁned -
(d) For any square matrix A, A2 is deﬁned
(e) Matrix addition i is commutative.
(D Matrix addition is associative.
(g) Matrix multiplieaiioh is commutative.
(h) If A and B are 3 x 3 matriees then (A +B)’ = A’ +2AB+B”.
(i) IfAand Bare3x3 matnces then (A+B)}A -B)=A>-B?.’
() (h) and (1) are true lf AB BA
Answers: _
8§ @F MF @F DT @T OT @F MF OF @OT
Result: 2.1 -

Let A be an m x n matrix, B an n x p matrix and C a p x qmatrix. Then
A(BC) = (AB)C. | |

Definition: 2.1.3

Let A= (a )bean m X n matrix. 1nen tne n x m matrix B = (b;) where

b, =a is called the transpose of the matrix A and it is denoted by A". Thus A"

is obtained from the matrix A by mterehangmg its rows and columns and the
(i,j)" entry of AT =(j,i)™ entry of A.

- (
1 2 3 4 ; f ‘;W
For example, if A=} 2 17‘Q‘lythen AT = 3_ o
0 3 1 5] 1-
| 4 1 5)

Clearly if A is an m x n matrix, then A" is an n x m matrix.

Result: 2.3
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Space for Hints

Let A and B be two m x n matrices. Then

(1) (AN =A.

(i) (A+B)'=A" +B".
Resuit. 2.4

Let A be an m x nmatrix and B be an n x p matrix. Then (AB)" =B'A".
Definities: 2.1.4

Let & = {n,ybe a matrix with entries from the field of complex numbers.

The conjugate of A. denoted by A, is defined by A= (—éTJS .

A called the conjugate transpose of the matrix A.

For example

(2 241 —i — 2 2-i 1

A= _ _{then A= _ .
I+i -3 4+31 -1 -3 4-31

Result: 2.5
Let A and B be matrices with entries from C. Then

)  (@A)=A.
(i)  A+B=A+B.
(ii1) kA=k K,where keC.

A <> all entries of A are real.

>
i

(1v)
v/  AB=A Bprovided AB is defined.

vi) (A)T=AT.

Exercises:

3 4 6 0 1 2

I. Let A={-1 7 2|and B={-2 0 0/.Find A",B",(A+B)",(AB)"
4 3 0 3 4 1 |

and BTAT.

2i 3+4i 0 0 2 6

2. Let A=|{1+i 1-i iland B=|~1 4 6].
3 2i 4 2 0 2
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Types of Matrices:
Definition: 2.1.5
An 1 x n matrix is called a row matrix. Thus a row matrix consists of |

row and n columns.
It is of the form (a,;,8;,,8 3,058y, ) -

Definition: 2.1.6
An m x 1 matrix is called a column matrix. Thus a column matrix

consist of m rows and 1 column and it is of the form

Definition: 2.1.7

Let A =(a;;)be a square matrix. Then the elements a;,,25,....... A, are

called the diagonal elements of A and the diagonal elements constitute what is
known as the principal diagonal of the matrix A. A square matrix is called a

diagonal matrix if all the entries which do not belong to the principal are zero.

Hence in a diagonal matrix a; =0if i# j.

1 00
For example |0 3 0 |is a diagonal matrix.
0 0 2

Definition: 2.1.8
A diagonal matrix in which all the entries of the principal diagonal are
equal is called a scalar matrix.

4 0 O
For example | 0 4 O {is a scalar matrix.
0 0 4

Definition: 2.1.9
A square matrix (a;)is called an upper triangular matrix if all the

entries above the principal diagonal are zero.
Hence a; = 0 whenever i< jin an upper triangular matrix.

Definition: 2.1.10
A square matrix (a;)is called a lower triangular matrix if all the

entries below the principal diagonal are zero.
Hence a; =0 whenever i > jin an lower triangular matrix.
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Space for Hints 1 2 3 (1 0 0 0)
o : p 1 2 0 0}, :
For example, | 0 2 1 jis lower triangular 02 3 0 is upper triangular.
0 0 3
2 3 2 4)

Clearly a square matrix is a diagonal matrix iff it is both lower triangular
and upper triangular.,

Definition: 2.1.11
A square matrix A =(a;)is said to be symmetric if a; =a ; for all 1,j.

Example:
(1 2 3 4)
a h g
a b 0 0 5 : .
,h b ] are symmetric matrices.
b a 3 06
g f ¢
4 5 7 8

Result: 2.6
A square matrix A is symmetric iff A=A".

Result: 2.7

Let A be any square matrix. Then A + A" is symmetric.
Result: 2.8

Let A and B be symmetric matrices of order n. Then

(1) A + Bis symmetric.

(11) AB is symmetric iff AB=BA .

(iii)  AB + BA is symmetric.

(iv)  If A is symmetric, then kA is symmetric where k e F.

Definition: 2.1.12
A square matrix A = (a;)is said to be skew symmetric if a;, = —a, for all

jis
ij.
Note:

Let A be a skew symmetric matrix. Then a; =—a, . Hence 2a, =0(ie)

a. =0, for all i. Thus in a skew symmetric matrix all the diagonal entries are

Zero.
0 0 -2 1
—a
(a 0 ), 2 0 -3 |are examples of skew symmetric matrices.
-1 3 0
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Result: 2.9
A square matrix A is skew symmetric matrix iff A =-A".

Result: 2.10

Let A be any square matrix. Then A — A" is skew symmetric.
Result: 2.11
" Any square matrix A can be expressed uniquely as the sum of a
symmetric matrix and a skew symmetric matrix.
Result: 2.12
Let A and B be skew symmetric matrices of order n. Then
(1) A + B is skew symmetric.

(11) kA is skew symmetric, where k e F.
(i) A™is a symmetric matrix and A*""is a skew symmetric matrix

where n is any positive integer.

Definition: 2.1.13

A square matrix A = (a;)is said to be a Hermitian matrix if a; =a for

all 1,j. A is said to be a skew Hermitian matrix iff 2_1ij =—a jiforall i,j.

Example:
1 -1+21 3+41
-1-2i -2 3 lis a Hermitian matrix.
3—-44 3 2
0 -—a+ib 1b c+id +ew Hermiti i
, ] ] are skew Hermitian ma .
a+ib 0 —c+1d 1b fan matrices
Note:

1. Any Hermitian matrix over R is a symmetric matrix and any skew

Hermitian matrix over R is a skew symmetric matrix.

2. Let A =(a;)be a Hermitian matrix. Then a; = asand hence a,is real for

all i.
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y e ias 3,1 = iti i . =-azand hence
Spuce Tor i 3. Let A=(a;)be a skew Hermitian matrix. Then a; =-ai

a; = Oor purely imaginary for all i.
Result: 2.13 -

Let A be a square matrix.

T
(1) Ais Hermitian iff A=A .
—T
(i) A is skew Hermitian iff A=-A .
Kesult: 2.14
Let A and B be square matrices of the same order. Then
(1) A, Bare Hermitian = A + Bis Hermitian.
(i) A, B are skew Hermitian = A + B is skew Hermitian.
(u1) A is Hermitan = iA is skew Hermitian.
(iv) A is skew Hermitian = iA is Hermitian.
(v) A is Hermitian and k is real = kA is Hermitian.
(vi) A is skew Hermitian and k is real = kA is skew Hermitian.
(vit) A, B are Hermitian = AB + BA is Hermitian.
(viii) A, B are Hermitian = AB — BA is skew Hermitian.
Result: 2.15

Let A be any square matrix.

“hen

() A+A Vis Hermitian.

(i) A—A is skew Hermitian.

Hesult: 2.16

Any square matrix A can be uniquely expressed as the sum of a
Hermitian matrix and a skew Hermitian matrix.

Definition: 2.1.14

A real square matrix A is said to be orthogonal if AA” = ATA =1.
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Example:

)is an orthogoﬁal matrix (verify).

cosO sinG
A= _
—sin® cosO

Result: 2.17

Let A and B be orthogonal matrices of the same order. Then

(1) AT is orthogonal.
(11) A B is orthogonal.
Definition: 2.1.15

| - e —T —T
A square matrix A is said to be an unitary matrix if AA =A A =1,

0 —1
For example ( 0 ]is unitary.
i
Note:
Any unitary matrix over R is an orthogonal matrix.
Result: 2.18

If A and B are unitary matrices of the same order, then AB is also an
unitary matrix.

Exercises:
1. A square matrix A is called an idempotent matrix if A?> = A .
2 -3 5 -1 3 5
Show that { —1 4 S jand| 1 =3 5 |are idempotent matrices.
1 -3 -4 -1 3 5
2. Show that if AB=A and BA = Bthen A and B are idempotent matrices.

Show that if A is an idempotent matrix, then B=1—-Ais alsc an

idempotent matrix and AB = BA =0.

4. A square matrix A is said to be nilpotent if A" = 0for soime positive
o 1 1 1 3
integer n. Show that (O O]’ 5 2 6 |are nilpotent.
\-2 -1 -3
5. A square matrix A is said to be involutory if A% =1.
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1 0 1
: =1 0
Show that [ 0 J and | 0 0O 1 ]are involutory.

0O 1 0
6. Show that a square matrix A is involutory iff I+A)(I-A)=0.
| : 1 2 2 |
7. Show that —{ 2 1 -2 [is an orthogonal matrix.
-2 2 -1
8. If (4,,m,n)where i=123are the direction cosines of three

mutually perpendicular lines referred to an orthogonal cartesian
¢, m; n

coordinate system, then show that | £, m, n, |is an orthogonal
£, m; n,

matrix.
1{£+1 —1+1). _ ,
9. Show that — i . |1s an unitary matrix.
2{1+1 1-1

The Inverse of a Matrix

a b
A 2 x 2 matrix A=[ ]has an inverse iff | A |=ad —bc = 0 and the
C
. . 1 {d -b . .
inverse of A is given by m . Such matrices are called non — singular.
—Cc a

In this section we shall describe the method of finding the inverse of any non —
singular matrix of order n.

Determinants:

We can associate with'any n x n matrix A = (a;)over a field F an element

all a12 ....... aln

Ay, By eeeennn. a,,
of F given by the determinant | . C e,

a, a, ... a.,

Its value can be determined in the usual way and it is denoted by |A |
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For example,

a b
(1) If A= djthen | A |=ad —bc.

C

1 1 0 1 1 o
(i) IfA={0 2 1|then|A|=l0 2 1|=1.

1 2 1 1 2 1

 Definition: 2.1.16
A square matrix A is said to be singuiar 1f | A |¥ O .
A is called a non — singular matrix if |A | 0. -
Remark:

The rule for multiplying two matrices is same as the rule for multiplying
two determinants. | '

Hence if A and B are two n x n matrices.
|AB|=[ A || B].
Result: 2.19
The product of any two non — singular matrices is non — singular.

Definition: 2.1.17

Let A =(a;)be an n x n matrix. If we delete the row and the column
containing the element a, we obtain a square matrix of order n —1and the . -

determinant of this square matrix is called the minor of the element a;and is

denoted by M.

The minor M multiplied by (—1)**'is called the cofactor of the element
a;and is denoted by A .

A, =(=D)"M,.

Example:
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4, 3, A4ag;
3 axp Az )
Corresponding to the 9 elements a;, we get 9 minors of A. For example,

the minor of a,is

Ay, Ay . ;
M, = and the minor of a,,is
a3, a4
a a.l
M,, = 1 12
a3, ay

The cofactor of a;is A, =(-1)*M,, =M, .

The cofactor of ayis A, =(—1)°°M,, =—M,, .

Definition: 2.1.18

Let A =(a;)be a square matrix. Let A denote the co — factor of a;;. The

transpose of the matrix (A ;) is called the adjoint or adjugate of the matrix A and

is denoted by adj A .

Thus the (i,j)™ entry ofadj A is A ;.

Mote:
It A is a square matrix of order n then adj A is also a square matrix of
order n.
Example:
I 0 2
Let A= 3 1 -1
-2 1 3
1 -1
Then A, = =4,
1 3
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_2oY__,.
R T
A =— M=
205 —2
PN )
D31 T 6 _5 —
A, = 2 o -
27 15 -5
A=l 2 TNems
¥ ol-15 6|
2 0 -1
Hence adjA =5 -1 -5
0 -1 -3
2 ~2. 0 1
Al=—=|5 =| -5, 1 5
o 0 1 3

Problem: 2

o1
If ® = e2™/? find the inverse of the matrix A =" ® o’
(DZ o
Solution:
We note that ®’® =1.
1 1 1
A=l © o ——~1[032—co4]—1[(0—c02]+1[032—0)]
I o o “ |

=0 —0o—0+0° +0° —o=3(n" —m»).
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Since | A [# 0, A is non — singular. Hence A ~'exists and is given by
A — adjA ; '
| Al

7o find: adj A

A A21 A31
adjA = A, Azz A32
Ay Ay Ag

Where A ,(i,j=1,2,3) are cofactors of a;

A=l ® P —w

_ o

Tl w2
1 2

A, == =—(o—0)=0’—w
1 o 5

A, :1 2 = -

1 )| 5 5

A, =— =—(»w° —1D)=1—w
23 '1 C02 ( )
1 1 5

A3I:u) o2 =0 —m

1 1
A32:—I 2I——-—(a)z——l)zl—-a)z

]l o
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- O -0 o -

LadiA=|lo - -1
0w - 11—
. ®’ — o
Al = 5 ®> —®
(o —w)| ,
o —»
0 ®
=—1— Q) 1
3w
o —1—o

Problem: 3

1 — > 1

-1

o' -0 o -o

w—1 1— w?
1—w? w—1
0
—1—®
1

Show that a square matrix A is orthogonal iff A ™'

Solution:

Suppose A is orthogonal. Then AA" =1.

|AA" = I|=1.
|AJAT |=1.

lAJAlI=1.

| A |# 0 and hence A is non — singular.

A ~!exists.

Now, A7 (AAT) =A"T.
(ATTAAT =A7.
AT — A -l
AT =A"".

Conversely, let AT = A" .

Then AAT = AA ™' =1. Similarly ATA =1.
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Hence A is orthogonal.

Problem: 4
Show that a square matrix A is involutory iff A = A7,
Solution:
Suppose A is involutory. Then A2 =1. Hence | A” |=1.
|AP=AllAI=T.
| A |== 0 and hence A 1s non — singular.
A "' exists.
Now, A'(AA)=AT.
(A7TA)A = A,
IA =A"".
A=A"
Conversely, let A =A"".
Then A = AA —AA ' =1
A 1s involutory.

Exercises:

1. Compute the mmverse of each of the following matrices.

1 0 O
(a) |0 O 1
O 1 O
1 2 3
(b) 0 —1 4
-2 2 1
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©|-3 2 2
2 -3 2

o

cosa -—sina O
(d) |sina  cosa O

0 0 H
Answers:
i.
1 0 O
@0 0 1
0 1 O
. -9 4 11
b) ——| —8 7 -4
(b) 31
-2 -6 -1
2 1 2
(c) % 2 2 1
1 2 2

cosaa sina O
(d) | -sinaa cosa O
0 0 1

Elementary Transformations

Definition: 2.2.1

Let A be an m x n matrix over a field . An elementary row — operation
on A is of any one of the following three types.

1. The interchange of any two rows.
2. Multiplication of a row by a non — zero element ¢ in F.

3. Addition of any multiple of one row with any other row,
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Exercise:

Prove that row equivalence, column equivalence and equivalence are
equivalence relations in the set of all m x n matrices.

Definition: 2.2.3

A matrix obtained from the identity matrix by applying a single
elementary row or column operation is called an elementary matrix.

O 1 0y(4 O 0)Y(1 O O ﬁ
Forexample, |1 0 O|/0 1 O0|}0 1 0] are elementary matrices
0 0 1,{0 0 1){0 2 1
1 0 O
obtained from the identity matrix | 0 1 O {by applying the elementary
.0 0 1
operations R, <> R,, R, > 4R,,R;, > R; + 2R, respectively.

Exercise:

Give examples of elementary matrices of order 4.
Result: 2.22

Any elementary matrix is non — singular.

Result: 2.23

Let A be an m x n matrix and B be an n x p matrix. Then every

elementary row (column) operation of the product AB can be obtained by
subjecting the matrix A (matrix B) to the same elementary row (column)
operation.

Result: 2.24

Each elementary row operation on an m x n matrix A is equivalent to pre

— multiplying the matrix A by the corresponding elementary m x m matrix.
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Canonical form of a matrix:

We now use elementary row and column operations to reduce any matrix
to a simple form, called the canonical form of a matrix.

_Result: 2.28

By successive applications of elementary row and column operations, any
non — zero m X n matrix A can be reduced to a diagonal matrix D in which the
diagonal entries are either 0 or 1 and all the 1°s proceeding all the zeros on the
diagonal. In other words, any non — zero m x n matrix is equivalent to a matrix of

I. O |
the form ((; OJ where 1, is the r x ridentity matrix and O is the zero matrix.

Problems:
Problem: 1
1 2 -1
Reduce the matrix A=|1 1 2 |to the canonical form.
2 4 -2
Solution:
1 2 -1
A={1 1 2
2 4 =2
1 2 -1
1o -1 3 R, >R, -R,
0 o 0 R; >R, -2R,

)
|
[y
W

1 0 O
C,—->C,-2C,
C;, ->C,+C,

1 0 0
~l0 -1 0] C,—>C,+3C,
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R, ->—R,

!
oo -
o= O
==

Problem: 2

Find the inverse of the matrix A =

Solution:
1 o 2 1 0 O
3 1 —-1}j={0 1 O}.A
-2 1 3 0O 0 1
1 0 2 1 Q 0).
=0 1 -7|={-3 1 O0].A,
0O 1 7 2 0 1
R, >R, -3R,
R, —-R;+2R,
1 O 2 1 O O
=0 1 —-7i{=1-3 1 0. A,
0O 0 14 5 —~1 1
R, >R;—R,
(21 _1)
1 0 O 7 7 7
=0 1 0]= —% é. %
0 0 1 5 11
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1

3 14 3
(2 1 1)

7 7 7

:A“l — __1_. _1_ _1_

2 2 2

s> 1 1
\ 14 14 14

Exercises:

1. Write down six matrices (not necessarily square matrices) and reduced

them to the canonical form.

2. Find the inverse of the following matrices by using elementary operations.

1 -2 3
(a) 0 -1 4
-2 2 1
O 1 1
Mb)y|1 0 1
1 1 O
Answers:
-9 8 -5 : -1 1 1
2.(a)| -8 7 —-4 (b)a 1 -1 1
-2 2 -1 | 1 1 —1

Definition: 2.2.4

Let A and B be two square matrices of order n. B is said to be similar ‘o A
if there exists a n x n non — singular matrix P such that B=P AP .
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Problems:
Problem: 1

Similarity of matrices is an equivalence relation in the setofall n x n

matrices.
Proof:

Let S be the set of all n x n matrices.
Let AeS.
Since A =1"'Al and I is non — singular, A is similar to A.
Hence similarity of matrices is reflexive.
Now, let A,B €S and let A be similar to B.
A =P 'BP where P e S is a non — singular matrix.
Now, P7'BP=A = PP 'BPP™' =PAP™'
= B =PAP™'
=B=FP ) TAP).
Since P is non — singular P! € S is also non — singular.
B is similar to A.
Hence similarity of matrices is symmetric.

Now, let A,B,CeS.

Let A be similar to B to B be similar to C. Hence there exist non — singular
matrices P,Q € Ssuch that A=P'BP and B=Q'CQ.

Now,
A =P 'BP
=P7(Q'CQYP
=(P7'Q™)HCQP
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=(QP)"'C(QP).
Since P,Q < Sare non ‘—'singuléi', QP ‘c Siis 4lso non — singular.
Hence A is similar to C.
Similarity of matrices is transitive.
Hencé similarity of matrices is an equivalence relation.
Problem: 2
If A and B are similar matrices show that their determinants are same.
| Selution:
Let A and B be two similar matrices.

there exists a non — singular matrix P such that vB=P AP .
Now, [B|=|P'AP|
=P |A||P]

. _ 1
=|A| (since |P7'|=—)
| P

Hence the result.

2.2 Rank

We now proceed to introduce the concept of the rank of a matrix.

Definition: 2.2.1

Let A =(a;)be an m x nmatrix. The rows R; =(a;,,a,....... ,a;, ) of A can

be thought of as elements of F". The subspace of F" generated by the m rows of A
is called the row space of A. :

Similarly, the subspace of F™ generated by the n columns of A is called
the column space of A.

The dimension of the row space (column space) of A is called the row
rank (column rank) of A.
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Result: 2.26

Any two row equivalent matrices have the same row space and have the
same row rank.

Result: 2.27

Any two column equivalent matrices have the same column rank.
Result: 2.28

The row rank and the column rank of any matrix are equal.
Definition: 2.2.2

The rank of a matrix A is the common value of its row and column rank.
Note: 1

Since the row rank and the column rank of a matrix are unaltered by
elementary row and column operations, equivalent matrices have the same rank.

I
In particular if a matrix A is reduced to its canonical form ((r) 0] , then rank of
A=r.

Thus to find the rank of a matrix A, we reduce A to the canonical form and
find the number of non — zero entries in the diagonal.

Note that in the canonical form of the matrix A, there exists anr x r sub —
matrix, namely, I_, whose determinant is not zero.

Further every (r+ 1)x(r + 1) sub — matrix contains a row of zeros and hence
its determinant is zero.

Also under any elementary row or column operation the value of a
determinant is either unaltered or multipled by a non — zero constant.

Hence the matrix A is also such that

(1) There exists an r x r sub — matrix whose determinant is non zero.
(i1) The determinant of every (r +1)x(r + 1) sub — matrix is zero.

Hence one can also define the rank of a matrix A to be r if A satisfies (i) and (ii).
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Note: 2

Any non — singular matrix of order n is equivalent to the identity matrix
and hence its rank is n. |

Note: 3

The rank of a matrix is not altered on multiplication by non — singular
matrices, since pre multiplication by non — singular matrices, since pre
multiplication by a non — singular matrix is equivalent to applying elementary row
operations and post — multiplication by a non — singular matrix is equivalent to
applying elementary column operations.

Problems:

Problem: 1

4 2 1 3
Find the rank of the matrix A=|6 3 4 7
' 2 1 0 7
Solution:
4 2 1 3
A={6 3 4 7
2 1 0 7

4 -5 -10 -5|C,—>C,—4C,

1 0 0 0)\C —C,-2C,
0 1 2 7)c,—>C,-3C,

1 0 0 0
~l0 -5 -10 -5R, >R, 4R,
0 1 2 7
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4.2

2.3 Selving Linear Equations

In this section we shall apply the theory of matrices developed in the
preceding sections to study the existence of solutions of simultaneous linear
equations.

Matrix form of a set of linear equations

Consider a system of m linear equations in n unknowns X,,X,,....... 3 X
given by "

a;;X; +a,,X, Feeeeeenen. +a, X, =b,

alel +a22X2 + .......... + azrlxn —b2

a,, X, +a,,X, *eeennnen a X =b,

Using the concept of matrix multiplication and equality of matrices this system
can be written as AX = B where,

\
(all a12 llllllllll aln
Ay @y eeeeanans a,,
A=| . . .
\aml amz .......... amn/
/X] \ /b1 N\
X, b,
X = ’B:

\Xn/ \bm J
The m x n matrix A is called tbhe coefficient matrix.

Definition: 2.4.1
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_ A set of values of X ,X,,.......... x  which satisfy the above system of

equations is called a solution of the system. The system of equations is said to be
consistent if it has at least one solution. Otherwise the system is said to be
inconsistent.

The m x (n+ 1) matrix given by

\
(a, ... a,, b

: SN a, b,
Kami ---------- anm b]n/

is called the augmented matrix of the system and is denoted by (A, B).

Thus the augmented matrix (A, B) is obtained by annexing to A to the

column matrix B, which becomes the (n +1)" column in (A, B).

Note:

Since every column in A appears in (A, B) the column space of the matrix
A 1is a subspace of the column space of the matrix (A, B).

Hence the rank of A <rank of (A, B).

Result: 2.29

The system of linear equations AX = B is consistent iff rank of A = rank of
(A, B).

Problems:
Problem: 1
Show that the equations
X+y+z=06
X+2y+3z=14
X+4y+7z=30

are consistent and solve them.
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Solution:

The given system of equations can be put in the matrix form

1 1 1Yx 6
AX =11 2 3ly|=|14 =B
1 4 7 Z 30

.. The augmented matrix is given by

1 1 1 6
(A.B)=|1 2 3 14
1 4 7 30
1 1 1
1o 1 R, >R, R,
R, > R; — R,
O 3 6
1 1 1 6
~t0 1 2 8 |R;—>R,;—-3R,
O O 0 O

Hence rank of A =rank of (A,B)=2.

Hence the given system is consistent.
Also the given system of equations reduces to
( X 6

y|=|8

lz) (o

1 1 1
O 1 2
O O O

Putting Z =cwe obtain th~= ceneral solution of the system as
X=Cc—2,y=8—-2c,z==¢

Problem: 2
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Verify whether the following system of equatlons 1s consistent. If 1t is
consistent, find the solution.

X—-—4y—-3z=-16

4x —y+6z=16

2x+T7y+12z2 =48

5x —5y+3z=0.
Solution:

The matrix form of the system is given by

(1 —4 —3\/ (—16\
4 -1 6| ] |16
2 7 Y171 a4

Z
5 -5 3 )N (o)

.. The augmented matrix is given by

(1 —4 —3 —16)
4 -1 6 16
2 7 12

5 -5 3 0 )

(A,B) =

(1 —4 —3 —16)
R, >R, —4R,
0 15 18 80

~ , R, —> R, —2R,

0O 15 18 80
R, - R, —5R,
\0 15 18 80 }

(1 —4 -3 -16)
0 15 18 80 |[R, >R,-R,
0O 0 0 0 |R, >R,-R,
0 0 0 0

. Rank of A = Rank of (A, B) = 2 and hence the system is consistent. Also the
system of equations reduces to
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1 —4 -3 (—16)
o 15 18] | | 80
o o ol|”|7| o
Z
VR L0

X —4y—3z=—16and 15y + 18z =80 .

Putting z = ¢ we obtain the general solution of ihe syaioras as
x =—(9¢c/5)+(16/3},

y =—(6¢/5)+(16/3);
Z=C,.
Problem: 3
For what values of n the equations
XxX+y+z=1
X+2y+4z=mn

X + 4y + 10z = n? are consistent?

Solution:

The matrix form of the system is given by

1

1 1 Y\x 1
1 2 4fyi=|n
1 4 10A z n’
.. The augmented matrix is given by
1 1 1 1
A.B)=|1 2 4 n
1 4 10 n?
1 1 1 1
R, >R, —R,
~0 1 3 mn-1
N R, —>R;—-R,
O 3 9 n -1
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.. The given system is inconsistent.
Exercises:

1. Solve or prove the inconsistency of the following systems of equations.
(a) 2x—y+3z=28
Xx—-2y—z=-4
3x+y—4z=0
(b) x+2y—-5z=0
3x+4y+6z=0
x+y+z=0
(c) x+2y—5z=-9
3x—y+2z=5
2Xx+3y—z=3
4x —S5y+z=-3
d) x+y+z=1
Xx+2y+3z=1
X+3y+5z=7
Xx+4y+7z=10
() x—2y—z—t=-1

3x —2z+3t=-—4
S5x —4y+t=-3

(D X+y+z=7

X+2y+3z=8
y+2z2=6

2. For what values of A and u the system of equations

X+y+z=6
X+2y+3z=10
X+2y+Az=u
is (a) inconsistent (b) consistent (c) consistent and the solution is unique.

3. Show that the set of all solutions of the system of homogeneous equations

AX = 0 forms a vector space.
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4. Show that a system of n equations in n unknowns given by AX =Y has a
unique solution if the n x n matrix A is non — singular.

Answers:

1.

(a) Consistent; x =

Yy 2
(b) Consistent; x =y =z=0;
- 1
(¢) Consistent; X = 5

(d) Comsistent; x =c—2,y=3—-2¢c;z=¢
(e) Inconsistent;
() Inconsistent;
(g) Inconsistent.

2. If A =3and p =10, inconsistent.

If A =3and p =10, consistent.
If A # 3, consistent and the solution is unique.
2.4 Cayley’s Hamilton Theorem
Definition: 2.4.1
An expression of the form A, + A, +A,x” +........ + A _x" where

A, A -, A, are square matrices of the same order and A_ # Ois called a

matrix polynomial of degree n.

1 2 1 1 2 0) ,. _ ,
For example, + X+ X" 1s a matrix polynomial of
0O 3 2 1 3 1

1+x+2x° 2+x j

degree 2 and it is simply the matrix
& i [2){4—3){2 34x+x°

Definition: 2.4.2

Let A be any square matrix of order n and let I be the identity matrix of
order n. then the matrix polynomial given by A —xI is called the characteristic
matrix of A.

The determinant | A — xI |which is an ordinary polynomial in x of degree n
is called the characteristic polynomial of A.

The equation | A —xI |= 0 is called the characteristic equation of A.
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Example: 1

1 2
Let A=
5 3)

Then the characteristic matrix of A 1s A —xI given by

1 2 1 O
A—xI= —X
G367
o 1—x 2
- 3 4 —x

.". The characteristic polynomial of A is

1—x 2
| A —x1I|=
3 4 —x
=(1—x)(4—x)—6
=x? —5Sx—2

.- The characteristic equation of A is | A —xI |= 0

. x? —5x — 2 = 01is the characteristic equation of A.
Example: 2

NN

1 0 2
Let A=]0 1 2
1 2 O
The characteristic matrix of A is A —xI given by
1—x O 2
A —xI = ) 1—x 2
1 2 — X
1—x O
The characteristic polynomial of Ais |A—xI|=| O 1—x
1 2 — X

=10 -x)[A-—x)(—x)—4]—2(1—x)]
— —X(l—x)2 —4(1—x)—2+2x
=—X>+2x° —xXx—4+4x —2+2x
=—x>+2x? +5x—6
.". The characteristic equation of A is
— x> +2x>+5x—6=0
(i,e) x> —2x? —5x+6=0
Result: 2.30 (Cayley’s Hamilton Theorem)
Any square matrix A satisfies its characteristic equation.

157



(iled)ifa,+a,x+a,x” +....... +a_x"is the characteristic polynomial of

degree n of A then

al+a A+a,A” +..... +a, A" =0.
Proof:
Let A be a square matrix of order n.
Let |A—xI|]=a, +a,x+2a,x> +........ +a,x" (1)

be the characteristic polynomial of A.
Now, adj(A —xI) is a matrix polynomial of degree n — 1 since each entry

of the matrix adj(A — xI) is a cofactor of A —xI and hence is a polynomial of

degree <n-1.

Let adj(A—xI) =B, +B,x+B,x* +........ +B,__ x"". (2)
Now, (A — xDadj(A ~xI) =] A —xI|1I. |
.- (adjA)YA =A(adjA) = A | D)
(A—xI)B, +B,X +........ +B_,x"™")
=(a, +a;, +....... +a_x")lusing (1) and (2).
Equating the coefficients of the corresponding powers of x we get
AB, =a/l
AB, -B, =a,1
AB, -B, =a,l
AB,,-B,,=a,1
—B,,=a_l
Pre — multiplying the above equations by I, A,A”,.......... ,A”respectively and

adding we get
agJ+a,A +a,A>+......... +a A" =0.
Note:
The mverse of a non — singular matrix can be calculated by using the
Cayley Hamilton theorem as follows.

Let a, +a,x+a,x>+....... + a,x" be the characteristic polynomial of A.
Then by result 2.30 we have
agl+a,A+a,A” +..... +a A" =0. 3)
Since |A —~xI|=a,+a,x+a,x* +........ +a, x"we get a, = A |(by putting x=0).

a, # 0(." A is a non singular matrix.)
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Problems:
Problem: 1

I= ——Ai[alA +a,A% +

A—-—l

——L[all+a2A+

E)

Find the characteristic equation of the matrix

Solution:

A =

—6

8

2

—6 2
7 -4
—4 3

The characteristic equation of A is given by |A—-AI|=0.
—6
7—A
-4

8—A
(i.e.)) | —6
2

Problem: 2

2

—4|=0.
32

B—=M[(7=A)B—2A)—16]+6[—~6(3 —A) +8]+2[24 —2(7T—A)] =0
(i.e.) B—=A)A2 =100 +5)+6(6A—10)+2(2A+10)=10
(i.e.) (822 —80A +40—2> +10A% —51) + (36X — 60) + (41 +20) =0

(i.e.) A’ —18A% + 45\ = 0, which represents the characteristic equation of A.

1 2
Show that the non — singular matrix A = (3 lj satisfies the equation

A? —-2A —51=0. Hence evaluate A!.

Solution:

The characteristic polynomial of A is | A—xI|=

.. By Cayley — Hamilton theorem A2 —-2A —51=0.

1=%(A2 —2A).

AT = %(A —21)

U6 3]

6

3

(—1 2

|
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Problem: 3

Show that the matrix A =| 3 1 3 |satisfies the equation

AA-—I)A+21)=0.

Solution:
2—-A -3 1
The characteristic polynomial of A is |A—-AI|=| 3 1—-A 3
-5 2 —4—A

=2C-x)[A-2)(4-A)—6]+3[3(-4-)+50-1)+6+510—-21)]
=C-)[4—A+4A+X1 —6)+3[-12—3A+5—-51]+6+5—A
= (2—M[A> +3A—10]+3[-8A—T]+11—A
=—A° —A? + 2 (after simplification).

.. By Cayley — Hamilton theorem — A* - A% +2A =0.

(ie) A’ +A? —2A =0.Hence A(A>+A—-21)=0.
A(A +2TNA -T)=0.

Problem: 4
Using Cayley — Hamilton theorem find the inverse of the matrix
7 2 =2
-6 -1 2
6 2 -1
Solution: ‘
7 2 =2
Let A=|—-6 -1 2
6 2 -1
The characteristic polynomial of A =| A — xI|
7—x 2 -2
= -6 —-1—x 2
6 2 —1—x

=(7—x)[(1+x)* —4]—2[6(1 +x) —12]— 2[—12 + 6(1 + X)]
= (7 —x)(x*+2x—3)—12(x — 1) —12(x —1)
=7x2 +14x —21— x> —2x% +3x —12x +12 —12x +12

=—x>+5x?—-7x+3.
. By Cayley — Hamilton theorem
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~A’+5A% -TA+31,=0.
LAY —-5A+T7A-31,=0.
S3LLL =A% -5A% +7A.

ST, =LA —5A% +7A).

3
Pre (or post) multiplying by A ™' on both sides we get
A =%[A2—5A+713] (1)
7 2 =2 7 2 =2
Now, A?=|-6 -1 2 -6 -1 2

.. From (1)
25 8 —8 35 10 —10 7 0 O
Al=tll-24 -7 8 |-|-30 =5 10 [+|0 7 O
3 24 8 -7 30 10 -5 O 0 7
-3 =2 2
= -:1; 6 S -2
-6 -2 5
Problem: §
3 3 4
Find the inverse of the matrix | 2 -3 4 lusing Cayley — Hamilton
O —1 1
theorem.
Solution:
3—x 3 4
The characteristic polynomial of A =f A —xI|=| 2 —-3-x 4

=—x> 4+ x? +11x — 11 (verify).
By Cayley — Hamilton theorem
—A*+ A +11A-111,=0.

AP —A?-11A+111, =0.
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Hence 111, = —-(A*—-A%—-11A).

1, =—ﬁ[A;;—A2 —11A].

Pre (post) multiplying by A ~'on both sides we get

A~ =—11—1[A2 —~A—111,]
(L1 7 _24)
) 15 —4 28 3 3 4 1 0 O 211 1% il
=—ff 0 11 0 {12 -3 4|—-1j0 1 O||=] — — —
11 11 11 11
-2 2 -3 O -1 1 0O 0 1 2 3 15
11 11 11 )
Problem: 6
: . _ (1 2
Verify Cayley Hamilton’s theorem for the matrix A = 4 3]
Solution:
The characteristic equation of Ais |A —AI|=0.
1—A 2
=0
i

A-2)B-A)—-8=0

. AP —4A—-5=0.
By Cayley Hamilton’s theorem A satisfies its characteristic equation.

.. We have A? —4A —-51=0.

NowA2=1212
’ 4 3A4 3

9 8 4 8 5 0y (0 O
A% —4A —5] = - — — —0
16 17) (16 12) (0 5 0 0

Thus Cayley Hamilton’s theorem is verified.
Problem: 7

S N O
NN

1
Using Cayley Hamilton’s theorem for the matrix A =| 2
) 0
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Find (i) A™' (i) A“.
Solution:

The characteristic equation of A is |A —AI[=0.
1-» O —2
2 2—-A 4 =0
0 o 2—A

(i.e) A’ —5A% +8A —4 =0. (Verity)
.. By Cayley Hamilton’s theorem
A’ —-5A?+8A —-41=0
4] = A® —-5A?% +8A
I. To find A 'pre multiplying by A~'we get
4ATT=ATA’ -5ATTA? +8AT'A

(D)

=A2—5A+8I
AT = %[AZ —5A +8I] )
1 0 —2Y1 0 -2
Now, A2=|2 2 4 {2 2 4
0o 2 A0 0 2
1 0 —
=16 4 12}
0O 0 4
From (2)
1 0 —6 5 0 -10 8 0 O
Al=;[64 12 |—{10 10 20 |+10 8 O
' O O 4 0 0 10 O O 8
4 0 4
=% 4 2 -8
O 0 2
/ A
1 0 1
At =1 L 2
> 1
KO 0 2

II. To find A*.

163



From (1) A’ =5A2% —8A + 41

A* =5A3 -8A?% +4A
= 5S[SA®*> —8A +4I]—-8A% +4A (using (1))
=17A° —36A + 201
1 0 -6 1 0 -2 1 0 O
=17{6 4 12 |—-36{2 2 4 |+200 1 O
0O O 4 O O 0O 0 1
17 o —-102 —72 0
=1102 68 204 |—| 72 72
0 0 68
1 0O —-30
~A* =130 16 60
O 0 16
Exercises:

1. Opbtain the characteristic polynomial for the following matrices.
0
O O
1
3 4

2. Find the characteristic equation of the following matrices.

(—lb

(2.

(ii).

(1)

(i1)

(iii)

(iv)

1
2
1

(8
—6

L2
—b
1

O

)
)

—C

0

0
1
—1

—6
7
— 4

—C
O
1

)

—1

2 )
—8
3 )
_dw
0

0 )

164



1 4
3. Verify Cayley — Hamilton theorem for the matrix A = [2 3) and hence

find A7,
1 0 2
4. If A={0 1 2|, provethat A’ -2A? _5A +61=0.
1 2 O

5. Verify Cayley — Hamilton theorem for A and hence find A ™

2 -1 1
@ A=|[-15 6 -5
5 -2 2
1 -1 1
by A={0 1 O
2 0 3
(1 0O 3
(c) A={2 1 -1
1l -1 1
1 1 1
d A=1 2 1
kl 1 2

2 4
6. IfA=[1 )ﬁnd A’and A7,

1 2 3
7. Verify that the matrix A=|2 -1 4 [satisfies its own characteristic
3 1 -1

equation and hence find A~'and A*.
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2.5 Eigen Values and Eigen Vectors

Definition: 2.5.1

Let A be an n x n matrix. A number A is called an eigen value of A if
(x,)

X,

their exists a non — zero vector X = such that AX = A X and X is called an

\xn)
eigen vector corresponding to the eigen value A .

Remark: 1

If X is an eigen vector corresponding to the eigen value A of A, then aX
where o is any non — zero number, is also an eigen vector corresponding to A .

Remark: 2

Let X be an eigen vector corresponding to the eigen value A of A. Then
AX = AX so that (A —ADX =0. Thus X is a non — trivial solution of the system of

homogeneous linear equations (A —AIDX =0. Hence | A ~Al|=0, which is
characteristic polynomial of A.

Let |A—-All=a A" +a A" +.....+a_.

The roots of this polynomial give the eigen values of A. Hence eigen values are
also characteristic roots.

Properties of Eigen Values

Property: 1

Let X be an eigen vector corresponding to the eigen values A, and A, .

Then A, =A,.
Proof:

By definition X# 0,AX=A,Xand AX=A,X
AX=A,X

(A —2,)X=0
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Since X#0, A, =2A,.
Property: 2
Let A be a square matrix.

Then (i) the sum of the eigen values of A is equal to the sum of the
diagonal elements (trace) of A.

(i1) Product of eigen values of A is |A].

Poof:
/311 ady, .. alﬂ
(1) Let A"—" a21 a22 a2n
\anl anz cees am)

The eigen values of A are the roots of the characteristic equation

a;, —A ag, A, 3
a a,, —A ... a
A —Al|= 21 22 2n 1 _. (1)
k anl anz cew ann —7\./
Let |A—-All=a A" +a, A" +...... +a_ 2)

From (1) and (2) we get

a,=(—1;a, =(D""(a,, +a, + ........ +a_); (3)
Also by putting A =0in (2) we get a_ =| A |

Now let A ,A,,......... ,A_be the eigen values of A.

A, ,A, be the eigen values of A.

Ay +A, +o +A, =———=a,;, +A, + ... +a__ (using (3))

Sum of the eigen values = trace of A.

(ii) Product of the eigen values = product of the roots
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Property: 3
The eigen values of A and its transpose AT are the same.

Proof:

It is enough’if we prove that A and A" have the same characteristic

polynomial. Since for any square matrix M,| M |=M" | we have,
|A=AIEA-AD" A" -(AD" |
= AT —AI.
Hence the result.

Property: 4

. . i : 1. :
If A is an eigen value of a non singular matrix A then IIS an eigen value
of A7'.
Proof:

Let X be an eigen vector corresponding to A . Then AX = AX . Since A is
non singular A ' exists.

ATAX) = A (MX)

A'X = (J—JX.
A

1. i
- is an eigen value of A",

IX=2A""X
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Corollary:

Property: 5

If A is an eigen value of A then kA is an eigen value of kA where k is a
scalar.

Proof:
Let X be an eigen vector corresponding to A .
Then AX = AX : (D)
Now,
(kA)X =k(AX)
=k(AX) (by (1))
= (kA)X.
kA 1s an eigen value of kA.
Property: 6

If A is an eigen value of A then A*is an eigen value of A * where k is any
positive integer. |

Proof:
Let X be an eigen vector corresponding to A .
Then AX =AX (1)
Now, A’X =(AA)X = A(AX)
=AMRX) (by (1))
= A(AX)

=A(AX) (by (1))
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=A2X.
A? is an eigen value of AZ?.

Proceeding like this we can prove that A*is an eigen value of A" for any
positive integer.

Corollary:

If AN, A are eigen values of A then A%, A%,.......,A are eigen values

of A for any positive integer k.

Property: 7

Eigen vectors corresponding to distinct eigen values of a matrix are
linearly independent. ‘

Proof:

Let A, A,,...... A, be distinct eigen values of a matrix and let X;be the

eigen vector corresponding to A;.

Hence AX, =AX, (Q=L2,..... ) (1)

numbers o, ,......,0, , ot all zero, such that o, X, +0o, X, +......... +o, X, =
Among all such relations, we choose one of shortest length, say j.

By rearranging the vectors X,,X,,....... ,X, we may assume that
o, X, + 0, X, F e +a, X, =0 | (2)

o (AX )+ o, (AX ) +....... +o,(AX;)=0

A X, 4+ o,A X, .. +o A X; =0 3)



and since A,,A,,....... , A are distinct and o,,....... , (xj are non — zero we have
ai(xl—xi)';so; i=23,......i.

Thus (4) gives a relation whose length is j—1, giving a contradiction.
Hence X,,X,,...... ,X, are linearly independent.

Property: 8

The characteristic roots of a Hermitian matrix are all real.

Hence

A=A" (by theorem 9.13) (1)

Let A be a characteristic root of A and let X be a characteristic vector
corresponding to A .

AX =AX 2)

Now,
AX =AX = X AX =AX X
= (X AX)T =X X (since XTAX is a 1 x 1 matrix)
= XTAT(X )T =aX X

— XTATX =X ' X

= XTAT X =aXTX

S X A X=AXTX

— X' AX =AXTX (using 1)

=X AX =AXTX (using 2)

= AX X)) =A(XTX) 3)

Now,

171



# 0
From (3) we get A=2
Hence 2 is real.
Corollary:
The characteristic roots of a real symmetric matrix are real.

Proof:

We know that any real symmetric matrix is Hermitian. Hence the result
follows from the above property.

Property: 9

The characteristic roots of a skew Hermitian matrix are either purely
maginary or zero.

Proof:
Let A be a skew Hermitian matrix and A be a characteristic root of A.
|A—Al|I=0
|iA —iAI|=0
iA 1s a characteristic root of iA .
Since A is skew Hermitian iA is Hermitian (refer results iv theorem 9.14)
By theorem 9.32 i) is real. Hence A is purely imaginary or zero.
Corollary:

The characteristic roots of a real skew symmetric matrix are either purely
imaginary or zero.

Proof:

‘We know that any real skew symmetric matrix skew Hermitian.
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Hence the result follows from the above property.
Property: 10

Let A be a characteristic root of an unitary matrix A. Then [A |=1 (i.e) the

characteristic roots of a unitary matrix are all the unit modulus.

Proof:

Let A be a characteristic root of an unitary matrix A and X be a
characteristic vector corresponding to A .

AX =X (D)

Taking conjugate and transpose in (1) we get (AX)" = (AX)T.

——T—T

X A =x X' (2)

Multiplying (1) and (2) we get

(XTATYAX) = (A X WAX)

_T_

X (A A)YX =X X)
Now, since A is an unitary matrix AA=T.
=T = T
Hence X X =(QAAM)X X
Since X is non — zero vector X  is also non — zero vector and
XX =%, P+ %, 2 oo 4%, P~ 0we get AL=1.
Hence |A|>’=1. Hence |A |=1.
Corollary:
Let A be a characteristic root of an orthogonal matrix A. Then |A |=1.

Since any orthogonal matrix is unitary the result follows from property 10.
Property: 11
Zero is an eigen value of A if and only if A is a singular matrix.

Proof:
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The eigen values of A are the roots of the characteristic eq};ation
| A—~AI|=0. Now, O is an eigen value of A <A —-0I|=0

S|A=0
<> A is a singular matrix
Property: 12

If A and B are two square matrices of the same order then AB and BA
have the same eigen values.

Solution:

Let A be an eigen value of AB and X be an eigen vector corresponding to

(AB)X =AX
B(AB)X = B(AX) = A(BX) .
(BA)BX) = A(BX)

(BA)Y =AY where Y = BX.

Hence A is an eigen value of BA.
Also BX is the corresponding eigen vector.
Property: 13

If P and A are n x n matrices and P is a nonsingular matrix then A and

P~'AP have the same eigen values.
Proof:
Let B=P'AP.

To prove A and B have same eigen values, it is enough to prove that the
characteristic polynomials of A and B are the same.’

Now,
| B—AI|5 P'AP—AI|

={P7AP-P ' (ADP|
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HP'(A-ADP|

=P~ ||A—AI||P|

=|P'P|| A—AI]
=|I|]A-AI]
A —I\r|.

.". The characteristic equations of A and P ' AP are the same.
Property: 14

If A is a characteristic root of A then f(A) is a characteristic root of the

matrix f(A) where f(x) is any polynomial.
Proof:

Let f(x)=ax" +a,x"" +...... +a,_x+a, where a, #0 and a,,a,,.....,a,

are all real numbers.

Since A is a characteristic root of A,\"is a characteristic root of A™ for any

positive integer n (refer Property 6).
A"X =X
A‘n-—lX — ?Ln—lx

------------------------------

a,A"X =a,A"X

------------------------------

------------------------------



a, AX=a_  AX

Adding the above equations we have

a,A"X +a, A" X +.......... a, AX
=a, A" X +a A" X+ +a_AX
(a, A" +a, A" + ... +a__ A)X
=(a,A" +a A" +...... +a_A)X
(a, A" +a A™ " + ... +a_ _A+a DX
=(a, A" +a, A" + . +a__A+a )X

f(AX =f(M)X
Hence f(A) is a characteristic root of f(A).

Problems:

Problem: 1

If X,,X, are eigen vectors corresponding to an eigen value A then

aX, +bX,(a,bnon — zero scalars) is also an eigen vector corresponding to A .

Solution:

Since X, and X, are given vectors corresponding to A , we have
AX, =2AX,and AX, =AX,.
Hence A(aX,)=2A(aX,)and A(bX,)=A(bX,).
A(aX,; +bX,)=A(aX, +bX,).

aX, +bX, is an eigen vector corresponding to A .
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Problem: 2

3 10 5 __
If the eigen values of A=| -2 -3 —4 are-_i, 2, 3 find the eigen values
3 5 7

of A~'and A”®.
Solution:

Since 0 is not an eigen value of A, A is a non singular matrix and hence
A "'exists.

Eigen values of A ™'are and eigen values of A2are 27,27 3%,

111
2°2°3

Problem: 3

Find the eigen values of A” when A =

W Lh W
N O
-0 O

Solution:
The characteristic equation of A is obviously 3-A)(4-A)(1—-A)=0
Hence the eigen values of Are 3, 4, 1.
. The eigen values of A°are 3°,4°,1°.

Problem: 4

3 -4 4
Find the sum and product of the eigen values of the matrix |1 -2 4
1 -1 3
without actually finding the eigen values.
Solution:
3 —4 4
Let A={1 -2 4
1 -1 3

Sum of the eigen values = trace of A=3+(-2)+3=4.

Product of the eigen values =| A |.

3 —4 4
Now, A=l -2 4
1 -1 3

=3(-6+4)+43—-4)—-4(—1+2)
_ = —6-—4—4=-14.
.. Product of the eigen values = -14.
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Problem: 5§

) o _ cos® -—sin6
Find the characteristic roots of the matrix ,
—sin® coso
Solution:
cos® —sin0O
Let A= .
—sin® cosO

The characteristic equation of A is given by |A —AI|=0.
cosO@—A  —sinB

. =0.
—sing cosOG—A

(cos®—X)> —sin’0=0.

(cos®—2A)* —sin’0=0.

(cosB—A —sinB)(cos@—A+sinB)=0.

[A—(cosO—sin O)][A—(cosO+sinB)]=0.
.". The two characteristic roots, (the two eigen values) of the matrix are
(cos O —sin 0) and (cos 6 +5sin 0).
Problem: 6

cos® —sin0
—sin® —coso

Find the characteristic roots of the matrix A =(

Solution:

The characteristic equation of A is given by |A —AI|=0.

. cosO—A —sinB
(1e.) .
—sin® —cos6—A

' - O
—(cos’0—A*)—sin’0=0.
A2 —(cos*0+sin*0)=0.
A2 —-1=0.

.. The characteristic roots are 1 and -1.

Problem: 7

Find the sum and product of the eigen values of the matrix A = (

without finding the roots of the characteristic equation.

178



Solution:
Sum of the eigen values of A =trace of A =a,, +a,,.
Product of the eigen values of A= A|=a,;a,, —a,,a,,.

Problem: 8

Verify the statement that the sum of the elements in the diagonal of a
matrix is the sum of the eigen values of the matrix

-2 2 =3
A=| 2 1 -6
-1 -2 0

Solution:

The characteristic equation of Ais |A—AI|=0.

—2-2 2 -3
(i.e.) 2 1-A —-6|=0.
1 -2 -

(i.e.)  (=2—-A)[(A=A)=A)—12]—2[-2A —6] 3[4+ (1—A)] =0.
Ge) (2-MDA-A-=-12)+4(A+3)+3(A+3)=0.

(Le)) —2AM42A+24—-X +A2 +12A+4A+12+3A+9=0.
Ge)) AN -A+21A+45=0.

(ie) A +A2-21A—-45=0.

This is a cubic equation in A and hence it has 3 roots and the three roots are the
three eigen values of the matrix.

. | - ]
The sum of the eigen values = _{coefﬁcnent of A )

coefficient of A}

=—1.

The sum of the elements on the diagonal of the matrix
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A=-24+1+0=-1.
Hence the result.

Problem: 9

6 -2 2
The product of two eigen values of the matrix A={ -2 3 —1!lis 16.
2 -1 3

Find the third eigen value. What is the sum of the eigen values of A?
Solution:
Let A,,A,,A;be the eigen values of A.
Given, product of 2 eigen values (say) A,,A,is 16.
AMA, =16

We know that the product of the eigen values is |A).

6 -2 2
(e) AAA, =(-2 3 —1
2 -1 3

(i.e.) 161, =6(9—-1)+2(—6+2)+2(2—-6)
=48 ~-8-8
=32
A,=2
.". The third eigen value is 2.
Also we know that the sum of the eigen values of A = trace of A =6+3+3=12.

Problem: 10

2 2 -7
The product of two eigen values of the matrix A={2 1 2 jis-12.
O 1 -3

Find the eigen values of A.
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Solution:

Let A ,A,,A,be the eigen values of A. Given product of 2 eigen values,

say, Ayand A,is -12.
AA, =—12 (1)

We know that the product of the eigen values is |A].

2 2 =7
AAA, =2 1 2

0O 1 -3
ie 124, =—12 |
A, =1 2)
Also we know sum of the eigen values =T race of A.
A +h, + A, —241-3=0
A,+A,=-1 (using (2)) 3)
Using (3) in (1) we get
AM(—1—-2)=-12
M4+, —12=0
A, +DA,—3)=0
SA =3 or —4
Putting A, =3in (1) we get A, =—4. Or putting A, =—4in (1) we get 7\,2‘=3
Thus the three eigen values are 3,—4,1.

Problem: 11

Find the sum of the squares of the eigen values of A =

o O W
oON =
bh N A~
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Solution:

Let A,,A,,A,be the eigen values of A. We know that A%,A%,A2% are the
eigen values of A?.

3 1 4)(3 1 4
A*={0 2 6|0 2 6
O 0 5){0 0 5
9 5 38
=0 4 42
0O 0 25

Sum of the eigen values of A?= Trace of A?
=9+4+ 25
(ie) A% +2% +A3% =38
Sum of the squares of the eigen values of A = 38.

Problem: 12

Find the eigen values and eigen vectors of the matrix.

|
W b=t
LY | B
— = )

Solution:

The characteristic equation of A is

|A—AI=0.
1-x 1 3

1 5-2 1 |=0
3 1 1-2

(1~ -A)A-A)—1]1-[(1—A) =31+ 3[1=3(5-A)] = 0.

(1=A)A% — 6L +4) + (A +2) +3(3A—14) =0 .
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A —6A+4—A>+6A%—4A+A+2+9A—-42=0.
L =A +T7A*=36=0. Hence A’ —7A% +36=0.
A +2)(A* 90 +18)=0.
Hence (L +2)(A—6)}(A—-3)=0.
A = —2,3,6 are the three eigen values.
Case: (i)
Eigen vector corresponding to A = -2 .

X1
Let X =| x, |be an eigen vector corresponding to A = —2 .

X3

Hence AX =-2X.

1 1 3)\(x, —2x,
Ge) |1 S5 1}|x,|=]|—-2x,
3 1 1){x, —2x,

X, +X, +3x, =-2Xx,
X, +5x, +X; =—2X,

3X, + X, +X; =—2X,

3x,+x, +3x, =0 (D)
X, +7x,+%x, =0 | (2)
3x,+x%x,+3x, =0 3)

Clearly this system of three equations reduces to two equations only. From (1) and
(2) we get |

X, ='—2k;x2 =0; X, =2k

It has only one independent solution and can be obtained by giving any
value ofk say k = 1. ’
183



(—2,0,2) is an eigen vector corresponding to A = -2 .
Case: i1

Eigen vector corresponding to A =3 .
Then AX =3X gives

—2x,+x%x,+3x,=0

X, +2X, +x,=0

3%, +x, —2x5;=0.
Taking the first 2 equation we get

Xy X, X5
= = = k(say).
s 5 " s (say)

x;, =—k;x, =k;x; =-k.
Taking k =1(say) (—1,1,—1) is an eigen vector corresponding to A =3 .

- e &

Case: iii

Eigen vector corresponding to A = 6.
We have AX =6X .
Hence —5x, +x,+3x;, =0
X, —X,+x,=0
3x, +x, —=5x, =0
Taking the first two equations we get

X1 _ X _ X3 _

4 8 4

x, =k;x, =2k;x, =k . It satisfies the third equation also.

Taking k =1(say) (1, 2, 1) is an eigen vector corresponding to A = 6.
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Problem: 13

Find the eigen values and eigen vectors of the matrix

6 -2 2
A=[-2 3 -1
2 -1 3

Solution:

The characteristic equation of Ais |A —AI|[=0.

6-A -2 2
-2 3-A —-1{=0.
2 -1 3-A

6-[B—-1) —1]1+2[(CAL—6)+2]+2(2—6+2A)=0.
(6—2)(B+X —60)+4X—-8+41L—-8=0.
48 + 627 —36A—8A—2°> +6A%* +8A—-16=0.
—A> +12A% —36A+32=0.
Hence A’ —12A% +36A.—32=0.
(A—2)Y(A—-2)(A—-8)=0.
The eigen values are 2, 2, 8.
We now find the eigen vectors.
Case: i
A=2.

X1
The eigen vector X =| x, |1s got from AX =2X .

X3
6x, —2x, + 2%, _-:——‘\,1_?“2)411

—2x; +3%x, — X5 =2X,
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2x, — X, +3x, =2X,
4x, —2x, +2x, =0
—2X, +X,—-x, =0
2x, —x, +x; =0,
The above three equations are equivalent to the single equation 2x, — X, + X; = 0.

The independent eigen vectors can be obtained by giving arbitrary values to any

two of the unknowns x,,x,,X,.
Giviﬁg X, =Lx, =2we get x, =0.
Giving x, =3;Xx, =4we get x, =—2.

_ . Two independent vectors corresponding to A =2 are (1, 2, 0) and (3, 4, -
2).

Case: ii
A=8.
Xl
The eigen vector X =| x, {is got from AX =8X.
X3
—2X, —2x,+2x,=0 (D)
—2x, —5x, —-x; =0 (2)
2X, ~—x,—=5%x,=0 (3)

From (1) and (2) we get

X _ X2 _ X3
= = = k (say).
2 -6 6 <G
x, =2k;x, =-k;x, =k.
Giving k = 1 we get an eigen vector corresponding to 8 as (2, -1, 1).
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Problem: 14

Find the eigen values and eigen vectors of the matrix
2 -2 2
A=|1 1 1
1 3 -1
Solution:

The characteristic equation of A is |A —AI|=0.

2N -2 2
(i.e.) 1 1—A 1 =0
1 3 —1—-A

C-MH[-A-HA+A)-3]+2[-0+2)-1]+2[3—-(1A—-A)]=0
-V -4 -22+1)+22+1)=0
227 —8A° — A +4A—4-2A+4+21 =0
A +2A7 +40—-8=0
Hence 2> —2A°> —4A+8=0
A—-2)(\ -4)=0
Hence (A—2)(A—-2)(A+2)=0
A = 2,2,—2 are the three eigen values.

Case: i
A=2.

Let X =(x,,X,,X;)be an eigen vector corresponding to A =2, X is got
from AX =2X. |

(i.e.) 1 1 1 || x, |=] 2%,
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.. The eigen vector corresponding to A = 2 is given by the equations
2x, —2x, +2x,; =2Xx,
X, +X, +X, =2X,

X, +3X, —X; =2X,

(i.e.)) — X, +x;, =0 (L)

X, —X,+X;=0 (2)

x, +3x, -3x,=0 (3)
Taking (1) and (2) we get );1 = Xlz = x13 = k (say).

x, =0;x, =k;x; =k

Taking k = 1, we get (0,1,1) as an eigen vector corresponding to A = 2.
Case: ii

A=-2
Corresponding to A = —2 we have AX =-2X.

2x, —2x, —2Xx; = —2X,

X, +X, +X; =—2X,

X, +3X, —X; =—2%X,

2%, —X, +X; =0

X, +3x, +x,; =0

X, +3x,+x,=0

.". Taking the first two equations we get,

X9 _Xz__Xa_,k
= = = Sa .
AT 7 (say)
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x, =-4k;x, =-k;x, =7k.

Taki8ng k = 1 we get (-4, -1, 7) as an eigen vector corresponding to the
eigen value AL = -2 .

Exercises:

1. For each of the following matrices find the characteristic vectors

corresponding to each characteristic root.

(8 —6 2
a|—-6 7 -4
\2 —4 3
(2 2 1
M)y |1 3 1
U 2 2
(1 1 1
©]0 1 1
0 1 1
(1 0 0 O0)
—1 i 0 0
d
@ 2 1/2 -1 0
\1/3 —i T -1
3 1 -1
2. For what value ofk is 3 a characteristicrootof |3 5 -k
3 k -1

3. Find the characteristic roots and the corresponding characteristic vectors

1 -1 -1
of A+A*+A+JifA=[1 -1 O
1 0 -1

4. Prove that if A is a characteristic root of the matrix A then A -k is a
characteristic root of A —kI.
5. Show that the characteristic root of a triangular matrix are just the

diagonal elements of the matrix.
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6. Show that every orthogonal matrix of odd order should have 1 or -1

as a characteristic root.

7. Show that if A is a characteristic root of an unitary matrix then so is
1

A
Answers:

1.

(a) 0, 3, 15. The corresponding characteristic vectors are (1, 2, 2);
(2, -1, -2); (2, -2, 1).
(b) 1, 1, 5; The characteristic vectors corresponding to 1 is a linear

combination of (2, -1, 0) and (1, O, -1). A characteristic vector

corresponding to S is (1, 1, 1).

(c) 1, 1, 1. A characteristic vector is (1, 0, 0).
2. k=2.
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- UNIT - 111
MODERN ALGEBRA
3.0 Groups
Introduction: 3.0.1

Modern Algebra is largely concerned with the study of abstract sets
endowed with one or more binary operations. In this chapter we introduce one of
the basic algebraic structures known as groups. A group is a set with one binary
operation defined on it satisfying some natural conditions. The definition of a
group is an abstraction of the familiar properties of (Z, +) given below.

(1) Addition is an associative binary operation in Z.

(ii) The element 0 € Zis such that a+0=0+a=afor all ae Z. Hence O is
the identity element w.r.t. addition.

(iii) Let ae Z. The element —a € Zis such that a + (—a) =(—a)+a = 0. Hence

—a 18 the inverse of a.

- We isolate these properties in the following definition.
Definition and Examples:
Definition: 3.0.2

A non — empty set G together with a binary operation *: G x G —> G is
called a group if the following conditions are satisfied.
(i) * is associative (i.e.) a*(b*c)=(a*b)*cforall a,b,ceG.
(1) These exists an element e € G such that a*e=e*a=aforall aeG. e is
called the identity element of G.
(i) For any element a in G there exists an element a'e G such that
a*a'=a*a =e¢. a'is called the inverse of a.

Examples:

Z, Q, R and C are groups under usual addition.

a

b
The set of all 2 x 2 matrices ( d] where a,b,c,d € R is a group under matrix

C

addition.
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(0 0) —a —b), _
is the identity element and is the inverse of

\O O) —C -

(fa b)

\¢ d)

. a b .
3. The set of all 2 x 2 non — singular matrices ( dj where a,b,c,d,e R1s
C

a group under matrix multiplication.

We know that matrix multiplication is associative.

1 O
(O 1) is the identity element.

c d |AJ\—c a

4. N is not a group under usual addition since there is no element e € N

: a by, 1(d -b
The mmverse of 1S —— where |A|=ad —bc#0.

such that x+e=x.

5. The set E of all even integers under usual addition is a group. For
a,becE=a+beE Therefore usual addition is a binary operation
in E.

0 € E is the identity element.
If a € E,—a  E is the inverse of a.
6. Q* and R* under usual multiplication are groups. 1 is the identity

element and the inverse of a is 1/a.

7. Q"is a group under usual multiplication. For a,beQ* = abeQ".
Therefore usual multiplication is a binary operation in Q™.

1 € Q" is the identity element.

If aeQ",(1/a) € Q" is the inverse of a.
8. Z under the usual multiplication is not a group. le Zis the identity

element. However any element other than 1 and -1 does not have an

iverse.

192



0. Let G = {1,—1} . G is a group under usual multiplication. 1 is the  identity

element. The inverse of each element is itself. The Cayley table for this group is
#* 11 -1

1 1 -1

-171-1 1
10. Let G = {1,i,~1,—i}. G is a group under usual multiplication. The identity

element is 1. The inverse of 1,i,—1and —iare 1,—i,—1and irespectively.
The Cayley table for this group is given by
* 1 1 -1 1
1 1 i -1 -1
1 1 -1 -1 1
—1{-1 —1 1 1

—1 | — 1 1 —1
1 O -1 O 1 0 -1 0
11. Let G = , , ,
0 1 0 1 0 -1 o -1

G is a group under matrix multiplication. (Consiruct the Cayley  table
for this group).

Since a? +b? #0,1/x € C and is the inverse of x. Hence C'isa  group
under usual multiplication.

12. Let G={z/zeCand | z|=1}. G is a group under usual multiplication.

Proof:
Let z,,z, €QG.
Then |z, |=z, |=1.
~1z,z, =z, ||z, |=1and hence z,z, €G.
We know that usual multiplication of complex numbers is associative.

Also 1=1+10 € G and is the identity element.

Now, let ze G.Then |z|=1.
Hence |1/z|=1/|z|=1.
1/z € G and is the inverse of z.

Hence G is a group.
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13. The set of all n™ roots of unity with usual multiplication is a group.

Proof:

Let w =cos(2n/n) +1i sin(2n/n). Then the n™ roots of unity are  given

We know that ®" =1,0"" = wetc.
Let ', €G.Let r+s=qgn+twhere 0<t<n.
0@ =" =" =(0")0' =0 G.
We know that usual multiplication of complex number is associative.
1 € G is the identity element.
Inverse of o"is ®"™". Hence G is a group.

14. Let G={a+ bv2/a,be Z}. Then G is a group under usual

addition.

Proof:

Let a+b\/§ and c+d\/§eG. Then
(@a+bV2)+(c+dvV2)=(a+c)+(b+d)V2 € G. We know that  usual

addition is associative. 0=0+0~/2 e G is the identity element. —a—b+/2is

the inverse of a+bv?2 . Hence G is group.

15. Let G be the set of all real numbers except -1. Define * on G by
a*b=a+b+ab. Then (G, *) is a group.

Proof:

Let a,be G.Then a# —land b#—-1. We claimthat a+b = —1.

Suppose a*b =—1.

Then a+b+ab=—1so that a+b+ab+1=0.1ie., (a+1)(b+1)=0s0
that either a = —1or b =—1which is a contradiction. Hence a*b = —1 and

thus * is a binary operation on G.
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* is associative, for a * (b *c)
=a*(b+c+bc)
=a+(b+c+bc)+a(b+c+pc)
=a+b+c+bc+ab+ac+abe.

Also (a*b)*c=(a+b+ab)*c
=a+b+ab+c+(a+b+bc)c
=a+b+c+ab+ac+bc+abc.

Hence a*(b*c)=(a*b)*c.

O is the identity, for a*0=a+0+0a =a and
Oxa=0+a+0a=a.

Now, let a' be such that a*a'=0. Hence a+a'+aa'=0so that
a'=—a/(l1+a).

Since a # —1, we have a'e R — {—1}

—a
Also a'*a = *a
' - 1+a
2
—a —a
=——+a+ =0.

1+a l1+a
Hence a’' is the inverse of a.

Thus G is a group.

16.  In R" we define a*b =(1/2)ab. Then (R",*) is a group.

Proof:
Obviously * is a binary operation in R ™.

Let a,b,ceR”.

Then (a*b)*c =[(1/2)ab]}*c=(1/4)abc =a *(b*c). Hence * is
associative.
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Let e R be such that a*e=a .

(1/2)ae =aand hence ¢e=2.
2*%a=a*2=a. Hence 2 is the identity.

Let acR™. Let beR"be such that a*b =2 . Then
(1/2)ab=2,(ie)b=4/a..

a*x(4/a)=1/2(4/a)a =21i.e., (4/a) is the inverse of a.
Thus (R*,*)is a group.

X X

17. Let G denote the set of all matrices of the form [
X X

there xeR"”

Then G is group under matrix multiplication.

Proof:

X X y Yy
Let A, Be G. Let A=[ jand B=[ j

X X y Yy
2xy 2x
Then AB= 4 4 €G.
2xy 2xy
We know that matrix multiplication is associative.
h
e e
Let E=( be such that AE = A..
e e

x x)Ye e X X
[x X ) \ € e) - (x XJ

2xe 2xe X X
[2xe 2xe) N [x x} '
2xe=Xx.Hence e=1/2.

172 1/2
172 1/2

Let Y ybetheinverseof % . Then x Xy y — 1/2 172
y ¥ X X x xAy y) (/2 1/2

196

Hence E = [ Jis the identity element of G.



2xy 2xy) (1/2 1/2
2xy 2xy) \1/2 1/2)
2xy=1/2. Hence y=x/4.

I ¢ x x). (x/4 x/4
nverse of © x is /4 x/4)

Hence G is group. | |
18. Let G={(a,b)/aeR“,beR}. Then G is a group under the

operation * defined by (a,b) *(c,d) =(ac,bc+d).

Proof:
Clearly * is a binary operation defined on G. Now, let
x =(a,b),y=(c,d) and z = (e, f) be three elements in G.
Then x * (y *z) = (a,b) *(ce,de + 1)
= (ace, bce,+de + 1)
Also (x *y)*z = (ac,bc +d)*(e,f)
= (ace,bce +de+f).
x *(y*z)=(x*y)*z, so that * is associative.
Now, to find the identity element in G suppose '
(a,b)*(c,d)=(a,b).
Then (ac,bc +d) =(a,b).
ac=aand bc+d=Db.
Hence c=1and d=0. :
Thus (a,b) *(1,0) = (1,0) *(a,b) = (a,b)
(1,0) € G is identity element.
Now suppose (a,b)*(a',b") = (1,0).
(aa',ba'+b") = (1,0).
Hence aa'=1and ba'+b'=0
a'=1/aand b'=-b/a.
Thus (a,b)*(1/a,~b/a) =(1/a,-b/a)*(a,b) =(1,0).
Hence (1/a,—b/a)is the inverse of (a, b)
Hence (G, *) is a group. | _,
19. In N we define a * b = a. Then (N, *) is not a group.
Proof:

Clearly * is an associative binary operation on N. However, there is
no element e € N such that e*a=aforall a N. Hence there is no identity

element in (N, *).
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Hence (N, *) is not a group.
In the group (Z, +), the binary operation is commutative whereas in the

group of 2 x 2 non — singular matrices, the matrix multiplication is not

commutative.

Definition: 3.0.3
A group G is said to be abelian if ab=bafor all a,b e G. A group which

1S not abelian is called a non — abelian group.

Examples:

1. Z, Q, R and C under usual addition are abelian groups.

2. (#(S), A)1s an abelian group since AAB = BAA for all A,B e p(S).

3. Let B(R) denote the set of all bijections from R. Then B(R) is a group
under the composition of functions. This group is non — abelian.

For, consider

f:R — Rgiven by f(x)=x+3and

g:R — R given by g(x)=2x.

Clearly f and g are bijections.

Now (f o g)(x) =flg(x)] =f(2x) =2x +3 and
(goH)x)=glf(x)}=8(x+3)=2x+6.

Hence fog=gof.

Hence B(R) is non — abelian.

4, (Z,,®)is an abelian group.
5. Consider the group given in example 18 of 2.0.1 Here
(2,3)*(4,5) = (8,17) and (4,5) *(2,3) = (8,13) . Thus

(2,3) *(4,5) # (4,5) *(2,3) so that this group is non — abelian.
3.0.4 Elementary Properties of a Group:
Theorem: 3.1
Let G be a group. Then

(1) Identity element of G is unique.
(1i) For any a € G, the inverse of a is unique.

Proof:

(1) Let e and ¢' be two identity elements of G. Then ee'=¢'(since €' is an

identity). Hence e = ¢'.
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(11) Let a' and a" be two inverse of a. Hence aa'=a'a=eand aa''=a''a =e.
. a'=a'e=a'(aa")=(a'a)’a"= ea''= a".
Note:

- We denote the inverse of aby a™'.

Theorem: 3.2

In a group the left and right cancellation laws holds (ie) ab=ac=>b=c
and ba=ca=>b=c.

Proof:
ab=ac — a"'(ab) =a"(ac)
— (a~'a)b=(a"'a)c
—>eb=ec
=b=c.
Similarly we can prove that ba=ca—=b =c.
Theorem: 3.3

Let Gbe agroupand a,be G. Then the equations ax=band ya =bhave
unique solutions for x and y in G.

Proof:
Consider a'b €G
Then a(a”'b)=(aa ' )b=eb=>. |
Hence a~'bis a solution of ax=b.

Now, to prove the uniqueness, let X, and X, be two solutions of ax=b.

~Then ax, =band ax, =b.
aX, = ax, which implies X, =x,.

x = a~'b is the unique solution for ax="b.
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Similarly we can prove that y = ba'is the unique solution of the equation
va=Db.

Theorem: 3.4

Let G be a group. Let a,be G . Then (ab)”' =b'a'and (2a7') ' =a.

Proof:

(ab)(b'a™ ) =a(bb)a™’

=aeca  =aa  =e.
Similarly (b™'a™')(ab)=e¢.
Hence (ab)' =b™'a™.

Proof of the second part is obvious.

Corollary:
If a,,a,,....... ,a_ €G then (a,,a,,....... ,a ) =alall ... aj’
Definition: 3.1.4
Let G be a group and a € G. For any positive integer n, we define
a” =aa........ a (a written n times).
Clearly (a")™' =(aa........... a)”’
=@'al........ aH)y=@Mh"

We now define a™ =(a )" =(a")".

Finally we define a° = e . Thus a"is defined for all integers n.
Note:

When the binary operation on G is “+”, we denote a+a—+....... +a (a
written n times) as na.

Theorem: 3.5
(1) a™a" =
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(ii) @™)"=a™ mneZ.

Note:

In the additive notation, the above results take the form
ma +na = (m+n)aand n(ma) =(nm)a . |

Problems:

Problem: 1

Show that in a group G,x” = x if and only if x =e€.
Solution:

Clearly ¢* =ee=¢.

Conversely, let x* = x .

Thén xX = xXe. Hence by cancellation law X =e¢.

Note:

An element a € G is called idempotent if a’ = a. Thus we have shown
that in a group G, the identity element is the only idempotent element.

Problem: 2
In an abelian group (ab)? =a’b”.

Solution:

(ab)’ = (ab)(ab) = a(ba)b = a(ab)b = (aa)(bb) = a’b>.

Note:

In general for any positive integer n, (ab)" =a"b" (prove by using
induction).

Problem: 3

Let G be a group such that a? = e for all a € G. Then G is abelian.

Solution:

a’l=—e—aa=e—=>a=a"'.
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Now, ab=(ab)” =b'a™ =ba.
Hence G 1s abelian.

Problem: 4

Let G be a group in which (ab)™ =a™b™ for three consecutive integers and
for all a,b e G. Then G is abelian.

Solution:
Let a,be G.
Let (ab)™ =a™b™ : (ab)™"' =a™"'b™' and (ab)™"?* =a™"?b™"?.
Now, (ab)™"! =a™"p™*
= (ab)™(ab) =(a™a)(b™b)
= (a"b™)(ab) = (a™a}b™b)
—> b™a = ab™ (by cancellation law) (D)
Similarly (ab)™? =a™"?p™"
= b™"a = ab™"!
= b™ba =ab™b
=> b™ba = b ab(by(1))
=> ba = ab (by cancellation law)

G is abelian.

Problem: 5

Let (H,.)and (K,*) be groups. We define a binary operation -]
on Hx Kby (h,,k,) —(h,,k,)=(hh,,k, *xk,).

Then H x K is a group.
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Note:
H x K 1s called the direct product of H and K.
Solution:

First we shall prove that[]is associative.

Let (h;,k,),(h,.k,),(h,.k;)e H XK.
[(h, k) (h,,k,)] Cach,, k)
=(hh,.k, *k,) O (h,,k;)
=((h,h,)h,,(k, *k,)*k,)
= (h, (h,hy).k, *(k, *k,))
= (h,,k, )3 (h,h, .k, *k;)
= (h,,kx)O[(h,,k,)Th,, k)]

Let e,e,be the identities of the groups H and K respectively. Clearly
(e,e,)is the identity element in H x K. Also (h™',k™')is the inverse of (h, k).
Hence H x K is a group.
3.1 Subgroups:

Definition: 3.1.1

Let G be a set with a binary operation * defined on it. Let S ¢ G . If for
each a,b e S,a*b(computed in G) is in S, we say that S is closed with respect to

the binary operation **”
Examples:

1. (Z, +) is a group. The set E of all even integers is closed under + and further

(E, +) is itself a group.
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2. The set of G of all non — singular 2 x 2 matrices from a group under matrix

_sin®
cosb Sin ]H

multiplication. Let H be the set of all matrices of the form | .
sin® cosO

is subset of G. Also H itself is a group under matrix multiplication.

Definition: 3.1.2

A subset H of group G is called a subgroup of G if H forms a group with
respect to the binary operation in G.

Examples:

1. Let G be any group. Then {e} and G are subgroup of G. They are called
improper subgroups of G.

2. (Q, *) 1s a subgroup of (R, +) and (R, +) is a subgroup of (C, +).

3. In (Z4.9), let H, = {0,4} and H, ={0,2,4,6} . The Cayley tables for = H, and

H, are given by

@10 2 4 6
® |0 4 0]0 2 4 6
010 4 212 4 6 0
4 14 O 414 6 0 2
It 1s easily seen that H, ang H? arg clgseci1 under @and (H,,®) and

(H,,®) are groups. Hence H, and H, are subgroups of Z,.

4. {1, -1} is a subgroup of (R¥*, .).

5. {1,i,—1,—i}is a subgroup of (C%*, ).

6. For any integer n we define nZ ={nx/x € Z}. Then (nZ,+)is a subgroup of
(Z,+).

For, let a,benZ . Then a=nxand b =ny where x,y e Z.
Hence a+b =n(x+v) e nZ : Hence nZ is closed under +.

0 € nZis the identity element.
Inverse of NXis —nx = n(—x) e nZ.
Hence (nZ,+) 1s a group.
7. In the symmetric group S;,H, ={e,p,,p,}:H, ={e,p,} :H; ={e,p,}; and
H, = {e,p;} are subgroups.
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8. A isasubgroup of S_.

9. The set of permutations {e,p,,p,,p,} where

1 2 3 4 1 2 3 4
€= 5 P, = 5
1 2 3 4 2 4 3

(1 2 3 4) (1 2 3 4
2713 4 1 2) P74 3 2 1

is a subgroups of S, .

[

Note:

In all the above the examples we see that the identity element in the
subgroup is the same as the identity element of the group.

Theorem: 3.6
. Let H be a subgroup of G. Then

(a) The identity element of H is the same as that of G.

(b) For each a € H the inverse of a in H is the same as the inverse of a in G.

Proof:

(a) Let e and €' be the identities of G and H respectively.
Let ae H. Now, .
e'a = a (since €' is the identity of H)
= ea (since e is the identity of G and a € G)
c'a=ea.
e'= e (by cancellation law).
(b) Let a' and a" be the inverse of a in G and H respectively. Since by (a), G and H

have the same identity element e, we have a'a=e=a'"a. Hence by
cancellation lawa'=a'".

Theorem: 3.7
A subset H of a group G is a subgroup of G iff
(1) It is closed under the binaty operation in G.

(i1) The i1dentity e of G 1s in H.
(111) acH=a'eH.

Proof:
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Let H be a subgroup of G. The result follows immediately from theorem
3.6.

Conversely let H be a subset of G satisfying conditions (i), (ii) and (iii).
Then, obviously H itself is a group with respect to the binary operation in G.

Therefore H is a subgroup of G.

Theorem: 3.8

A non — empty subset H of a group G is a subgroup of G iff
abeH—=ab'eH.

Proof:
Let H be a subgroup of G. Then a,beH=a,b'eH=ab ' ¢ H.

Conversely let H be a non — empty subset of G such that
a,beH—=ab'eH.

Since H = @, there exists an element a € H.
Hence aa-'e H. Thus e H

Also since e,ac H,ea' e H. Hence a' e H. Now, let a,be H. Then

a,b'eH.

Hence a(b™')™ =abe H. Thus H is closed under the binary operation in

Hence by theorem 3.7 H is a subgroup of G.

Note:

If the operation is + then H is a subgroup of Giff a,be H—=a—-beH.

Theorem: 3.9

Let H be a non — empty finite subset of G. If H is closed under the
operation in G then H is a subgroup of G.

Proof:
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Let acH.

Since H is closed a,a®,a’,........ RN - RSO are all elements of H.
But since H is finite the elements a,a?,a?,.....cannot all be distinct.
Hence let a* =a’,r<s.Then a*" =ec H.

Now, let a € H. We have proved that a” = e for some n. Hence aa"" =e¢.
Hence a™' =a"' eH. | | .

Thus H is a subgroup of G.
Note:

The above theorem is not true if H is infinite. For example, N is an infinite
subset of (Z, +) and N is closed under addition. However N is not a subgroup of
(Z, +).

Theorem: 3.10

If H and K are subgroups of a group G then is H n K is also a subgroup of
G.

Proof:

Clearly e e HNK and hence H m K is non — empty. Now let a,be HNK
. Then a,be Hand a,b € K . Since H and K are subgroups of G, ab™' € H and
ab' eXK.

ab™ € HNK . Hence by theorem 2.8, H N K is a subgroup of G.
Note:

1. It can be similarly proved that the intersection of any number of subgroups of
G is again a subgroup of G.
2. The union of two subgroups of a group nee not be a subgroup. For example, 2

Z and 3 Z are subgroups of (Z, +) but 2Z U3Zis not a subgroup of Z since
32€2Zw3Zbut 3+2=5¢2ZU3Z.

Theorem: 3.11
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The union of two subgroups of a group G is a subgroup iff one is
contained in the other.

Proof:

Let H and K be two subgroups of G such that one is contained in the other.
Hence either Hc Kor KcH.

HuK =Kor HuK =H. Hence H w K is a subgroup of G.

Conversely, suppose H U K is a subgroup of G. We claim that H — K or
KcH.

Suppose that H is not contained in K and K is not contained in H. Then
there exist elements a, b such that

aeH and agK (1)
bekK and begH 2)

Clearly, a,be HUK. Since H WK is a subgroup of G,abe HUK .
Hence abe Hor abe K .

Case: (1)
Let abe H. Since aeH,a'eH.
Hence a~'(ab) =b € H which is a contradiction to (2).

Case: (ii)

Let abeK . Since beK,b' eK.

Hence (ab)b™ =a e K which is a contradiction to (1). Hence our
assumption that H is not contained in K and K is not contained in H is false.

HcecKor KcH.

Definition: 3.1.3

Let A and B be two subsets of a group G. We define
AB={ab/ac A,beB}.

Note:
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If A and B are two subgroups of G. AB need not be a subgroup of G.
In S;, consider A ={e,p,}and B={e,p,}. Clearly A and B are subgroups
of S,.

Also AB={ee,ep,.ep;.P:Ps} ={€.P4-P3-P>} -

Now p,p, =ps € AB.

Hence AB is not a subgroup of S, .

Theorem: 3.12

Let A and B be two subgroups of a group G. Then AB is a subgroup of G
iff AB =BA.

Proof:
Let AB be a subgroup of GG.

We claim that AB = BA.
Let x € AB. Since AB is a subgroup of G, x™' € AB.
Let x ' =abwhere ac Aand be B.
x=(ab)'=b'a’.
Since A and B are subgroups of G,a™' € Aand b™! € B.
.. X € BA . Hence AB < BA (1)
Now, let x e BA . Then x =ba where be Band ac A.
x'=(ab)’ =a'b € AB.
Now, since AB is a subgroup and x™' €« AB, we have x € AB.
BA < AB (2)

From (1) and (2) we get AB = BA.
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Conversely, let AB = BA. We claim that AB is a subgroup of G. Clearly
e € AB and hence AB is non-empty. Now let x,y € AB. Then x =a,b,and

y =a,b, where a,,a, e Aand b,,b, €B.
xy ' =(a,b)(a,b,)! =a,b,b'a;'.
Now, b;'a; € BA. Since BA = AB, bj'a;' € AB.
b;'a;' =a,b,where a, € Aand b, € B.
xy ' =a,b,a,b,.
Now b,a; e BA. Since BA=AB,b,a, € AB.
b,a, =a,b,where a, € Aand b, €B.
xy ' =a,(a,b,)b, =(a,a,)b,b,)s AB.
AB is subgroup of G.

Corollary:

If A and B are subgroups of an abelian group G, then AB is a subgroup of
G.

Proof:

Let x e AB. Then x =abwhere a€ Aand b € B. Since G is abelian,
ab=ba.

x € BA . Hence AB — BA .
Similarly BA < AB.
AB =BA.
Hence AB is a subgroup of G.
Problems:
Problem: 1

LetacR*.Let H={a" /ne Z}. Then H is a subgroup of R*.
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Solution:
Clearly H is non — empty.
Now, let x,ye H.
Then x =a®and y=a‘'where s,tcZ.
xy ' =a'(a")' =a*" eH.
Hence H is a subgroup of R*.

Problem: 2

Let H denote the set of all permutations in S_ fixing the symbol 1. Then H

is a subgroup of S, :
Solution:

Clearly e € H and hence H is non — empty. Let o, € H. Then avcand B fix
the symbol 1. Now B fixes the symbol 1=> B~ fixes the symbol 1. Hence a3
fixes the symbol 1. Hence af™ € H.

Thus H is a subgroup of S .

Problem: 3

Let G be the set of all 2 x 2 matrices with entries from R. Then G is a
group under matrix addition.

0
Let H= {(: b) la,be R}. Then H is a subgroup of G.

Solution:

Let AL BeH.

Then A=(? %lana B=[S ©
cn --0 ban —0 d
N A B__a 0 C O_a-——c 0 cH
oW “lo v) lo da) L 0 b-d '
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Hence H is a subgroup of G.

Problem: 4
Let G be a group.

Let H={a/a e Gand ax=xafor all x € G}. (ic) H is the set of all

elements which commute with every other element. Show that H is a subgroup of
G.

Solution:

Clearly ex=xe=Xxforall xeQG.
Hence e € H, so that H is non empty.

Now, let a,be H.
Then ax =xaand bx=xbforall xeG.
Now,
bx =xb=b ' (bx)b™' =b~'(xb)b™
= (b™'b)xb™! =b'x(bb™")
= exb™! =b7'xe
= xb ! =b'x. (1)
(ab™H)x =a(b'x)
=a(xb™) (by (1))
=(ax)b™
=(xa)b™ (since ax =xa)
=x(ab™).
Thus ab ' commutes with every element of G.

ab™! € H and hence H is a subgroup of G.
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Note:

The above subgroup of G is called the center of G and is denoted by
Z(G).

Problem: 5

Let G be a group and let a be a fixed element of G.

Let H ={x/x G and ax = xa}

(ie) H, is the set of all elements in G which commute__with a.

Show that H | is a subgroup of G.

Solution:

Clearly ea=ae=a.
Hence e € H, so that H, is non — empty.
Now, let x,ye H, .
Then ax=Xaand ay =ya.
Now, ay=ya =>y 'a=ay . (as in the previous problem) (1)
Hence a(xy ") = (ax)y™
= (xa)y™" (since ax=xa)
=x(ay"")
=x(y 'a) (by (1))
=(xy Da.
Hence xy ' commutes with a.

xy ' €e H, and hence H,is a subgroup of G.

Note:
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H_ is called the normaliser of a in G.

Exercises:

1. Show that {a +bi/a,b € Z} is a subgroup of (C, +).

2. Determine which of the following are subgroups of (C +)

(a) R

(b) {a+bv—5/a,be N}

(¢) {z/|z|=a}

(d) {z/real part of z is 0}

(e) {1,i,—1,—}.

3. Let G,and G,be two groups. Let e,and e,be the identity elements of G, and
| G, respectively. Let G, x G,be the direct product of these groups. Let
H={(e,,y)/yeG,}and K={(x,e,)/x€G,}. Show that H and K are
subgroups of G, x G,. |

4. Let G be a group and let H be the centre of G. Show that H = G iff G 1s
abelian.

5. Show that the centre of S; is {e}.
(Hint: For each a € S;and a # e, find another element b € S;such that ab = ba
).

6. Show that a proper subgroup of a non — abelian group can be abelian.

(Hint: Consider any proper subgroup of S;).

7. Show that any subgroup of an abelian groﬁp is abelian.

8. Let S and N be subgroups of G such that SN N ={e} and SUN=G. Prove
that either S=Gor N=G.

9. Find as many subgroups as you can in

(a) V,

(b) The group of symmetries of a square.

(©) Z,

(d) Z
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3.2 Permutation Groups:

The set of all bijections B(A) from a to itself is a group under the

composition of functions. In this section we make detailed study of this group
when A is finite. |

Definition: 3.2.1

Let A be a finite set. A bijection from to itself is called a permutation of
A.

For example, if A ={1,2,3,4} f:A—> Agivenby f(1)=2,
f(2)=1,f(3) =4and f(4) = 3is permutation of A. We shall write this permutation

1 2 3 4
2 1 4 3)
An element in the bottom row is the image of the element just above it in
the upper row.

1 2 3 4) (4312
2 1 4 3/ |3 4 2 1

Hence any rearrangement of columns in a permutation is immaterial.

Note:

Definition: 3.2.2

Let A be a finite set containing n element. The set of all permutations of A
is clearly group under the composition of functions. This group is called the

symmetric group of degree n and denoted by S_.
Example:

Let A ={1,2,3}. Then S; consists of

(123 (123 (123 (12 3)
°=l1 2 3)°P T2 3 1)°P2 T 3 1 2)P TN 3 o)
(1 23 (123
Pa=ly 5 1)°PsT2 1 3)
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In this group, ¢ is the identity element. We now compute the product p,p, .

1

1 2 3
p: l l l 1 2 3

2 3 1 Hence p,p,: | l l
p,: l d l | 1 2 3
2 3

so that p,p, =e.

N 1 2 3Y1 2 3\ (1 2 3
0’ —_ — "'_'_.
WoPiPe=15 5 )3 2 1712 1 3)7PFs

Similarly we can compute all the other products and Cayley table for this

group is given by

° € P P P3s Ps Ps
€ € P1 P2 P3s Ps DPs
Pi|P1 P2 € Py Ps DPs
P | P, € Dy Ps Pi: DPas
Ps | Ps Ps Ps € Dy P
Ps{Ps P Ps P € P
Ps | Ps Pa Pz P2 Py €

Thus S, is a group containing 3!= 6 elements.

Remarks:

1.

In definition 1.2.15 we have defined the composition g o f of two functions f

and g by (g o £)(x) = g[f(x)]-
Hence to find the image of any element x under g o f, we first apply f and

then g. However in forming the product of two permutations p, and p, we

adopt a different convention. To find the image of x under the product p,p,,

we first apply p, and then p,.
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2. In S;,p,p, =P,P, =eso that the inverse of p, is p,. In general the  inverse

of a permutation can be obtained by interchanging the rows of the

permutation.

1 2 3 4 5
3 4 2 5 1

e L (3425 1)_(123 45
crmutation given = =
p EVenby P =ly 5 3 4 5)7 |5 31 2 4

3. In S;,p,p,=psand p,p, =p,;. Hence p,p, #p,P;s0 that S,in non —

For example, if p= [ ]then the inverse of p is the

abelian.
4. The symmetric group S_contains n! elements, for let - A ={1,2,....... ,n}. Any

permutation on A is given by specifying the image of each element. The

image of 1 can be chosen in n different ways. Since the image of two is

different from the image of 1, it can be chosen in (n — 1) different ways
and so on.
Hence the number of permutations of A is‘n(n — 1)l 2.1 =n!

so that the number of elements in S_is n!.
Definition: 3.2.3 |

Let G be a finite group. Then the number of elements in G is called the
order of G and is denoted by |G| or - (G).

Exercises:
1. Compute off,Ba and o7 'if

(1 2 3 4
@ =1, 4 1 3

1 2 3 4
B{3412)
1 23 4 5 6
(b)a=(231465j
1 2 3 4 5 6)
B=(234561/
1 2 3 45 6 7)
(")a:(3472561,
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B_1234567
{7 6 2 3 4 5 1

3

1 2 3 4
1 2 3 4

aofl 23 ) o (123 4) (123 &) eand
3 4 2 1)°P7 e 3 2 1)°" {21 4 3 group

construct its Cayley table.

2. Show that the permutation € = (

3. From the Cayley table for the group S,.

2 3 4 5

3 4 5 1)

In this permutation 1 -2 —- 3 — 4 — 5 — 1. Thus the permutation maps the
1 2 3 4 5

1 3 4 5 2)

This permutation fixes the symbol 1 and maps the remaining symbols in a
cyclic order.
Definition: 3.2.4
Let p be a permutation on
A ={1,2,.....,n}. p is called a cycle of length r if there exist distinct

1
Consider the permutation [2

symbols in a cyclic order. Now consider the permutation [

symbols a,,a,........ a_ such that p(a,) =a,,p(a,)=a,,......p(a,,;) =a,, and

This cycle is represented by the symbol (a,,a,,....... ,a_) . Thus under the cycle
(a,,a,,.....,a_ ) each symbol is mapped onto the following symbol except the last
one which is mapped onto the first symbol and all the other symbols not in the
cycle are fixed. ‘

Example:
Let A ={1,2,3,4,5} . Consider the cycle of length 4 given by p = (2451).

1 2 3 4 5
Then p= .
2 4 3 5 1
Obviously (2451) = (4512) = (5124) = (1245).

Note:
Since cycles are special types of permutations, they can be multiplied in

the usual way. The product of cycles need not be a cycle.
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For example, let p, =(234)andp, = (1,3). Then
[12345][12345)(12345)_,
PP, = = which is not a

1 3 4 2 5/){5 2 3 4 1 5 3 4 2 1

cycle.

Definition: 3.2.5
Two cycles are said to be disjoint if they have no symbols in common.
For example (2 1 5) and (3 4) are disjoint cycles.

Note:

If p,and p,are disjoint cycles the symbols which are moved by p, are

fixed by p,and vice versa. Hence multiplication of disjéint cycles is commutative.

Examples:
2 3 4 5 6 7

1
1. Consider the permutation
21 3 5 6 7 4

J. We shall write this

permutation as a product of disjoint cycles. First of all 1 is moved to
and then 2 is moved to 1 thus giving the cycle (1 2). The element 3
left fixed. Again starting with 4, 4 is moved to 5, 5is moved to 6, 6
moved to 7 and 7 is moved to 4, thus giving the cycle (4 5 6 7). Thus

1 2 3 4 5 6 7
[2 1 3 5 6 7 5J=(12)(4567)=(4567)(12)_

, _ 1 2 3 4 5 6 7 _ _
2. Consider the permutation o = eS,. Starting with 1

2 3 7 5 4 1 6

we get the cycle (1 2 3 7 6). The elements 4, 5 do not appear in it. Starting

with 4 we get the cycle (4 5). Each element of the set {1, 2,

is one of these two cycles.
Thus o = (12376)(45).

1 2 3 4 5 6

3. Consider th tation o= . Clearl = (143)(265).
onsider the permutation [4 6 1 3 2 5) early o = (143)(265)

Theorem: 3.13

Any permutation can be expressed as a product of disjoint cycles.

Proof:
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Let p be a given permutation of the set S = {1,2,....... ,n}. Let us start with
any symbol a, € S. Let p(a,)=a,,p(a,)=a;.......... Since S is finite, these

symbols cannot all be distinct and hence there exists a least positive integer r such
that 1<r<nand p(a,)=a,.

Let c=(a;,a,,c e .... ,a.). Ifr =n then p = ¢ so that p is a cycle. If

r <n, let b, be a symbol in S such that b, € (a,,a,,......,a, ). Starting with b, we can
construct the cycle d =(b,b,...... ,b,) as before. Clearly the cycles ¢ and d are
disjoint. If r+s=mnthen p =cd. If r+s <n we repeat the above process to obtain

more cycles until all the symbols appear in one of the cycles. Thus we get a
decomposition of p into disjoint cycles.

Exercise:

Express the following permutations as a procut of disjoint cycles.

1 2 3 4 5
@1y 2 5 1 3

(123 45
® 3 4 5 21
(c) 1234)(345)
(d (13)34)@45)

() 123)(16543)
D (4215 B426)(5671)

1 2 3 4 5 6
@13 5 4 2 6 1

1 2 3 4 5 6 7
(h)

5 437 21 6
Answers:

(2) (14) (35)
(b) (135) (24)
(©) (124) (35)
(d) (1543)
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(e) (12) (3654)
(H (16347) (25)
(g) (134256)
(h) (152476).
Note:

The decomposition of a permutation into disjoint cycles is unique except
for the order of the factors.

Definition: 3.2.6

A cycle of length two is called a transposition. Thus a transposition

(a,a,) interchanges the symbols a,and a, and leaves all the other elements fixed.
Theorem: 3.14

Any permutation can be expressed as a product of transpositions.

Proof:

Since any permutation is a product of disjoint cycles it is enough if we
prove that each cycle is a product of transpositions.

Hence let c=(a,a,,....... ,a,) be a cycle.
Clearly (a,a,,....... ,a,)=(a,a,)@a;)........ (a,a,). This proves the theorem.
Examples:

1 2 3 4 5
3 4 5 2 1

): (1245) = (12)(14)(15).

Also (1235) = (2451) = (24) (25) (21).
Thus the representation of a permutation as a product of transpositions is not
unique.

2. (1345) (26) = (13) (14) (15) (26) = (13) (12) (12) (14) (15) (26).

Thus in the representation of a permutation as a product of transpositions one
can always insert (ab) (ab) in any place since (ab) (ab) is the identity
permutation.

Theorem: 3.15 |
If a permutation p € S_is a product of r transpositions and also a product
of s transpositions then either r and s are both even or both odd.
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Proof:

the polynomial in n variables X,,X,,...... , X, given by
A=(x =X )X —X;)-..... (X X)X (X, —X3)(XK; —Xg)- e X Xy ) XX, —X,) = H()‘] —X;)

i<i
For any permutation p € S we define

p(A) = H(Xp(i) ERSTOR

i<j
Consider the transposition t = (ij) . Then the factor x; — x;in A becomes x i X
Any factor (x, —Xx,) of A in which neither i nor j is equal to k or Zis unchanged.
All other factors of A can be paired to form products of the form
+(x; — X, )(X, —X;) , the sign being determined by the relative magnitudes of i, j
and k. Since t interchanges X;and x;any such product is unchanged. Hence the

effect of the transposition t on A is just to change the sign of Aie, t(A)=—

p(A) =(t,t,........ t YA =(-D"A.
Also p(A) = (tt,........ t. A)=(=D°A.
(—=1)" =(-1)° = r and s are both even or both odd.
Definition: 3.2.7
A permutation p € S_is called even or odd according as p can be
expressed as a product of an even number of transpositions or an odd number of

transpositions respectively.

Examples:
1 2 3 4 5 6 7}

1. Consider the permutation p=[3 6 41 7 2 5

= (134)(26)(57) = (13)(14)(26)(57) .
p is a product of 4 transpositions.
Hence p is an even permutation.
1 2 3 4 5 6 7 8 9)

2. Consider the permutation p =
2 5 4 3 6 1 7 9 8

p =(1256)(34)(89) = (12)(15)(16)(34)(89)
p is a product of 5 transpositions.
Hence p is an odd permutation.
Exercises:
1. Determine which of the following permutations are odd and which of them

are cvem.
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()(1,23456

a ,_

2 315 6 4
(b)/1234'5678
3 4 21 6 5 8 7

(c) (1234)(356)(67)
(d) (123)(45)(5672).
2. Find all the even permutations in S, and show that they form a group.

3. For what values of m is a cycle of length m an even permutation?

Answer:

1.

(a) Even
(b) Odd
(c) Even
(d) Even

2. ep;,P,
3. mis odd.
Theorem: 3.16.

(i). The product of two even permutations is an even permutation.

(11). The product of two odd permutations is an even permutation.

(1i1). The product of an even permutation and an odd permutation is an odd
permutation.

(iv). The inverse of an even permutation is an even permutation.

(v). The inverse of an odd permutation is an odd permutation.

(vi). The identity permutation e is an even permutation.

Proof:

Let p,,p,be two permutations. If p,is a product of r transpositions and p,

is a product of s transpositions, then p,p,is a product of r+s transpositions.
Hence (i), (ii) and (iii) follow. |

223



Now suppose that a permutation p is a product of r transpositions, say,
p=t,,ty,....t_. Then p~' =(t,,to.....t,) " =t ........ ty't] =t ... 1t

p~'is also a product of r transpositions.

This proves (1v) and (V).
Now, ¢ = (12)(12) and hence ¢ is an even permutation which proves (vi).
Theorem: 3.17

Let A _be the set of all even permutations in S_. Then A is a group

.. n! i
contaming Epermutatlons.

Proof:

From (i), (vi) and (iv) of theorem 2.16 we see that A _is a group.
Now let B_ be the set of all odd permutations in S .

Define f: A, — B_by f(p)=(12)p

fis1 -1, for f(p,))=1f(p,)=>02)p, =12)p, = p, =p,.

fis onto, for, if a € B_then (12)aa € A_ and f[(12)a]=(12)(12)a = a

Thus f is a bijeciton and hence the number of odd permutations in S, =the

: : . : : n!

number of even permutations in S . Since S, contains n!permutations, A_has >
clements.

Definition: 3.2.8

The group A, of all even permutations in S_is called the alternating

group on n symbols.
Exercises:

1. Let G be a group of permutations. Show that either all the permutations

in G are even or exactly half of them are even.
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2. Let p be a permutation of a set A. Let ac A we say that p moves a if

p(a) = a . How many elements are moved by a cycle of length r?

3. Show that the set of all permutations in S_fixing the symbol 1 is a group.
4. Write down all the permutations of the set {1, 2, 3, 4} and determine which

of them are even.

5. Determine which of the following statements are true and which of  them

are false.
(a) Every cycle is a permutation.
(b) Every permutation is a cycle.
(c) Product of two cycles is a cycle.
(d) Any transposition is an odd permutation.

(e) When n =3,S_is nonabelian.

(f) Any permutation can be expressed as a product of cycles.
(g) The set of all odd permutations in S_1is a group.

(h) Any finite group is abelian.

Answers:

2. r elements

5.

(a) True
(b) False
(c) False
(d) True
(e) True
(f) True
(g) False
(h) False
3.3 Cyclic Groups:

Definition: 3.3.1

Let Gbeagroup. Let aeG.
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Then H'={a" /n € Z}is a subgroup of G (verify). H is called the cyclic

subgroup of G generated by a and is denoted by (a) .

Examples:

1.
2.

3.

In (Z, +), (2) = 2Z which is the group of even integers.

In the group

G =(Z,,,9),(3) ={0,3,6,9} (5) ={0,5,10,3,8,1,6,11,49,2,7} = Z ,.
In the group G ={l,i— l,—i}(i) = {i,i%,i’...... }={1,-1,-1,1} =G.

Definition: 3.3.2

Let G be a group and let a € G . a is called a generator of G if (a) =Q.

A group G is cyclic if there exists an element a € G such that <a> =G.

Note:

If G is a cyclic group generated by an element a, then every element of G

1S of the form a"forsome ne Z.

Examples:

1. (Z, +) 1s a cyclic group. 1 is a generator of this group. -1 is also a generator of
this group. Thus a cyclic group can have more than one generator.

2. (nZ, +) is a cyclic group, n and —n are generator on this group.

3. (Z4,9)is a cyclic group. 1, 3, 5, 7 are all generators of this group.

4. (Z,,9)is a cyclic group of all n € N;lis a generator of this group. In fact if
me Z and (m,n) =1then m is a generator of this group.

5. G ={l,i,—1,—i}is a cyclic group under usual multiplication; i is a generator, -i
1s also a generator of G. However -1 is not a generator of G since
(=1)={,-1} =G.

6. G ={l, 0,0’} where ® = lis a cube root of unity is a cyclic group. ® and ®?

are both generators of this group.
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7. 1Inthe group G=(Z, —{0},{=}), 3 and 5 are both generators. Here 2is not a
generator of G since (2)={2413=G. |
8. Let A be a set containing more than one element. Then (p(A),A)is not
cyclic; for let Beg(A)be any element. Then BAB=®so that
(B) ={B,®} = 0(A).
9. (R, +) is not a cyclic group since for any X € R,(x) ={nx/neZ} ;t'R .
Exercises:

Determine which of the following groups are cyclic. If it is cyclié find all

the generators of the group.

X N kW=

(6Z, +).

Q. )

The set of all n" roots of unity under multiplication.
The group of symmetries of an equilateral triangle.
The group of symmetries of a rectangle.

The group of symmetries of a square.

{2" /n € Z} under usual multiplication.
(Z4 9®)
(R*,)

10. (Z11 —{0},@)

11. G={e,p,,P,,P3,P4} Where

1 2 3 4 5
c =
1 2 3 4 5
e 3 4 5
Pi=\ o 4 5 1
1 2 3 4 5
P, =
3 4 1 2
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Answers:

1, 3,7, 8,10 and 11 are cyclic.
Theorem: 3.18

Any cyclic group is abelian.
Proof:

Let G =(a) be a cyclic group.

Let x,ye G.Then x =a“and y=a’for some r,s e Z.

S+

Hence xy=a"a*=a"™* =a"" =a‘a" = yx.

G 1is abelian.
Theorem: 3.19
A subgroup of cyclic group is cyclic.
Proof:

Let G be a cyclic group generated by a and let H be a subgroup of G. We
claim that H is cyclic.

Clearly every element of H is of the form a" for some integer n.

Let m be the smallest positive integer such that a™ € H. We claim that a™
is a generator of H.

Let beH. Then b=a" for some ne Z.

Let n=mq+rwhere 0<r<m.

Then b=a" =a™" =a™a" =(a™)%a".

228



a"=(™) . (D
Now, a™ € H . Since H is a subgroup, (a™) * eH.
Also beH.
By(1),a" e H and‘ 0<r<m.
But m is the least positive integer such that a” € H.
r=0.Hence b=a" =a™ =(a™)".
Every element of H is a power of a™.

H = <am ) and hence H is cyclic.

Exercises:

1. Prove that if a is a generator of a cyclic group G then a'is also a

generator of G.
2. Prove that any subgroup of (Z, +) is of the form nZ for some integer n.

3. Find the number of elements in the following cyclic subgroups.

(a) (2) in (Z,4,P)

(b) (18)in (Z,,,®)

(©) (5)in (Zg,,®)

(d) (1) in C*

4. Show that every proper subgroup of V,is cyclic. (However V,is not cyclic).
5. Show that every proper subgroup of S; is cyclic.

Q. Give the multiplication table for the cyclic subgroup of S generated by
(1 2 3 4 5)
P72 4 51 3
7. Determine which of the following statements are true and which are  false.
(a) For any fixed integer n, {kn +1/k € Z} is a subgroup of (Z, +).

(b) Every cyclic group is abelian.
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(c) Every abelain group is cyclic.
(d) Every element of a cyclic group is a generator of the group.
(e) (Z, +) is a cyclic group.
(H (Q, +) i1s a cyclic group.
(g) S;is a cyclic group.
(h) Aj;1is a cyclic group.
(1) (Z_,P)is a cyclic group.
(G) (£, —{0}, @)is a cyclic group.
(k) Any group of order 3 is cyclic.
() Any group of order 4 is cyclic.
(m) Given any positive integer n, there exists a cyclic group with n elements.
(n) Every group has cyclic subgroups.
(0) Every subgroup of a cyclic group is cyclic.
(p) If every proper subgroup of a group G is cyclic then G is cyclic.
(q) Every cyclic group has more than one generator.
Answers:
3. (a) 9 (b) 5 (c) 16 (d) 4
7. (b), (e), (h), (1), (k), (m), (n) and (o) are true.

Order of an Element:

1. Consider the group S; given in 3.4

(12 3
=l 3 1)
, (1 2 3Y1 2 3
Pr=is 3 1)l2 3 1
(1 2 3
“l3 1 o) P2
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p3=123123
31 202 31
1 2 3
- =e
1 2 3

In this case 3 is the least positive integer such that p; =e. Also

<p1) = {€,P;,P, } is a subgroup of S, of order 3.

2. Consider (R",). Form the sequence of elements 2,2%,2°,.......2" ,........ In this

case there is no positive integer n such that 2" =1and (2) contains infinite

numbers of elements.

Definition: 3.3.3

Let G be a group and let a € G. The least positive integer n (if it exists)
such that a" = e is called the order of a. If there is no positive integer n such that
a" = e, then the order of a is said to be infinite.

In example 1, p,is of order 3 and 2 is of infinite order in example 2.
In (C*,.),11s an element of order 4.
Exercises:

1.Show that in any group G,eis the only element of order 1.

2.Find the order of -1 and 3 in (Z, +).
3.Find the order of -1 and 3 in (R¥, .)
4.Find the order of -1 and —i in (C*,.).

5.Find the order of 2 and 3 in (Z;,9).

6. Show that in V, the order of every element other than the identity is 2.
7. Show that in (Z, +) the order of every element other than 0 is infinite.
8. Show that in (% (S), A) the order of every element other than ®is 2.

9. Show that in (C*, .) for every positive integer n there exists an element
of order n.

Answers:
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2. infinite

3. order of -1 is 2 and order of 3 is infinite.
4. order of -1 is 2 and order of -1 is 4.

5. order of 2 is 4 and order of 3 1s 8.
Theorem: 3.20

Let G be a group and a € G . Then the order of a is the same as the order of
the cyclic group generated by a.

Proof:

Let a be an element of order n. Then a™ =e. We claim that

e,a,a’,......,a" are all distinct.

Suppose a” =a®*where O0<r<s<n.

Then a*" =eand s—1 <n which contradicts the definition of the order of

n—1

.. 2 —1 .
a. Hence e,a,a’,...... ,a"  are n distinct elements and (a) ={e,a,a,...... ,a" } which

is of order n.

If a is of infinite order, the sequence of elements a,a’, ... ,a",.....are all
distinct and are in (a> . Hence <a> is an infinite group.
Theorem: 3.21

In a finite group every elements is an finite order.
Proof:

Let a € G. If a is of infinite order, then (a) is an infinite subgroup of G,

which is a contradiction since G i1s finite. Hence the order of a is finite.

Remark:

The converse of the above theorem 1s not true. (ie) if G 1s a group in which
every element is of finite order then the group G need not be finite. For example,
if S is any infinite set, then (g (8S), A)is an infinite group. In this group AAA = O
for every A e (S) so that the order of every element other than Pis 2.

Theorem: 3.22
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Let G be a group and a be an element of order nin G. Then a™ =e¢ iffn
divides m.

Proof:

Suppose njm. Then m = nq where qe Z.

m

a”=a"=(@")1=el=e.
Conversely, let a™ =e¢.

Let m=nq+rwhere 0<r<n.

m ng+r

a =a

r i g

=a™a’' =ea’ =a’.
a"=eand 0<r<n.

Now, since n is the smallest positive integer such that a” =e, we have
r=0. Hence m =nq.

Therefore njm.
Theorem: 3.23

Let Gbe agroupand a,be G.
Then

(i) Order ofa=orderof a™'.
(i) Order of a = order of b~ 'ab.
(1i1) Order of ab = order of ba.

Proof:

(i) Let a be an element of order n.

Then a™ =e.

(@) =@")"'=e'=e€.
Now, if possible let 0 <m <nand (a7 )™ =e.

(a™) ! =e. Hence a™ = e which contradicts the definition of
the order of a. Thus n is the least positive integer such that (a )" =¢

The order of a~'is n.
(i) We shall first prove that for any positive integer r.
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(b~'ab)" =b~'a’b. (1)

(1) Istrivialy true if r=1.
Now, suppose that (1) is true for r = k so that (b~'ab)* =b'a*b.
Then
(b~'ab)**! =(b'ab)*(b~'ab).
=(b~'a*b)(b"ab).
=b'a*'b.
Hence by induction (1) is true for all positive integers.

Now, let a be an element of order n. Then a® =¢.

(b~'ab)" =b~'a"b (by (1))

=b'eb=c¢.

Now, if possible, let 0 <m <nand (b'ab)™ =e.

b~ 'la™b =e . Hence a™ = e which contradicts the definition of the

order of a. Thus n is the least positive integer such that (b~'ab)” =e.
The order of b~ 'ab is n.

(iii)The order of ab = the order of a™ (ab) a (by (ii)) = the order of ba.
- Theorem: 3.24

Let G be a group and let a be an element of order n in G. Then the order of
a‘’, where 0<s <n, is n/d where d is the g.c.dof n and s.

Proof:
Let (n/d)=kand (s/d) = ¢so that k and /are relatively prime.
Now, (a*) =a*™ =a’* =a™ =(a")’ =e.
Further if m is any positive integer such that (a®*)™ =ethen a*™ =e.

Since order of a is n, we have n|sm.
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kd | ¢dm . Hence k | fm

But k and Zare relatively prime.

Hence k/m so that m > k .
Thus k is the least positive integer such that (a®)* =e.
orderof a* =k =n/d.
Corollary: 1

The order of any power of a cannot exceed the order of a.

Corollary: 2

Let G be a finite cyclic group of order n generated by an element a. Then
a® generates a cyclc group of order n/d where d is the g.c.d of n and s.

Corollary: 3

Let G be a finite cyclic group of order n generated by an element a.a®is a
generator of G iff s and n are relatively prime. Hence the number of generators of
a cyclic group of order n is ¢(n) where ¢(n) is the number of positive integers less
than n relatively prime to n.

For example, consider the group (Z,,.9P).

$(12) = 4. Hence the group has exactly 4 generators and they are 1, 5, 7
and 11.

Problems:
Problem: 1

If G is a finite group with even number of elements then G contains at
least one element of order 2.

Solution:
a is an element of order 2 <> aZ =¢

<> al=a.
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Hence it is enough if we prove that there exists an element different from e

i G whose inverse is itself.

Let S={a/aeG,a=za'}.

1

'eSand aza!.

Clearly aeS= a"
Hence S contains an even number of elements.
Also egS.

Hence S U {e} contains an odd number of elements. Since the order of the

group is even, there exists at least one element a ¢ SU {e} . Clearly a =a .

Problem: 2

The order of a permutation p is the f.cm of the lengths if its disjoint
cycles.

Solution:

Let p=c,C,....... »C, Where the ¢;'s are mutually disjoint cycles of lengths

.. Now, let p™ =e.

Since product of disjoint cycles is commutative,

m m

m m m
e=p =(C,Cyyu...... ,C.) =C, C; ,-...,C, .

Now, since the elements moved by one cycle are left fixed by all the other

m

cycles, ¢ =c¢) =...... ,Cl =¢.
Now, c¢;” =e=> ¢, | msince the order of ¢, =/, .
Similarly ¢,,4,.,....... £ _divide m.
Thus m is a common multiple of ¢,,4,,.....0 _.

The order of p is the least such m which is obviously the f.c.m.of
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Problem: 3

If'a 1s a generator of the cyclic group G and if there exist two unequal
integers m and n such that a™ =a” | prove that G is a finite group.

Solution:

Since m and n are unequal we may assume that m>n.

Hence m — n is a positive integer.

Also a™ =3a" = a™ " =¢.

Exercises:

W oN B

P

(a)
(b)

Order of a 1s finite.

G = (a) is a finite group (by theorem 2.20)

Show that a group G of order n is cyclic iff G contains an element of order

Find the number of generators of the cyclic groups of order 8, 24 and 60.

Let p and q be prime number. Find the number of generators of Z .

Find the number of generators of Z , where p is prime.

Find two elements a, b in a group such that
Order of ab # (order of a) (order of b).
Order of ab = (order of a) (order of b).

Find the order of the following permutations.

1 2 3 4

2 3 4 1

1 2 3 4 5 6 7
57 6 41 2 3
(12345)(67)(1657)
(12)(23)(345)(1456) .

Find all the elements of finite order in the following groups.

(Z, )
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(b) (R*,9)
(©) ((S),A)

8. Determine which of the following are true and which are false.
(a) In a finite group the order of every element is finite.
(b) If in a group every element is of fi,nite.horder then the group is
finite.
(©) In an infinite group the order of every element is infinite.
(d) The order of e is zero.

(e)  The order of every element of (R*,) is finite.

Answers:
2. 4, 8 and 16.
6. (a) 4 (b) 4 )7 (d)6
7. (a) O (b) 1 and -1 (c) All elements.
8.(a) T M)F  (©F (d)F () F
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3. HOMOMORPHISMS

3.4 Introduction:

- In this section we consider an important concept known as

“homomorphism”. The notion of homomorphism is common to all aspects of

modern algebra A homomorphlsm of group is a map which preserves
composmon

Definition: 3.4.1

f(ab) =

A map f from a group G mto a group G' is called a homomorphlsm if
f(a)f(b)forall a,be G.

Obviously every isomorphism is a homorphism and a bijective

homomorphism is an isomorphism.

Examples:

1.

2.

f:(Z,+) >(Z,+)defined by f(x)=2xis a homomorphism. For,
f(x+y)=2(x+y_ =2x+2y=1f(x)+f(y). Note that fis 1 — 1.

f:(R*,) > (R",)defined by f(x) =| x |is a homomorphism.

For, f(xy) =| xy |=| x || y |= f(x)f(y) . This homorphism is onto.

f:G — G'defined by f(a)=e', where e'is the identity in G'is a trivial
homomorphism. For, f(ab) =e'=¢e'e'= f(a)f(b).

f:(Z,+) — (C*,) given by f(n) =1i"1is a homomorphism.

For, f(m+n)=1i""" = T = f (n)f(m) . Note that fis neither 1 — 1 nor
onto.

f:(R X R,+) = (R,+) given by f(x,y) = x is a homomorphism.

Let G be a group and N a normal subgroup of G.

f:G — G/Ngiven by f(a) = Na is a homomorphism.

For, f(ab) = Nab = NaNb = f(a)f(b).

f is called the canonical homomorphism from G to G/N. Note that fis
onto.

3.5 Types of Homomorphisms:
Definition: 3.5.1

()

Let f: G — G'be a homomorphism.
If f is onto, then it is called an epimorphism.
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(11) If fis 1 — 1, then it is called a monomorphism.

Note:

If £: G — G'is an epimorphism then G’ is called a homomorphic image
of G.

A homomorphism of a group to itself is called an endomorphism.

Theorem: 3.26

Let : G — G'be a homomorphism. Then

(1) f(e)=e'.

()  fa)=[f@]".

(1ii) If H is a subgroup of G then f(H) is a subgroup of G'.

(1v) If H is normal in G, then f(H) is normal in f(G).

(V) If H' is a subgroup of G', then ' (H")is a subgroup of G.

(vi) If H' is normal in f{G) then £ (H')is normal in G.
Proof:

(1) Let aeG.
Then f(a) = f(ae) = f(a)f(e).
Hence f(e) =¢€'.
(i1) f(a)f(a ) =f(e)=e¢".
Hence f(a ') =[f(a)]".
(111) Let H be a subgroup of G.
Since H 1s non — empty, f(H) is also non — empty.
Now, let x,y e f(H).
Then x = f(a)and y# f(b) where a,be H.
xy ' =f(@If(b)]"
=f(a)f(b™) =f(ab™).
Now, since H is a subgroup of G, ab™' e H .
xy ' =f(ab™') e f(H).
f(H) is a subgroup of G'.
(1v) Let H be normal in G. Let x € f(H)and y € f(G).
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We claim that yxy ™' e f(H).
Now, x =f(a)and y=f(b)where acHand be(G.
Since H is normal in G, bab™' e H.
F(bab™) € £(H).
f(b)f(a)f (b ) ef(dH).
yxy ' e f(H) . Hence f(H)is normal in f(G).
(V) Since f(e)=e'e H';e e f ' (H')and hence f~ (H") = ®.
Now, let a,bef'(H").
Then f(a),f(b)e H'.
f(a)[f(b)]" e H'.
f(ab™')e H'(ie),ab™ e f ' (H").
Hence f~'(H")is a subgroup of G.
(vi) Letxef'(H)and aeG.
Then f(x) € H'and f(a) e £(G).
Since H' is normal in f{G), f(a)f(x)[f(a)]" e H'.
f(axa ) e H'.
Hence axa™' e f ' (H").

Thus f'(H")is normal in G.
Examples:

1. Consider the homomorphism f:(Z,+)—>(Z,.,®)which is given in the

beginning of this section.
Let K={x/xeZ,f(x)=0}.
Clearly K = nZ which is a normal subgroup of Z.
2. Consider the homomorphism f:(R*,;)— (R, )which is given by

F(x) =|x |.

Let K = {x/x e R* f(x)=1}. Clearly K = {1,-1} which is a normal
subgroup of (R*,-).
Definition: 4.2.2
Let f:G — G'be a homomorphism. Let
K = {x/x € G,f(x) =¢'} . Then K is called the kernel of fand is denoted by ker f.
Theorem: 3.27 -
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Let f:G — G'be a homomorphism. Then the kernel K of f is a normal

subgroup of G.

Proof:
Since f(e) =e',e €« Kand hence K = @ .

Now, let x,y e K. Then f(x) =e'=1(y).
S ExYy ) = (y ™) =f()f (Y] =e'(e') ' =e'e'=¢".
Thus xy ™ € K. Hence K is a subgroup of G.

Now, let xe Kand aeG.

Then
f(axa™) =f@)f(x)f(a™)
=f(a)e'[f(a)]”
=f(a)[f(a)]"
=e'.
- axa ' € K. Hence K is a normal subgroup of G.
Aliter:

{e'} is a normal subgroup of f(G). Hence ker f =f'({e'})is a normal

subgroup of G.
Problems:

Problem: 1
Let £:G —>G'bea homomorphism. Then fis 1 — 1 iff ker f = {e}.

Solution:
| Obviously fis 1-1 = ker f = {e}.
Conversely, let ker f = {e}.
We prove fis 1 — 1.

FGO =1(y) = £ (N] =¢'.

— f(xy ) =e¢'.
= xy ' ekerf.
=xy ' =e.
=x=y.

Hence fis 1 — 1.
Problem: 2
Let G be any group and H be the centre of G. Then G/H = I(G), the group
of inner automorphisms of G.
Solution:
Consider f: G — I(G) defined by f(a) =¢, .
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Then f(ab) = ¢,, = ¢, o, = f(a)f(b).
Hence fis a homomorphism. |
Clearly fis onto.

Now, we claim that ker f =H .

aekerf = f(a)=4¢,.
=o, =9,

< ¢, (x)=xforall xeG

< axa'=xforall xeG

<> ax=xaforall xeG
<>aeH.
Hence ker f = H.
By the fundamental theorem of homomorphism G/H = I(G).
Problem: 3
Show that R*/{1,-1} =R".
Solution:
Consider f:R* —» R* defined by f(x) = x|. |
Clearly f is an epimorphism and ker f = {1,—1} .
Hence by the fundamental theorem of homomorphism R */{1,-1} = R"
Problem: 4 |
Any homomorphic image of a cyclic group is cyclic.
Solution:
Let G be a cyclic group and f;G — G'be an epimorphism. Let abe a
generator of G. Then f(a) is a generator of G'. (refer proof of theorem 4.7).
Hence G' is cyclic.
Problem: 5 '
Show that the map f :‘(C,+) —> (R,+)defined by f(x +iy) =y is an
epimorphism and ker f =R . Deduce that C/R =R .
Solution: |
Let z, =x, +iy,and z, =X, +1y,.
Then (z, +2z,)=(x; +x,)+i(y, +y,).
f(z,+z,)=y,+y, =1(z)+1(z,).
Hence fis a homomorphism. Clearly f is onto.
Now, ker f = {x+iy/f(x +1iy) = 0}.
={x+1iy/y =0}.
= R.

By the fundamental theorem of homomorphism C/R =R .
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Exercises:

1.

Determine which of the following maps are homomorphism. If it is a
homomorphism, find the kernel.

1 if n is even

(a) f:(Z,+) > {1,-1} given by f(n) = {_1 € nis odd

(b) f:R*—>R *given by f(x):{l x>0
| -1 if x<0

©) f:(R xR,+)—> (R,+)given by f(x,y)=y.

(d) f:(Z,+) > (R*,) given by f(x)=3".

(e) £:S, — {1,-1} given by

1 if p is an even permutatian

f(p)={

-1 if p is an odd permutatian

() f:R — Cgivenby f(x)=e".

(g) £:(Z,+) > (Z,+)given by f(n)=2n.

(h) f:R*—> R*given by f(x) =—x.

() f:Z, > Z,given by f(x)=remainder of x when x 1s divided by 2.
(G) f:C*—>R*given by f(z)=z].

(k) f:(R,+) > (R,+)given by f(x)=x+2.

Prove that for any positive integer n,Z/nZ=27_.

' If £f:G—>G'and g:G'—» G'"are homomorphisms then prove that

g o f: G —» G"1is a homomorphism.

Show that any homomorphic image of an abelian group is abelian.

Find all the homomorphisms of (Z,+)onto (Z,+).

Show that a cyclic group of order & is homomorphic to

(a) A cyclic group of order 4.

(b) A cyclic group of order 2.

Prove that there exist 8 homomorphisms from (Z, +) to (Z;,®). How

many of these homomorphisms are onto?

Determine which of the following statements are true and which are false.
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(a) Any isomorphism is a homomorphism.

(b) Any homomorphism is an iédmorphism. .'

(¢) An infinite group cannot be homomorphic to a finite group.
(d) Homomorphism preserves the order of an element.

(e) Any homomorphism f is a monomorphism iff ker fif {e}.
Answers:
1.

(a) Yes, ker f =2Z.

(b) Yes, kerf =R"™.

(¢) Yes, ker f =R x {0}.

(d) Yes, ker f = {0}.

(e) Yes, kertf=A .

(H No

(g) Yes, ker £ = {0}.

(h) No

(1) Yes, ker f = {0,2,4}. N

() Yes, ker f={z/zeCand |z|{=1}.

(k) No

8. (a) T (b) F (©)F (DF (o) T.
3.6 Isomorphism: - |
3.6.1 Introduction:

Let = 1be a cubic root of unity. Let G = {l,0,®°} . G is a group under
usual multiplication. The Cayley table for G is given by |

: 1 o o

1 1 o o

®| o o 1

(Z,,P)is a group and i(t,)szda(;fey t;ble 10§) given by

@0 1 2 |

010 1 2

111 2 O

212 0 1
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We note that these two tables for the groups of order 3 keep the same
pattern. In fact any group of order 3 is cyclic and hence it is easily seen that all
groups with 3 elements are “like” each other. Thus if two groups G and G' are
“like” each other, it should be possible for us to obtain G' from G by renaming
each element X in G with the name of an element x' in G'. The remaining of the
elements of G can be achieved by means of a bijection f: G > G'. If x e G we
view f(x) as a new name for x. finally if the groups are to be “like” each other,

then if X and y are in G the new name for xy should be f(x)f(y)so that

f(xy) = f(x)f(y) . Note that the product of xy is computed in G and the product
f(x)(y)1s computed in G'. Two groups which are like each other are usually called
isomorphic. The following definition makes these ideas mathematically precise.

Definition: 3.6.1
Let G and G' be two groups. A map f : G — G'is called an isomorphism

if
(1) f is a bijection
(11) f(xy)=f(x)f(y)forall x,yeG.

Two groups G and G' are said to be isomorphic if there exists an
isomorphism f: G — G'. If two groups G and G' are isomorphic we write
G=G'.

Theorem: 3.28

Isomorphism is an equivalence relation among groups.
Proof:

For any group G,15 : G — G is clearly an isomorphism.

Hence G = G . Therefore the relation is reflexive.

Now, let G = G'and let f: G — G'be an isomorphism.

Then f is a bijeciton.

f7:G'—>Gisalsoa bijection.’
Now, let x',y'e G'.
Let f'(x")=xand f'(y)=y.

Then f(x)=x"'and f(y)=y'.
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f(xy) =fCOf(y) =x'y". .
(YY) =xy =£7(xDE(Y).
Hence f'is an isomorphism.
Thus G'== Gand ilence the relation is symmetric.
Now, let G = G'and G'=G".
Then there exist isomorphisms f:G—>G'and g:G'—> G'.
Sinc;e f and g are bijections, g of:G —> G''is also a bijection.
Now, let x,y €« G . Then
(g o £)(xy) = glf(xy)]
= g{f(x)f(y)] (since fis aﬁ 1Isomorphism)
= glf (x)]glf(y)] (since g is an isomorphism)
=(g o f)(x)(g o f)(y).

Hence g o f is an isomorphism.

Thus G = G" and hence the relation is transitive.

". Isomorphism is an equivalence relation among groups.

Examples:

1. (Z,+)=R2Z,+).

Comnsider f:Z — 2Z given by f(x) =2x .
Clearly f is a bijection. Also
f(x+y)y=2xx+y) ) |

=2x+ 2y =1 (x) + f(y).
Hence f is an isomorphism.

a O
. Let G = IaeR* i
: O O

G 1s a group under matrix multiplication.
We claim that G = (R*,-).
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a 0
Consider f : G — R * given by f[o O] =a.
Clearly f is a bijection.

a 0
‘Now, let A = [ ] and

0 0
b 0
B = ceG.
o o)
b 0
Then AB=|
0 0

f(AB) =ab =f(A)f(B).
Hence f is an isomorphism.
3. R,+H)=(R",).

Consider f:R — R* given by f(X)=e™.
Clearly fis a bijection.
Also f(x+y)=e"" =e e’ =fX)f(y).
Hence f is an isomorphism.
4. G=R —-{-1}is a group under * defined by a*b=a+b+ab. We claim
that GG = (R=*,-).
Consider f: G — R *given by f(x) =x +1. Clearly fis a bijection.
Also f(x *y)=f(x + y + xy).
=X+y+xy+1. |
=(x+D(y+1).-
=fCOf(y) .
Hence f is an isomorphism.
5. (Z,,®)is a group.
Let G denote the set of all n" roots of unity. G is a group under
usual multiplication. We claim that (Z_,®)=G.
Consider Z, — G given by f(m) = ®™ where
® =cos(2n/n)+1sin (2n/n).
Clearly f is a bijection.
Leta,beZ,.Leta+b=qgn+rwhere 0<r<n.
Then a@b=r. Hence f(a®b)=w’ (D)
Also f(a)f(b) = 0*0° =" =™ =00 =lo" =" (2)
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From (1) and (2), we get f(a @ b) = f(a)f(b).
Hence f is an isomorphism.

Exercises:

1.

10.

0

Show that G =4{ 2
0 0

j |a € R} is a group under matrix addition and prove

that G = (R,+).

a b

Show that G ={(
—b a

] la,b eR and 2% +b? # O} is a group under

matrix multiplication and G = (C*,-).
Let f,:R—>Rbe the function defined by f,(x)=x+a. Then
G ={f,/aeR}is a group under composition of functions. Show that
G =(R,+).
R x R is a group under + defined by (a,b) +(c,d)=(a+c,b+d). Show
that (R x R,+) = (C,+).
Show that (Z,+) = (nZ,+).
G={2"/neZ}is a group under usual multiplication. Show that
G =(Z,+v).
In Z we define a*b=a+b+1.(Z,*)is a group. Show that (Z,*) = (Z,+).
G={a+ bv27/ a,b € Z}is a group under usual addition. Z x Z isa group

under addition defined by (a,b) +(c,d) =(a +c,b+d). Show that
G=Zx Z.

R* is a group under the binary operation * defined by a*b = —;—ab. Show

that (R™,*)=(R",).
G={l,i,—1,—-i}i1is a group under multiplication. Show that

f:G—>(Z,,®)defined by f(1)=0,fG)=1,f(=1)=2,f(~i)=3is

an isomorphism.
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11. Show that (g({1,2}),A}is isomorphic to the group of symmetries of a

rectangle.

Theorem: 3.29
Let £:G — G'be an isomorphism. Then

(D f(e)=e¢'where e and e' are the identity elements of G and G’

respectively. (ie). In an isomorphism identity is mapped onto

identity.
i)  f@)=[f@]".
Proof:
(1) To prove that f(e)=e'it is enough if we prove that

a'f(e)=f(e)a'=a'forall a'=a'forall a'e G'.

Let a'e G'. Since f : G — G'is a bijection, there exists such that a € G
such that f(a) =a’.
a'f(e)=f(a)f(e)=f(ae)=f(a)=a".
Similarly, f(e)a'=a’.
f(e)=c¢e'".
(ii) It is enough to prove that

f(a)f(a™)=f(a)f(a)=e'.

Now, f(a)f(a)=f(aa™) =f(e) =¢'
Also, f(a™)f(a) =f(a'a)=f(e) = ¢

f(a)f(a™) =f(a)f(a)=¢'.

[f(a)]" =f(a™).

Remark:

The concept of isomorphism for groups is extremely important. Since two
isomorphic groups G and G' have essentially the same structure, if one group G
has an additional property (for example abelian or cyclic) then the group G' also
has this additional property. This is seen in the following three theorems.
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Theorem: 3.30

Let f: G — G'be an isomorphism. If G is abelian, then G'is also abelian.

Proof:

Let a',b'e G'. Then there exist a,b e G such that f(a) =a'and f(b)="b".
Now, a'b'=f(a)f(b) = f(ab) - f(ba)=f(b)f(a)="0b'a’.
Hence G' is abelian.

Theorem: 3.31

Let £:G —> G'be an isomorphism. Let a € G . Then the order of a is equal
to the order of f(a) . (ie) Isomorphism preserves the order of each element in a

group.
Proof:

Suppose the order of a is n. Then n is the least positive integer such that

a® =e
Now,
Lf@)]" =f@)........... f(a) (f(a) written n times)
= f(a") (since f is an isomorphism)
= f(e)
=e'.

Now, if possible let m be a positive integer such that 0 <m < n and
[f(a)]” =¢'.

But f(e) =e'. Since fis 1 — 1 we have a™ = e which contradicts the

definition of the order of a.
n 1s the least positive integer such that [f(a)]" =e'.

The order of f(a) is n.
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Theorem: 3.32
Let f: G — G'be an isomorphism. If G is cyclic then G'is also cyclic.
Proof:

Let a be a generator of the group G. We shall prove that f(a) is a generator
of the group G'.

Let x'e G'. Since f is a bijeciton, there exists x € G such that f(x) = x".
Now, since G =(a),x =a" for some integer n.
Hence x'=f(x)=f(a")=[f(a)]".
Since x'e G'is arbitrary every element of G' is of the form [f(a)]” so that
G'= (f (a)) :
Hence G' 1s cyclic.
Problems:
Problem: 1
Show that (R *,-) is not isomorphic to (R, +).
Solution:

In (R, +) every element other than O is of infinite order. But in (R*,-) there

exists an element (other than 1) of finite order. For example, -1 is of order 2 in
(R*,). Hence we cannot find an isomorphism form (R*,-)to (R,+) . (by theorem

4.6).
Problem: 2

Show that (Z,,®)1is not isomorphic to V,.
Solution:

In Z,, 1 is an element of order 4. But in V, every element other than e is
of order 2. Hence the two groups are not isomorphic.

This can also be proved by noticing that Z,is cyclic and V, is not cyclic.
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Problem: 3

If G is a group and G' is a set with a binary operation and there exists a one
— one mapping f from G onto G' such that f(ab) = f(a)f(b) for all a,b € G then
show that G' is also a group.

Solution:
Let a,b,ceG'.
Since f:G — G'is a bijection, there exists a,b,c € G such that
f(a)=a";f(b)=0b";f(c)=c".
Since G is a group, (ab)c =a(bc).
fl(ab)c] = f[a(bc)].
f{ab)f(c) = f(a)f(bc) (by hypothesis)
[f(a)f(b)If(c) = f(a)[f(b)f(c)].
(a'b)c'=a'(b'c').
The binary operation in G' is associative.
Now, let e € G be the identity element.

Let a'e G'. Since f: G — G'is a bijection, there exists a € G such that
f(a)=a'.

Now, ac=e¢a=a.
f(ae) = f(ea) = f(a).
f(a)f(e) = f(e)f(a) = f(a).
a'f(e) =f(e)a'=a’.
f(e)is the identitiy in G'.

Let a'e G'. Since f : G — G'is a bijeciton, there exists a € G such that
f(a)y=a’.

Now, aa !=a'a=e.
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f(aa™)=f(a'a)=1(e).
f(a)f(a™) = f(a ) (a) = f(e).
a'f(a™)=f(aHa'=f(e).
f(a™') is the inverse of a' in G".
Hence G' is a group.
Problem: 4
Let G be any group. Show that f : G — G given by f(x) =x""is an
1somorphism <> G is abelian.
Solution:
Let £:G —> G given by f(x) = x ' be an isomorphism.
We claim that G is abelian.
Let x,y e G.

Then f(x7'y ) =f(x")f(y™"). (since fis an isomorphism).
Ty DT =Dy DT
O =TT
YX =Xy . -

Hence G is abelian.
Conversely, suppose G is abelian.

Clearly f:G — G given by f(x) =x'is a bijeciton.
Now, :
f(xy)=(xy)™
— y—lx—l
=x"'y' (since G is abelian)
=f(x)f(y).
.. f1s isomorphism.
Exercises:

1. Show that any two groups of order 2 are isornorphié.

2. Show that any two groups of order 3 are isomorphic.
Show that any proper subgroup of (Z, +) is isomorphic to (Z, +). (Hint:
Any proper subgroup of (Z, +) is nZ).

4. Show that (Q, +) is not isomorphic to (Q*,).

5. Show that (C, +) is not isomorphic to (Cx,). |
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6. Let f:G — G'be an isomorphism. Then if H is a subgroup of G, f(H) is a
subgroup of G'.

7. Prove that for any positive integer n,(Z/nZ) =27 .
Theorem: 3.33

Any infinite cyclic group G is isomorphic to (Z, +)

Proof:

Let G be an infinite cyclic group with generator a. Then G={a" /neZ}.
Define f:Z —> Gby f(n)=a".
Since G is infinite, h#m = a" #a™.
Hence fis 1 — 1. Obviously fis onto.
Now, f(n+m)=a"" =a"a™ =f(n)f(m).
Hence fis an isomorphism.
Corollary:
Any two infinite cyclic groups are isomorphic to each other.
Let G and G' be two infinite cyclic groups. By theorem 4.8, G = G’
(since = is an equivalence relation).
Theorem: 3.34
Any finite cyclic group of order n is isomorphic to (Z_,P).
Proof:

Let G be a cyclic group of order n with generator a. Then

Define f:Z_ > Gby f(r)=a’.
Clearly fis a bijection.

Now, let r,seZ_.Let r®@s=t.
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Then r+s=qn+t, where 0<t<n.
f(r®s)=a" =a"' (1)
Also,
f(H)f(s)=a'a®* =a™ =a®" =a7a"
=(a™)%a' =ea' =a' 2
From (1) and (2), we get f(r @ s) = f(r)f(s).
Hence f is an isomorphism.

Corollary:

Any two finite cyclic groups of the same order are isomorphic.
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UNIT -1V
CALCULUS

4.1 Introduction

Before we attempt to study the Fourier Series the following basic
definitions related to function, limits and continuity become indispensable.
Periodic functions

A function f{(x) 1s said to have a period T if for all x, f(x +T) = f(x), where
T is a positive constant. The least value of T > 0 is called the period of f(x).
Example 4.1.1 we know that f{x) = sin (x + 2%) = sin (x + 4m)=---
Therefore the function has periods 2n, 47w, 67, etc. However, 271 is the least value

and therefore is the period of f(x).

Similarly cos x is a periodic function with the period 2 and tan x has

period 7.
. . | o _2n
Example 4.12 The period of sinnx and cosnx where n is a positive integer is——
n
. . . 2m
i.e., the period of sin 2x is 7, sin 3x iIs ——, etc.

A constant has any positive number as a period.

Limit of a function

A function f(x) is said to tend to a limit ‘1’ as x tends to ‘a’ if to each
givene> 0, there exists a positive number d such that |[f{X) - 1| <¢ when O <\‘1x - al
<d.

Lt
This 1s denoted by fix) = 1.
X—>a

Left-hand and Right-hand limits
f{(x) is said to tend to | as X tends to ‘a’ through values less than a, if to
each £> 0, there exists 6> 0 such that |[f(x) - 1| <€ when a - 8< x < a and is denoted
Lt : . ..
by f(a - 0) = f(x) is called right-hand limit.
x—>a—0
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Similarly if f{x) tends to 1 as x tends to ‘a’ through values which are

greater than a, if there existd> 0 such that [f{x) - 1| <ewhen a < x < a + §, then f(x)

t .
is said to tend to 1 from the right and is denoted by f(a + 0) = f(x) 1s
x—>a+0

called right-hand limit.
To find the lefi-hand limit i.e., f{a - 0) we first put Xx = a — h in f(x) and

then take the limit as h — 0.
It
Thus f{a - 0) = f(a—h)
h—0

To find f(a + 0) we first put x = a + h in f{(x) and then take the limit as h —

0.
Thus f(a + 0) Lt f(a+h)
us f{a = a
h—0
1 .
Example 4.1.3 If f{x) = x sin —find (0 - 0) and £ (0 + 0).
X
Solution: Here £ (0 - 0). is left hand limit and f{0 + 0) is right hand limit.
Lt : 1
Now, {0 — 0)= (O—h)sin ( )
h—0 O0—h
Lt
= h sin 1 =0
h—0
Lt L. 1
Now, {0 + 0) = (0O+h)sin
h—0 O+h
Lt .1
= h sin —=0
h—0
1
Example 4.1.4 If f(x) = 2*' find f(1 - 0) and f{1 + 0).
) : Lt ! Lt !
Solution: f(1-0)= AN 2"
h—0 h—0
(Replacex by 1 —h) = 27=0
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i Lt

Lt - 1
f{1 +0) = 21+h-1 2h
h—O0 ‘'h—>0
= 2% = op
Example 4.1.5 Findf(a - 0) and f{a + 0) for the function
r 2 .
2 _a forO<x<a
f(x)=+40 forx=a
a'3
a—— forx>a
g X
Lt ‘ _ \ 2 2
Solution: fla-0)= (a—h)” _ a|= 2 _a=0
h—O0 a 2

h—>0|  (a+h)?
3
a
=a— — =0
a
Example 4.1.6 Findf{a - 0) and f{a + 0) for the function

—1 1fx<a
f(x) = .
1  ifx=a

| Lt
Solution: fla-0)=_ —1=-1
h—>O0
fla + 0) Lt 1=1
a = =
h—O0
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Example 4.1.7 Findf{O - 0) and O + 0) for the furiction

— —mt<x<0
f(x)={ T, —MT<X
X, O<x<nm

Solution: fl0-0)= —TmT =-T7
h—>0

0+ 0) = Lt (O+h) =0
h—>0 -

Continuous Function

A function f(x) is said to be continuous at x = a if given &> 0,however

small, we can find a number 8> 0 such that |f{x) — f{a)|<e when |x - a] <& and is

Lt _ Lt . Lt
denoted by f{x) = f{a). 1e., f(x)exists 1f f(x) and
X —>a X —>a x —>a-0

Lt

f(x) exists and are equal.
x—>a+0

f(x) 1s said to be continuous in an interval (a, b) if it is continuous at evef'y

point of the interval.

Discontinuous Function

A function f(x) is said to be discontinuous at a point if it is not continuous

at that point.

Piecewise Continuous Function
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by =11(x)

y=f(x) = | Lrtx+0)
J(x—0) |

. Fig.1

A function f(x) is said to be piecewise continuousin an interval if (i) the
interval can be divided into a finite number of subintervals in each of which f(X) is
continuous and (ii) the limits of f(x) as x approaches the end points of each
subinterval are finite. Anéther way' of stating this is to say that a piecewise
continuous function is one that has at most a finite number of finite
discontinuities. An example of a piecewise continuous function is shown in fig.

The values of the left hand limit f(x - 0)’and right hand limit f{x + 0) at the point x

are as indicated in figure 1.

4.2 Fourier Series

If f{x) 1s a periodic function and satisfies Dirichlet conditions (to be
described in subsequent article), then it can be represented by an infinite series

called Fourier Series as

0
f(x) = —2 + ajcos X + axcos 2x + azcos 3xX + ... +tagcosnx

+ b; sin X +b, sin 2x + bs sin 3x +...+ b, sin nx +..
0 ad .
= 7+Z(an cosnx + b_ sinnx)
n=1

Where ag, a, andb, are called Fourier Coefficients.
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Equation (1) is called trigonometric form of FourierSeries as we have
another form called complex or exponential form of Fourier Series which will be

studied at the end of this chapter.
Dirichlet Conditions
Suppose that

(D f(x) is defined and single valued except possibly at a finite number
of points in (-1, 1). |
(ii) f(x) is periodic with period 21.
(ii1) f(x) and f'(X) are piecewise continuous in (-1, 1).
Then the above series (1) converges to
" (a) f{x) if x 1s a point of continuity
f(x+0)+1f(x—0)
2

1f x 1s a point of discontinuity.

(b)

Therefore the value of f(X) at any point of continuity x in(-/, /) is given by

n=1

a() 0 nmx . NmX
— + a + b -
E ( n COS 1 n S1In 1 ]

The value of f(x) at any point of discontinuity x in (-1, 1) is given by

f(x+0)+1f(x—0)
2

The above conditions (i), (ii) and (iii) imposed on f(x) are sufficient
but not necessary i.e., if the conditions are satisfied the convergence is
guaranteed. However, if they are not satisfied the series may or may not
converge. The conditions above are generally satisfied in cases which arise

In science or engineering.
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Determining the Fourier coefficient ao, a, and by,

The Fourier Series for the function f{x) in the intervalc< x <c¢ + 27

is given by.

Ei 0 0
fix)= —-+>.a_cosnx+ > b_sin nx where
n=1 n=1

a, == [f(dx
T

a_ L [f(xX)cosnxdx + (1)
TC 2

b == jf(x)smnxdx

J

Thus values of ag, a,, by are known as Euler’s Formulae. To establish

these formulae, the following resuits will be required.

c+27

1. [cosnxdx=0(n=0)

c+2m

2. [sinnxdx=0(n #0)

c+2nm

3. [cosmxcosnxdx =0(m#n)

c+2m

4. [ cos’nxdx=m(n#0)

c+2n

5. [sinmxcosnxdx=0(m#n)

c+2m

6. [sinnxcosnxdx=0

c+2w

jsinmxsinnxdx =0(m # n)

c+2m

8. |[sin’nx=mn(n=0)
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Proof of Euler Formulae

Let f(x) be represented in the interval (¢, ¢ +2n) by the Fourier Series:

f(x)= —2——+Za cosnx+Zb SINNX  eeveeernrvennenns @D

=1 n=]
To find the coefficients ag, a,, bawe assume that the series (1) can be
integrated term by term from x = ¢ to x = ¢ + 2.

To find ap, integrate both sides of (1) from x = ¢ to x = ¢ + 27. Then,

cr2m c+2x c+21 | o c+27 | o

| f(x)dx=%a0 | dx+ | (Z:an cosnx)dx+‘j' (;bn sinnx)dx

a c+27 s c+2n M \
= 30 X" +Xa, f cosnxdx+3b_ jsmnxdx

n=1 n=l
1

=3 ag [(c + 27 - ¢) + 0 +0] [by (1) and (2)]

= aom

1 c+2n
L ap=— [f(x)dx

(o]

To find an,multlply each side of (1) by cosnx and integrate from x = ¢ to X

= ¢ + 27. Then

c+27 1 c+2m

f(x)cosnxdx=—a, [cosnxdx
2 0

C+27|: oo c+27€ o0

+ | (Zancosnxdx) cosnxdx + | (ansinnx) cosnx dx
c -1 c =1

1 c+2x c+2x
:Ea (0)+Za jcosnxcosnxdx+2b Ism nx cos nx dx
n=1 n=1
=0+ma, +0 [by integrals (1), (4) and (6)]

c+27t

a, = — J' f(x) cos nx dx
L
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To find b,, multiply each side of (1) by sin nx and integrate from x =ctox=c +

27. Then

c+2xm c+27

[ f(x)sinnxdx=—29 [sinnxdx+

=1

c+2n | oo c+2n | o
+ | (Zan cosnxdx) sinnxdx + | (}an sinnx) sin nx dx
c -1 c

= 0 + 0 + b, [bi integrals (2), (6) and (8)]

c+2n

by =— jf(x) sinnxdx
Tt .

Corollary 1 : Putting ¢ = 0, the interval becomes 0 < x < 27w, and the formula (1)

reduces to

a, = lsz (x) cos nx dx
T o

b =—1—2fnf(x) sin nx dx
TTo

n

Corollary 2: Putting ¢ = -z, the intervals becomes -n< x <nt and the formula (1)

becomes

a =1 [f(x) dx
T -

a_ =—1-If(x) cos nx dx
T,
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1= :
b, == [f(x) sin nx dx
TC -n
Note: cos nt = (-1)", when ‘n’ is an integer.

sin nt = 0, when ‘n’ is an integer.
Example 4.2.1 Expand f(x) = (n-x)*in (-=, 7).

Solution: we know that a Fourier series for the function f{x) in the interval (-

7,7 is given by.
flx) = %"— + ian COS nX + ibn SIN X ceevieinicernannn, (A)
1 1
Here fix) = (% - x)* in (-=, ®)

Now a, =—1- _Tff(x) dx
TC —n

=~ J(n—x) dx =“1‘[(L—_§§)“}

T, T
_1 O_Qf_)i _ 1|87
T -3 | 3
8m’
2 P 1
0 =3 1)
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a —jf(x) cosnxdx-;j(n: x) cosnx dx

N Tc -
1 l:(n XY sin nx (- x)— 1(mcos2 nx)+ 2(-—sir13nx)}
n n n »

_—_ﬂ(m0+0)~(0—2(2“)(”1)(_C$ m}oﬂ

- ()

_1_[47[2 CcOS 1‘17‘C:|
2

T n

4 n
a, =—(-1)
n

b lj‘f(x) smnxdx—lj(n x) sinnx dx
T

S Gl

n

T

2
[[O 0.4 2.cos nn)_[—(Zﬂ:) cosnm . 2 coi nn]]
n n
1 (2 cos mt — 471* cos nn+2008 nm
T n n’
l 47° cos N7
T
—1)] 3)
From (1), (2) and (3), we get
: 4(=1) 4 .
ag__g’ft ’ a_ ( 2) i bn——T—E(—l)
3 n n

Substituting these values i (A), we get
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4 o 4(-1) w 47T

f(x)= +2 —— cosnx+Z (——1) sin nx
1 n n
2 . n
_am +4Z(—17)—cosnx+41tz —1)" sin nx
3 1 n n

Example 4.2.2 (a) (i) Obtain the Fourier Series for

f(x) =1+ x + x° in (-7, 7).

2

1 1 T

Deduce that — T 5 F cececcencmcccncconne. =—.
1 2 6

Solution: The Fourier Series of f{X) in (-x, ) is

f(x)=22 +3a cosnx+3b_sinnx ... @
1 1
- 3 2 T
lj' (x)dx—— j'(x +X+1)dX—l * 2 4x
T = t| 3 2 .
1 o
— +n+—"“—+n
n 3 2
1|27
— + 27| i, 2)
m| 3
a =— jf(x) cos nx dx =—_[(x +x+1)cosnxdx
R T .

(2m+1)cos nnt _ (-2n+1)cos nx}

n’ n’

_1 (Xz xa 1{8111 nx)_(zx +1(—co§ nxj+ 2[—31{13 nxj}
T n n n _n
1
i

__! [47 cos nt] = fz—(— 1y e 3)

n’m
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21 oo s 1 -
b =— :[Ef(x) sin nx dx = :|;(1+x+x2)smnxdx

1] - o .
S R e C L PNECES
T n n n .

1[ —(n® +m+1)cos nzt | 2cos nTC+(TC2—TC+1)COS nt 2 cos nn':l

Tt n n’ n n’
—CO% AT |- = —w 147 —m+1]
nm
. It __ n+i
b = (——1[— 2] = 2EDT (4)
nw n

Substituting (2), (3) and (4) in (1), we get

f(x) = 1 [2n + 27 +§:—4;(—1)“ COS nx + SEa) sin nx ..... (5)
27T 3 1 N 1 n
Put x = 1t in (5), we get
T I |
2+ n+l=—+14+4)> —
T 3 lenz
: 27 1 _
1.€., +n=43— ... eens (6)
3 n
Put x = -7t in (5), we get
T 1
Pin+l=—+14+4 ) —
-n 3 an
27’ I |
—mn=4 > — ... 7
3 an 7)

47 © 1 . | T
©6)+(7) = =82 —ie,2 —=
3 T n I n 6
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Example 4.2.3 Express f(x) = x sin x as a Fourier Series in 0 < x < 2.

Solution:we know that a Fourier Series for the function f(x) in the interval [0, 2r]
1S given by.

f(x) =2 +ian COS NX + ibn sin nx  ..... A)

n=l n=l1

Here f{x) = x sin x

1 2= ] 2= .
Now a,=— [f(x)dx =— [x sinx dx
T o To

x (— cos x)—1(—sin x)}”

1
T
1 —2n]=-2 [ sin 2w =0, cos 2n=1] ....... (1)
TC

R, =2

1 2= 1 2= .
a, =— [f(x) cos nx dx = — [xsin x cos nx dx
To T o

_ L 2ftx[sin (n+1)x —sin(n—1) x] dx
T o

[ cos A sin B= %[sin(A +B)—sin(A - B)]]

[ B sin(n+1)x\—2n
1 { cos (n+1) x cos(n—l)x} ) (n+1)
= X< - —+ — >
27 n+1 n-1 sin(n—1) x

(n—1)°

\. < 0

1 [27: {_ cos 2(n+ 1) cos2(n —1)nH

25; n+1 n-—1

(Since sin2(n+ 1) =0, sin 2 (n- 1) © = 0 and cos 2(n + 1) t=1, cos 2(n

- 1) © =1, whether n is odd or even.)
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a, =— ! + L __2 providedn =1 ....(2)

n+l n—-1 n®*-1

When n =1, we have

2m 2n
a, =ljxsmxcosxdx—ij sin 2x dx
TTo 27 o
.- sin 2x =2 sin x cos x]
1 ( cost) [ sin 2x) .
= —<X| — —11i —
21 2 _ 4 o
1 1
=—|-7T|=== 3
Lpr)=-t 6)
) 1
Ja, =——=
2
12“ 12
b = f(x)smnxdx—— jxsmx sin nx dx
T
_*51_ Tx [cos (n—1) x —cos (n+1) x}dx
T

|- 2sin A sin B= cos(A —B)—cos(A + B)]

n-—1 n+1

I_COSZ(I‘I—I)TE_COSZ(II+1)TE_ 1 + 1 :|
27 (n—1Y (n+1) (n—-1F (n+1)

1 N S SRR }
2n|(@m-1F (m+1f (-1 (@+1)
Sbp=0providedn#1. C))

When n=1, we have
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27

=— [xsin xsin x dx =
T o

b

2

i x (1-cos 2x) dx

0

1
27
1 [ ( sin 2x) [ , cos ZXHM
= — | x| x—
2T

0

zzin[ 4;‘ ! 4}:,@ ........ (s)

From (A) we get

f(x) —E+a cosx+Db smx+2;2 a_cos nx+Zb sin nx

From (1), (2), (3), (4) and (5) we get

) nz_l,(n;tl)alz——z—, b =0,b =mn

Substituting these values in (A) we get

f(X)—_l—E COS X + T smx+z

COS Nx
a2n’ —1

) X 1
X Ssin X =—14+7mTsin X —— cos X+

COS 2X +

--------

Example 4.2.4

Express f(x) = (7 - x)* as a Fourier Series of period 27 in
the

interval 0 < x < 2n. Hence deduce the
1 1 1
1+ > + 3 + e + eeeeeens

sum of the series

[Nov.2000, Apr.89, Mech]
Solution:

we know that a Fourier Series for the function f(x) in the interval
[0, 27] is given by
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f(x) ——2— + Za COos nXx + Zb sinnx ... (A)

n=1

Here f(x) = («t - x)%in [0, 2x]

1 °F 1 %F 2
N — dx = — _
ow n_([ f(x) dx - _([(Tc x) dx
_@-x) " _afw ]2
T o r| 3 3 3
=—1 e 1
2, =22 )
a =— ff(x) cos nx dx = — 2f(arc—x)2 cos nx dx
T o
=l[(n—x)2 sin nx 2(m— x ¥ 1(—cos2 nx)+ 2(—Si113 nx)]h
T n n n .
2_1_[271: cos 2nmw N Zn:l _ 4 [+ cos 2nm=1]
TC n’® n’ n®
4
a_ ‘—_—IIZ- ....... .(2)
1 27 . 2n 2 .
— If(x) sin nx dx =— _f(n—x) sin nxX dx
TC 0
1 COS nx —sin nx cos nx\ |~
=—|{(mt—X 2(mt—xX — +2
o (Fo a2 )|
_l_—n c0s2n7c+2 cos 2nm N n 2
| n n’ n n’
_ 2 2
=l[ A 23 + 23]=O (- cos 2nm=1)
T n n n n
o =0 (3)
27’ 4
From (1), (2) and (3) we get a, = 3 a_ 2;1—2, b =0

Substituting these values in (A) we get,
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3
f(x)=1c—+z 47 COS NX
3 a=n”

2 3
f(x)=(n—x)’ =%_+4[C(i§x + CO;ZX + CO; x +} ..... (4)

Putting x = 0 in (4) we have

T’ 1 1 1 1
f(o)=_3_+4[12+22+32+42+ ....... } ......... (5)

Here O is a point of discontinuity. Therefore the value of the function f(x)

at x = 0, 1s given by

£(0) = f(0-0)+f(0+0)_n’+m" _
2 2
ie., £(0)=n’

Substituting (6) in (5), we get,

2
T 1 1 1
=t o+ S+t j|
3 1 2 3
1 1 1 3n® — 1’
5 + = + = + el =
1 2 3 12
1€ : + : + 1 + _
€., e p
Example 4.2.5 Find the Fourier Series for the function f(x) = e*defined

in (-, ©). [Nov.91, 86, Civil, Apr.89, ECE]

Solution: We know that a Fourier Series for the function f(x) in (-7, m) is
a, & e :
f(x)=~—2— +>a cosnx+2b smmnx ... A)
n=l n=l

Here f(x) = "
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1 = n
Now a0=—jf(x)dx=lje" dx
n -= T —=

_____1__ X _l-rc__ -
_n[e L_n.e © ]

| _2 sin hr eerneeetaeeaeaennaeas (1)

o]

T

a_ 1 ]Ef(x) cos nx dx _1 ]Ee" cos nx dx
T T

bt

L (1 cos nx + n sin nx) "
|1 +n*" _

ax

c

a’+b

_[ea" cos bx dx = (acos bx + b sin bx)}

2

=(12 +1nz) - :e" cosnmt—e " Ccos IlTC]
_cosnn(e"—e™) 2(~1) sin hr (2)
= TC(1+112) = 11'(1+n2) .............

b, =lj£f(x)sin nx dx _1 ]Ee" sin nx dx
T, T 2,

_l[ e (sinmc—ncosnx)]fr
Cw|l+n? r

ax

2 bz

[-.-je“ sin bx dx =
| a” +

(a sin bx —b cos bx)}

= Tl-il-—zj[— ne” cos nt+ne " cos mt]
T n
n(— l)n [e“’r - e"]_ _ 2n(- 1)n+l sin h7t | ()
7t(1+n2) Tt(l+n2) ..........

Now we have
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a _ 2 sin hr a 2(——1) sin hr b 2n(——1) sin hr
’ T " n(1+n) S n(1+n)

Substituting these values in (A) we get,

f(x)zsin hﬂ:+25inh'n;[ (_) COS NX — En(_) smnx]
T T —11+n 2t 14 n?

Example 4.2.6 Determine the Fourier Series expansion of x + x* in the

interval (-x, &) and hence deduce the sum of series L+ 12 + ]2 +
2
1 ) 2

[Anna Univ.Nov.2001]

Solution: we know that

f(x)——2—+Za cos nx+Zb sinnx ... A)

n=1

Here f(x) = x + x” in [-7t, 7]

Now ao=lff(x)dx=l T(x-f—xz)dx
T —= T —=n
l[x2 x3]n
=—| — 4 —
Tt 2 3],

(53 H53)
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n

a 2; If(x)cosnxdx—; _f(x-f—x )cosnxdx

—T

= L oS o o o2 ) o SRR

:ll:(l +2n)cos nt _ (1—27) cos I‘ITC]
- : |

n? | n?

St mc[1+2n 1+27c] .
n°mw
a, =-—;(—1)“ L e L emese S rennenseses )
n
1 = : 1
=— [f(x)sin nx dx = — f(x+x)s1nnxdx
7T —=n T —=n ,
l[(x + X ) —©08 nx) —(1 + 2)((—51112 nx) + 2(605:1){)]
T _ - . n | ‘ n .

:_1_[(7:+ 7 )(— cos nn) L 2cosnm (— t+n?) cos nn _ 2cos IlTC]
T

n n n n
_Losnr [-n—m —71:+'Jt2]=———2—(—1)n .............. €))
nmw | n
a_ = ——2—(—— 1) [ -cos it = (— 1)“]
n
2
Hence we have a, = T , a, =—I%-(—1)n, b_ =-—-g(——l)n
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—1)" sin nx

2 n ’ o
I 4y Y o nx—23
3 n=1 n

n
ie., f(x)= KL io:(——l)n [i COS nXx _Z sin nx} ......... (4)
n n

Putting x = © 1n (4) we get
2 [e o]
f(m)=2+ £ 1" 2
n=1 n

Here 7t is a point of discontinuity. Therefore the value f(x) at x = 71 is given

by

f(n):f(n'——())—k f(r+0)
2
M+ T 4T+
2
TEQ s on 4
Hence 7+ 7’ =—3—+Z(—l ........ (5)

n=1 n 2

= + 7

Putting x = -7 in (4) we get

Tz " 4

Here x = -7t is a point of discontinuity. Therefore

f(___n):f(—TC—O);-f(—Tt-i-O)
:(-Tc+n2)+(—7t+n2)
2

=—n+ 7

2
Hence —mt+ 7’ :—7;—+Z_jl(— 1)2“-&2— ........ (6)
= n
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Adding (5) and (6), we get

27> 0 .
2t =28 4 2% (—1pn 2
n=1 n

) 7T’ < 1 n
e, n’ =" +4% [- 1y =1]
o il 3 —-w® 2w =

> aain? 3x 4 12 6
e, 4 L 1, o

1P 22 32 T 6

Example 4.2.7Find the Fourier Series for f(x) if

f(x) =—min—-mw<x<0
=X iIn0O<x<rm

1 1 1 7’ ..
Deduce that + + + oeeee = S [Apr.86, Civil, Apr.86, Mech]

1> 3* 5°

Solution:The Fourier Series for the function fi{x) in (-1t,T) is
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f(x)————a-;"—+i.?;ln COS NX +ibn sin nx = ...... (A)
=1 n=1
Now ao=—l—]£f(x)dx
T _»
1 0 T T
= jf(x)dx+jf(x)dx}
TCL —x 0
L max+] dx]
=—| |—T + | x
TcL—n o
2 k11
T 2 ),
L
1 —-7!:2+£2—
T 2
a, =—g ............ 1

Now a_ = 1 ]Ef(x)cos nx dx

T x

=l[])‘f(x)cos nx dx+]ff(x)cos nxdxj
TC L= o

0 b
=—1—|:j—7tcosnx dx+jxcosnxdx:]
TCL—n 0

|— . (4] . TT
. 1 7TS1N nx N X Sinnx cosnx
TC . 'n . n n® JJ,
1
TC

L (cos nn_l)]= L1 —1]

n2

| n’mn

-.ap= 0 when n is even

= _22 whennisodd | T
nwn
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Now b, = I f(x)sinnxdx

1
TC -
l[j f(x)sin nxdx +J' f(x)sin nxdx:l
T |

0 T
1 I -—nsinnxdx+fxsin_nxdx]
TCL—-TC -0

1 (ncosnx)o { ( cosnx) ( sinnx)}n]
=— +4x| — — 1 — 5

’)’E_ n - n n o

1| 5% |
_ - E__E(_l)n _TC(—' ) ]

Tn n n

b= [ 1-2(-1)" ]
n

Substituting (1),(2) and (3) in (A), We get

flx) =—+ > 1 _2(-D"Isinnx
4 n=1,3,5 1N n=1 1
-7t 2 cos3X cosSx
i.e., fix) =—4———;;(COSX+ 32 -+ 5z )
. sin2x 3sin3x
+ 3 sin X - + ..... (32)

2 3

Putting x =0 in (3a), we get

281



—7T 2. 1- 1
f0) = — —— (A +—+—+....
) 4 Tl:( 3?  5* )

Here O is a point of discontinuity. Hence,

£(0—0) +£(0 +0)
2

£(0) =

—1t+0+0+0 —m
2 2

[ Refer to left and right hand limit definition]

From (4) and (5) we get,

—nt —m 2 1 1
= —— A+ +—=....
2 4 n( 32 52 )
-7t —2 1 1
= 1+ + +
ie., 4 T ( 32 5% )
7’ 1 1
ie,—=1+—+—5+......
3 3 5
Example 4.2.8
Iff(x) = 0 -t<x<0
>
= sin x 0 <x<m
-

oooooooooo

Prove that f (X) =—1—+}—Sinx——2—- >
Tt 2 Toy 4n® —1

Hence show that
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_ 1 1 1
(1) + + +....
1.3 3.5 5.7

) 1 1 1
(11) — + +....
1.3 35 5.7

[ Anna Univ.Apr,2001]

Solution: The graph of the given function is shown below:

i

¥
~27T —TT lO T

m — X
. 2 3 | _

The Fourier Series of £(x) in (-7t,m) is given by

n=1

a 0 i :
f(x) = —é(l +> a ,cosnx+ > b sinnx.................
n=1

VY

Now ap= Ly f(x)dx
T
1 B 0 T
== | f(x)dx+| f(x)dx:|
QL | —TT 0
1 4 T
- —[j()dx+j sinxdx}
TU| —n 0
=—[—cosx]o =—
e T
2
ao = T i (1)
T

Now a,= 1 j f(x)cos nxdx
T —TC

— ll:j‘ f(x)cosnxdx +_Tff(x)cosnxdx}
7T 0

—7TT
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(8] TT
=l|:.f O cos nxdx +_f Sin Xcosnxdx]
— 0

7T

=_21_ [ {sin(n +1x + sin(1 — n)x}dx]
Tlo

1 cos(n+1)xj (cos(l—n)x)
27| L n-+1 .

= 1 (_ cos(n—l—l)'n:jn_i_ 1 cos(n—l)nj_ 1
27 n—+1 o n+1 n—1 n—1

When n is odd cos (nt+1) it =1,cos (n-1) =1

When n is even cos (n+1) tw=-1,cos (n-1) t =-1

.. When n 1s odd,

27T n+1 n+1 n—1 n-—1
a, =0
Whenniseven = ............ (2)

a:1[1+1_1_11_ —2
" 2xln+1 n+1 n—-1 n-1 n(n —1)
—2
71:(112—1)

i.e., = An =

When n=1, we have

1 7T
a, = —_f sin x cosxdx
TC o
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=—1—j sin2x dx = 1 [_COSZX:' =0
27T %S

ie.,

a;=0 | e (C))

Now b, =1 }t f(x) sin nxdx
T

—7T

1) & . - _
=—[IOsmnxdx +_f smxsmnxdx]
| = 0

=—}—I 2 sin nx sin xdx
271,

T

=2—~J [cos(n —1)x —cos(n + Dx]dx
To

1 |:sin(n — 1 x — sin(n + l)x]“ _o
27 n—1 n+1 o
b.=0 provided n#1 ...... (5)
When n=1,we have
1 7T . . 1 T . N
b; = —_f 81nxsnlxdx=—_[ sin” xdx
7T o C o
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Substituting (1),(2),(3),(4),(5) and (6) in (A), we get

1 21 cos2x cos4x cos 6xX 1 .
fix)=——— 5 +— +— + ..... + —s1n X
t 7| 2°—1 4- —1 6 —1
1 1 . 2 & cos2Z2nx
=— 4+ —SInXxX — —
=773 mp2 (2n)* —1

Putting x =0 in (7) we get

ie., RO)= l_Ei
7T

1
T 4n’ —1

1 2& 1

e 0—— —=
- 7T Tc; 4n? —1
1e,l=i 1

(2n —1)(2n + 1)

11 1 1
1,e.,

=—+ + +
2 13 3.5 5.7

7T
Putting x = 5 in (7),we get,
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(n) 1 1 2 cosnm
= |l=24+--2
Tt 2 7maa 4n® —1

e, 1= (Z)-1,1 2% cosan

(Here x =—_is a point of continuity).

1 1 22 (=D

:>E——=——Z

7T TS 4n® —1
:>’J't—2=_°° (-1

4 = (2n—1)2n +1)

Example 4.2.9If -n< x <t and a is not an integer show that

sinmwo n Zosinmtoa

+ 3 D

Ta n=1 n(az —n? )

COSOLX=

COSnx

Solution: Here f (x) =cosax.

We know that

f{x) a7°+i a_cosnx + »_ b sinnx

n=1 ’ n=1

287



Now ag =— J' f(x)dx

—7TC

T

1

7T

1 T cosoxdx =

—7T

SIN OUX

T

e

a

—TT

1 _ . :
=——[sinort+ sin o]
TTQL

ag = 2sinow
oLTT

Here sin an#0,sincea is not an integer.

= lj' f(x)cos nxdx
TT —7TT
1 F
= —.f cosoax.cosnxdx
T &
1 T
=— _[ {cos(oc +n)x + cos(o — n)x}dx
_ 1 [sin(oc + n)x N sin( o ——n)x]n
27T o +1n o—n | _
_ 1 [sin(a +m)r  sin(a —n)7 |, sin(a +m)r sin(o. —~ n)T
27 a+n ‘ o —n o+ n a—n

_ 1
27

|

2sin(at —n)7

]

2sin(a + n)7 N

a-+n o —n

[ ‘]

1| sin(a+n)m N

sin(a —n)7

7T a-+n a—n
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-2

(a+n)(a—n)

|

o’ —n’

sin(o +n)m + sin( o — n)ﬂ:]

[ sin oLt cos N + COs Ut sin NIt + |
S1N OLIT COS NTT — COS OLTTS1N Nt

a
T

2

o’ —n?

2 s1n LIt cos Nt

o’ —n? :\

an

2asinom(—1)"

TC(OL ——nz)

1 I f(x)sin nxdx
T —n

1 % )
= —j cos aX sin nxdx
Tt—n
_ l = {SlIl(OL+Il)X——SlIl(OL—Il)X}dX
T, 2
1 [ —cos(a+n)x , cos(a —n)x]c
21| o+n o—n .

— +n)7
cos(a ) 4

cos(aa —n)7

1

o +n

a—n

s

289

zl[(a —n)sin(a +n)7w + (o +n)sin(o — n)n]
T

[ *.° sin nt=0]

+n)T
cos(a ) +

cos(o + n)7

a-+n

a—1n

i



b, =0
Substituting (1),(2) and (3), we get

2a(=1)" sinaT

sinamw &
cosox = ———+ > - cosnx

L o (o’ —n?)

sinant 2a (—1D%sinam
= + > ——Ccosnx

oL T o (o’ —n?)

Example 4.2.10If f (x) is a periodic function defined over a period(0,2r) by f

1 o0
) =E (3x* -6xm+2n?). Prove that f (x) = Z -C—E§2£X— and hence show that
n=1 n
2 1 1
T =1+T + ey +oeeen..
6 2 3

Solution:we know that the Fourier series for £ (x) in (0,27) is

f(X)=az—0+i a_cosnx+ >, b sinnx ... (1)

n=1 n=1

To find ag

ag =— j f(x)dx

1 271
= — [ f(x)dx
Ty

R N
_lth[X 3x 7:+271:2X]0

= Til——-[87t3 —127° +41]
T
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To find a,,

2n
an= _[ f(x)cosnxdx
0

2r
= l ——1——(3x2 — 6XT1T + 21t2)cos nxdx

1271

n n

-1 |:(3x2 — 6xm+271° )( sin nx)-(6x-67t)(— COfnxj + 6(

Substituting (2) in (1), we get

n=1 n

oo __1\n+l
fix)y= D ( 1)3 sin nx

~x(m* —x*) sinx sin2x | sin3x
T 12 v 2 s

4.3 Even and odd functions

A function f (x) is said to be even if {f(-x) = f{x).

. 2 - .
Example: xz,cosx,sm X, | X | , X sIn x are even functions.

A function f{x) is said to be odd if f (-x) =-f{x).

3

Example: x°, sinx,tan’ x are odd functions.
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Note 1: The product of two even functions or two odd functions i1s an even
function while the product of an even function and an odd function is an odd

function.

T
Note 2 : J' f(x)dx = 0if f(x) is an odd function

b 1

(or)

I f(x)dx = ZI fix)dx, if f (x) is an even function

—

Similarly j f(x)dx = 0, if (x) dx if f (x) is an odd function.
(or)

_[ f(x)dx = 2_[ fix) dx if f (x) is an even function

-1

Note 3: When f{x) is an even function, the Euler’s coefficients becomes

(Anna Univ.Nov.2001)
a0 =L | f(x)dx == j f(x)dx
T _ .
17 27
an=— I f(x)cosnxdx = —f f(x)cosnxdx
T _x To

[ “."Both f{x) and cosnx are even,the product f{x) cosnx is also even]

1% . :
= — j f(x)sinnxdx =0
Y '[9
[*."f(x) i1s even,sinnx is odd, the product f (x) sin nx is odd function.]

292



Therefore,if a function f{x) is even,its Fourier expansion contains only

cosine terms.

1e., fix) = _32_0 + Z ancosnx,where
n=]
a == [ f(x)dx
To
2 T
an =—I f(x)cosnxdx
To

Note 4: If f(x) is an odd function, then its Fourier expansion contains only sine

terms

ie, fix) =) b, sinnx.

n=1

T

where b, = —_f f(x)sinnxdx
0

Since ap = 1 j f(x)dx=0 [."f(x) is odd]
T _
1=
an - — | f(x)cosnxdx=0
T —x

Example 4.3.1 Obtain the Fourier series of period 2w, for the function f (x)

=x’ in (-7,%). Specify the sum of the series at the end points x=n, -n Deduce

the sum of the series

1 1 1.1 N
1+ ? + ? + eeee.candl— ? + ? + cessceees{ NOV.89,Apr.89,Civil]
Solution: Given f (x) = x*. Here f{x) = f (-x) =\x2
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Hence f(x) 1s an even function.

Therefore the Fourier coefficient b,=0. Now the Fourier series of f{X) is given by

f(x) =923 + i a_cosnx [-b =0] e (A)

n=1

Now we have to find ag and a,,.

27 I
a, :;_([f(x)dX:-i—_([x dx

a =2J‘f(x)cosnxdx =£jx‘2 cos nxdx
o Y

(i) (). s
| n n n 0

-2[ 2mcosnx 4 n
_z ‘ } =— (-1
TC n

3N

ie,la, :—47(—1)“ ------- 2)
n

Substituting (1) and (2) in (A), we get
TC2 % (_ l)n

fix)=—+4 cosnx
() = Z -
ie., 2=£3— 42 (—_1) cosnx

T —CcOSX Cco0S2x cos3x
=44 3 -+ > — > +...

3 1 2 3

, m 4[cosx cos2x N cos3x } 3)
X =— — — T el | mt———
3 12 22 32
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Putting x = mand -7tin (3) we get

Putting x = 0 in (3) we get

.1_1+1_1+ T’
17 2% 32 4> 7 12

Here 0 is a point of continuity in (-7, 7).

Example 4.3.2

Obtain the Fourier Series to represent the function f(x) = | x| s < X <1t and
1 n’

deduce - +—5 t e =—.
3 8

Solution:

Given f(x) = | x|

s A-x) = | x| =]x]

Hence f(x) = f(-x) =| x|

.. The given function f(x) = | x| is an even function.
.. The Fourier coefficient b, = 0.

Hence the Fourier Series of f(x) is given by

f(x) =a—2° + ian cosnx [.b . =0] - (1)
n=1
X o o
Now a, = ;j;f(x)dx =;!lx|dx = ;!xdx
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_ 21 x -
Tt 2 |,
i.¢., gpo=m@ mmm=—=s (2)
a_ = g_[f(x)cosnxdx =—2—j]x|cosnxdx
T 0 T 0
= —-%Ixcos nxdx ' [In (0,7), |x|=x]
7T

0

)],

2| cosnm 1 2 n
=_[ nZ 2_J= 2 [(_1) _1]

TT | n n-
1.e., an, = 0, 1f n 1s even
—4 ) ]
=—5— ,ifnisodd | = —--———- 3)
n-w
Substituting (2) and (4) in (1) we get,
7T = —4 ’
xX)= —+ cosnx
G0 2 n§3’5 n’7
T 4 COSX 4 cOS3x N cOS5x 4 ]
) = 5 —— = SR
=T —i(cosx N cos3x N cos5x N ] @
1e., | X - 32 5

Note : x = 0 is a point of continuity in - << x <7t.
Example 4.3.3
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Obtain the Fourier Series expansion of f(x) given by

r

2x
1+—,—7xw®<x<90
f(x) = < 2“ and hence deduce that
X
1—-———,0<x<m
L T
1+1+l+ w [A 91 Civil, N 87. Mech.]
cve = —, r. ivil, Nov. 87. Mech.
17 3 5 g P
Solution: In -n<x <0, i.e., 0 < -x <.
e = 1= 1 2 )
P T

.. f(X) is an even function.

Hence the Fourier coefficient b,=0. New the Fourier Series for f{x) is given by

fx) = =2+ a, COSX -—————(A)
n=l1
2 r11

Now a, = g—Tf(x)dx -————2—](1 — 3)E}dx = Z[x — E—-] =0

0 7T O 7T T TC 0
ie,p=0 1| - (1)
a_ =£jf(x)cosnxdx =—2—I(1—2—)—(—)cosnxdx

Ty, Y T

-G

2] 2cosnmt @ 2 4 n
2_1;[_ i +mz]= 2 2[1_(—1)]

i.e., a, = 0, when n is even

= nTg;cz_ , when n is odd ------- 2)

Substituting (1) and (2) in (A), we get,

© 8
S fix)= _Z

2_2
n=1,35 10 7T

cosnx
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_ 8 | cosx cos3x cos5x
Le., f{x) = = P + 32 + 52 + .o femeaea=(3)

Putting x = 0 in (3) we get,

8 ] cosx cos3x ]
f(0)= 71:2 12 -+ 32 +..._
811 1 1 ]
le’l_RZ 12+32+52+
e, L4l 1, 1
12 3?2 5° 8

Note: Here x = 0 is a point of continuity.

Example 4.3.4

If ‘a’ is neither zero nor an integer, find the Fourier series expansion of
period 27« for the function f(x) = sin ax, in -nt<x <.

Solution: Here f{x) = sin ax is an odd function.

Hence the Fourier coefficients ag = 0, a, = 0. Therefore the Fourier Series for the

function. f(x) is given by

fix) = an sinnxdx 00 . (A)
n=l1

T

27 . .
Now b_ = ——fsm ax sin nx dx
T
0

=~1—[]E [cos(n —a)x —cos(n + a)x]dx:,
T 0

_l_[sin (n—a)x sin(n + a)x]Tc

T n—a n+a o
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1| sin(n—a)r sin(n+ o) .. .
- — [*."sin O = O]
TC n—a n-+a
- __1“ SINNITCOSaIt—COoSNITSIinax SinnNTcosar  cosnrsinart
T n—a n+a n+a
B n - 1 -
1| (—=D)"(—sinan — 1" sin ar .. .
= 11 &=DC )+( ) [ *-"sin nrt = O]
TT B nm—a n-—+a

(Note that sin ant= 0, since a is not an integer).

_ n+1 _: .
_ (=D sman[ 1 N 1 :IZ(__I)HH 2n sin an

'rc(n2 — az)

7T n—a n-—+a

i 211 Sin att

ie, b =(-1)" —/———~ -
Substituting (B) in (A) we get

_ 2sinart = n(=D"" .
S f(x) = sinax = Z > >—-sInnx
’L” n=1 n —a

Example 4.3.5

Show that the Fourier Series for f(x) = x, -n< x <w is given by

f(x) = ZZ( 1" — sinnx [Apr. 87, ECE]
n

Solution: The graph of the gtven function is shown as below:

/‘"3”-‘ /‘—“ 7 /\31: /‘ s

Given fix) = x
SH-x) =-x
1.e., ix) = f(-x) =-{(x)

L& )’

. f(x) = x is an odd function.
Hence ag =0, a, = 0.

Therefore the Fourier Series for the function. f{x) is given by
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—T —T

1[ [Mcosnx) [—sinnx)_n

=—| X —1 S

TC n n ..
1[(—mncosnn —cosnm )|

e
ud n n |

—2cosnn]= %(—1)‘1+1

T S e — @
n

Substituting (2) in (1), we get,

0

s A(x) = Z;zl- (=D sinnx

n=l1

Example 4.3.6

Find the Fourier series to represent the function f(x) = | sin x| , ~TT<X <TT.
Solution: Here sin x is an odd function. But |sin x|is an even function. .. The
Fourier coefficient b, = 0. ... The Fourier series for

f(x) = | sin x| becomes

(X) = a—2"+ian COSNX ~-cceem (1)

n=1

To find ay

1 T
2o =— _J' f(x)dx
27 .. ,
=—jf(x)dx [ "."f(x) is even]
%
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2 . i 3 i
—J'31n x dx [ “."in (O, 7), | sin x| = sin x]

7T

7T

O

2

Z[—cosx]’

7T

_2
7T

h+1]=2 )
7T

To find a,,

n

a

n

1 7T
a =—If(x)cosnxdx
n—ﬂ

2

= ;I—J.f(x) cosnxdx [ ."f{x) is even]
0

271:
= —J'Isin X’cosnxdx
7T o

7T

Isin x cosnx dx [In (O,m), | sin x|= sin x|

—7

= g]il [sin(n + Dx —sin(n — 1)X]dx
TTH 2

[Using 2 cos A sin B = sin (A+B) — sin (A-B)]

1

l:—cos(n +Dx , cos (n —Dx ]n

7T n +1 n—1 o
_l_—cos(n—kl)n_l_cos(n—l)fc_l_ 11 :\

7T n-+1 n—1 n+1 n-—1
_l_—cosnﬂ:coanrcosnﬂ:cosn’_*_ 1 1 ] _o
“TC\_ n-+1 n—1 n+1 n-—1 L*-’sin nm = 0]
1| cosnmt _ cosnm L1 1 } . 1
T x| nal n-1 n+l n_i|l-cos®=-1]
1 (Il—1)COSIITC—(II—I—1)COSIITE+II-—1—1’1-“1}

7T n® —1
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_ 1
(n’ -D=

[-2 cosnm -2]

(T—:_l)_ [1+(-1D7]
0, when 'n'is odd

S — 3
i ,when 'n'is even provided n # 1 ()

R
n(n®—1)

When n =1,

2‘":
a, =—Isinxcosxdx

sin 2x dx

:l[— cos 2Xx T
T 2 o

2
T

Nl»—‘
© ey

Substituting (2), (3) and (4) in (1), we get

f(x) ——+al cosx+Za cosnx
n=2
2 & -4

= — ———.COSNX
T =24 n(nz -1

|sinx| zg_i[z cozsnx}

2 4| cos2x cos4x cosb6bx
= — — + + +...
3 15 35

Example 4.3.7

nT T

Find the Fourier series for f(x) = | cos x| in the interval (-x, 7). |
[Nov.’88, Apr.’92]
Solution: Given f(x) = | cos x|

f(-x) = | cos (-x) |
302



=|cos x|
= f{(x)
.. The given function f(x) = | cos x| is even function. Hence the Fourier series for

f{x) is given by

filx) = a_20 + ian COSNX ——--—(1)

n=]

To find a,

ap= ljf(x)dx
n—‘rc

11‘[
—Ilcosxldx
e

2 4
= —“COS X| dx [°."| cos x|is even function]

Lo
2 /2 T

= j cosxdx+_[—cosxdx
| o

%

.o . . T . . T
[ “-"cos x 1s +Vve 1n0<x<5 and, cos X is —ve in 5<x<n. See graph]

~ 2 {lsinxE[-sinxL .}
T
= 2[14.1] [*-"sin &t = 0 and sin 0 = 0]
s
4
2=t )
s
To find a,
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ap = l jf(x)cosnx dx
TE—TC

2

7T o
/2
jc
0

4

= HEN

/2

0

/2

7T
os X cos nx dx + I—cosxcosnxdx

_[ %{cos(n+l)x+ cos(n—1)x}dx — _[

|

s

/2

”COS Xl cosnx dx [*."| cos x| cosnx is even function]

1 {sin(n+l)x+sin(n——l)x i sin(n +Dx __sin(n —1x
T n—+1 n—1 o n+1 n—1
|| sinn+1D T sinn-1)Z sinn+1)-  sin(n-1) >

_1 2, 2 2, 2
TC n—+1 n—1 n+1 n—1

- _ e
2sin(n+1)— 2sin(n—1)—

1 ( )2 ( )2
T n-+1 n—1

[ . nw oL nmw . T . NT T nw . 7t |
2 SIt —COS— + COS —Ss1in — SIN —COS— — COS —S1n —

_2 2~ 2, 2 " 2
TC n-+1 n—1

 cos DT cos P |
. T T
_2 2 2 [ sm—=l,cos—=0]
t] n+1 n—1 2 2
| |
B n nr |
n—1cos——(n+1)cos—

:2_( ) 5 ( ‘) 5
o8 n? —1

B i
_ -
—2cos—

_2 2

TT n® —1 .
i i
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n/2

%{cos (n+Dx+ cos(n —1)xdx} ]

|



nr
—4cos —

2 1) [provided n # 1]------—-(3)

When n =1, we have

2

a; = 1 ﬂcosx{cosxdx =
T T

-7

7T
“cos x|cosxdx [ {cos x| cos x is an even function]
0

2 /2 T
= __— fcosxcosxdx+ j——cosxcosxdx
g1

0 n/2

/2

/2 b

[[cos2 x dx — Icosz X dx]
0

1

[ /2 T
:_2_ I(1+Coszx]dx—1dx}
TC_ 2 /2

21 (x sin2x)n/2 [x siﬂZx)Tt
=Z|| =+ —| =+
i\ 2 4 0 2 4 2

21Tt T Tc:l
S (A T
n[4 2 4

Substituting (2), (3) and (4) in (1), we get

nmn
., —4cos—

f(x)=%+z 2 cosnx

n = nn’-—1)

nw
2) 4.2 CoS——CosSnw

. |COS Xl = — -
N Th= (n2_1)

Example 4.3.8

. in (—7m, )

21 . = (-1
Prove thatsinhax = —[Sln h anz ( 3
n n=1 n + a

)" '.nsinnx :& .

[Nov. ’87, Apr. ‘89]
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Solution: Let f{x) = sin h ax. Clearly sin h ax is an odd function.

eax _e—ax
For f{x) =sin hax = 5
-0 =S—
2
= -f(x)
.. Fourier series for f(x) in (-7, 7t) is {x) =an SINNX —-————- (1)

n=1
[ *."f(x) is an odd function. Its fourier coefficients ag and a, are zero]
To find b,

bn=i If(x)sinnxdx
n—'ft

= l _fsinh ax sin nxdx

T,

I JF . : ) . : :
= —2 J' sinh axsinnx dx [*."odd function x odd function = even function]
0

7C

2 Fe™ —e™™ |
=—I sin nx dx
TT 2

0

11 7% . e .
=__ J'ea"smnxdx—.fea"smnxdx
[ (4] 0

F ax " —ax §
1 e ] e .
=—|4—<———(asinnx —-ncosnx), —q———7(a sinnx —ncosnx)
7C a +n O a +n 0

a’ +n? a’+n°> a’+n? a’ +n?

Q|-

F_ __1\n __1\n
n(-»" .., n_ n=Db" n ]

- DI [ o ren]
t(n® +a”)
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_ n(_l)n+1
t(n® +a?)

2smham —omeeeo 2)

Substituting (2) in (1), we get

o0 zn(_l)n-H . .
filx) = inhar.
(x) n§=1 (n® +a?) S 7T.SINnNX

n+1

l c., Sm h ax = '%Slnha Z(—l) nSlnnX

T ) n? +a?

Example 4.3.9

Prove that in the range -t< x <nw

e, (— 1) COS nXx
2a® = n? +a’

}. [Nov. ‘88]

2a
. cos hax= —sinhamnr
7

Solution: Let f{x) = cos h ax. Then its Fourier series is given by

a = < .
fix) = —2‘1 +Zan cosnx+an sInnx e (1)
n=l1 n=l

To find ay

ap = 1 If(x)dx
n—'ﬂ:

= —1—_[coshaxdx
EL

=}_[M]“
¢1" a -7
1 . i
=_—[sinhar—sin h(—amn)]
Ta

= ——I-—[Sin har + sinhar]
Ta

_ 2sinhar

an

To find a,
1 i
an = — [ f(x)cosnxdx
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=—1— Icos h ax cosnx dx

7t—n:
1 17%
=—.— |(e*™ +e™)cosnxdx
i 2";( )
=—1—— Ie‘”‘ cosnxdx+j cosnxdx}
2 —TC

e™ cosnxdx + Ie cosnxdx}

—T

—ax

T
) " c i
—(a cosnx+nsmnx)} +{ 5 5 (—acosnx+nsmnx)} :\
- -

_ {a

+Il
[ B = a(—l)“]
Il +a

a +n

i
=2L{
£

> +a’ >+a’ +a’

_ (=D'a [Zean_%_an]

.. e™ +e™™ e +e” :
[*."f{x) = cos hax = 5 ; %) = 5 f(x). Hence f{x) = cos hax 1s

an even function].

Substituting (2), (3) and (4) in (1), we get

sinhart N Z 2a(—1)" sinhan

X) = .cosnx
ftx) “~  m(n?+a’)
= —zism ha'n:[ Z D" cosnx:l
yis a n=1 n +a
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Example 4.3.10

Obtain a Fourier expansion for ./1—cosx in the interval -<x <m.
[Apr. ’86, Nov. ‘88]

Solution: Let f{x) = /1—cosx . It is an even function.

For f{x) = 4/1—cosx
f(-x) = Jl—cos(—x) = \[l——cosx = f(x)

. Its fourier series is given by

f(x) = 32'@- +- Zan COSNX ——————~(1)

n=1

To find a9

a0 = — ffyax
(e

_avazf
TC
4/2

ap = —__------- (2)
TC

To find a,

- 7T
—cos =+ 1] - — [-.- cos —=0]
2 2

a, = 1 If(x)cosnxdx
Tc—n
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7T
— COSs| —+ n)x COS(—I— —In X —‘
& 1in LR
B 2 2 o
— COS —l——i—n‘n: COS l—nﬂ:
_ /2 2 L1
T 1 1 1 1
— -+ 1n — — 1 — 4+ 1n — — 1
] 2 2 2
_ N2 1 1
L — 4+ 1n 5—‘11

1 7T .1 ]
'.'COS(—Z——!—D TC:COSE‘COSIITC—SII]. E’J'Csmnfc

=O—O(c:os—72E = 0, s1in nit = ()j

=0
1 7T .1 ]
COS| — —1n 7T = COS—CcOS N7t + Sin — 7T SIN N7t
(5-») : ;
=04+0=0
JEREONS
_ N2 2 2
TC _l__nz
| 4 _
~ 2 4
- a | 1—4n? | 3
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Substituting (2) and (3) in (1), we get

o0

mz 242 _ 42 Z cosnx

T n “54n’ -1

EXERCISES
1. Determine the Fourier series expansion of f{x) = x (2n-x) in 0 < x < 27.

[Apr.91]

[Ans. f(X)=2;t _4icosnx 1

2
1
2. Expand f(x) = x sin x as a fourier series of period 2x, in the interval -n< x

<7, show that

COS2x _ cos3x
1.3 24

1
xsimnx=1 - ECOSX —2{ +} [Nov.89, Mech]

3. Find the Fourier Series for f{x) = (7-x)* in (-7,7)

47? 4 n 4r(-1)" .
fix) = ;t +( 5 )(—l) cosnx+—£g——l—smnx [Apr.87, Civil]
n n
4. Prove that in the interval -nt< x <m. [Nov.87, Civil]
1. - (=D
COSX= —sinx+ 2 ———— SIn nx
2 é (n*> —1)

5. Obtain the Fourier series of period 27 for the function

ax(nt-x) in 0 < x £ 2xn, where a is a constant.

2 o _ — 27T
[Aps. f{x) = — a;t + > 42(1 cosnx + Z o sin nx]
n=1 Il n=1

6. Obtain the Fourier series ‘expansion of —;— (-x) 1n (0, 27). [Nov.86, Mech.,

Nov. 88, Mech.]

o0

[Ans. f(x) = Z

n=1 n

sinnx

]

7. Expand f{x) = x%, 0 < x < 2= in a Fourier series if the period is 2.
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10.

11.

12.

13.

7c2 e — — 471
[Ans. (x) = '42: + Z—izcosnx +Z - sin nx]
- n=1 11 n=l1

Find the Fourier Seriesof the following function which is assumed to have
: . x 2 .
the period f(x) =—4— ,-Tt< X <T7t.

[Apr. 87, ECE]

Hence deduce 1+i+l+—1—+,,__: n
4 9 16 6

[Ans.

x> 7 COSX ¢€o0s2X cos3x cos4dx
= o 2 > T 2 ;e |l
4 12 1 2 3 4

Show that the Fourier series for the function

f(X)={X+1’ O<x<m is —2-2[1_(_1)“(1+R)Jsmnx.

Xx—1, —t<x<0 n*43 n

[Anna Univ. Apr. 2001]

Expand the Fourier series to represent f{x) = % (11-x)?%, 0<x<2r.

2

[Ans. f(x) = T—z + > Los X

=

n=1 n

Find a Fourier series to represent X — x> from x = -7 to x = n. Hence show

1 1 1 1 7
that — — + — +...=—
1> 22 3% 47 12
— 7?2 w (__1)" . (—-1)"
[Ans. x — x* = ; — 42‘; ( nlz) cosnx -2 Zl( n) sin nx]J

Obtain the Fourier Seriesfor f{x) = €™ in the interval 0 < x < 2.

« [1—e™Y[1 & cosnx & nsinnx
(17871 oo s i)

T

Find the Fourier series to represent € in the interval -n< x <r.

[e.o]

[Ans. ¢™ = sin h art {l 4 Z 2a(—1)" cosnx N Z 2n(—1)" sin nx} 1

2 2 2
T a “5 a’+n = a’ +n?
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2
. . . . X<, O0<x<m
14. Find the Fourier series of the function f{x) =
—x%, —nt<x<0

3 Ot

15. Obtain the Fourier series of the following functions in the given interval.

® o =4mOm
Omn (t,27)

4 2 4
[Ans. f{x) = Z(R*;)sin X- 7T sin 2x +—(1t—~_—) sin 3x-12t- sin 4x +...]

. lin—nt<x<0
(i1) =9 A.
2INn0<x <1
- aind<x<mw
(1) {
alnn<x < 2w
] )_ —lin—-nt<x <0
(v) fx) = ImO0<x<T
) = Ofor—mt<x <0
) f(x-7:1:‘01‘()<)4:<ﬂ:
] —xfor—-nt<x<O
Vi) f(x) = OforO<x<m

.. {fm—n5xs0
(vi))  fix)=9,.. :

X+ — —nt<x<0
(viii) f(x) = 2

:E—x O0<x<m

L2

xin—mt<x<0

(ix) fix)=40mMm0<x <-g

T . T
X——In—<X<T7
L 2 2
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Answers:

sm(2n —Dx

2 oo
@) ;;Z -
2

1

— 1

Z sin(2n —1)x
Tt T 2n—1

52

1,3,5

1.
2
N
(i) >
Giy 22
T

(iv) [ i sin nx]

v 1t_+2 = smnx]
) 2 [n=135 n
: n 2& cos(2n — 1)" sin nx
(vi) ——— ( Z( )"
4 mao (2n—1) 1 n
. m,29cos(Zn-Dx & (- 1)n+l sin nx
vii —_— 4 =
Vi) 4 ﬂ:Z’ (2n —-1)? Z
4 &~ cosnx
viii) —
(viii) RZ:, —
—3n 1 & cos _2_ = cosnx  3.&(—D)"sinnx
(ix) 16 +7tn=1235 n’ T =zze:1o ZE n
l[sinx sin 3x sin 5x }
- = + - ...
n| 1° 32 52

4.4 Change of Interval
So far we have discussed that a given function f{x) can be expanded in a

Fourier Seriesin the interval of length 2n. But in many Engineering problems, it

is desired to expand a function in a Fourier Series in the interval of length 21 and

not 2n. To change the length 21 to 2 we put
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X Z . TTX
T = LE., z = — ,so that
1 7T 1

when x=c, z= — =d (say)

- m(c+21) me
1

whenx=c+21,

+2n=d+2m

1z

. The function f (x) of period 2/in (c,c+ 21) is transformed to the function f (—)
, T

=F (z),say, of period 2n in (d,d+2mn) and the latter function can be expressed in

Fourier Series

aw) o s o] .
F@) =5+ > a,cosnz+ > b sinnz
n=1 n=l
1 d+2mw
whereap = — | F(z)dz ~  ......... )
T 4
1 d+2mn
an=— | F(z)cosnzdz
T d

d+2mn
andb, = 1 { F(z)sin nzdz
T d

Now by applying the inverse substitution

X TC
z=—,dz=—dx
! !

whenz= d, x=c

and when z=d +2n, x=c¢ +21
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.. Equation (1) becomes

F(z) =F (“ ) f(x) =20 i cosA™ 4+ 3 b, sin——
1 2 n=1 1 n= 1
lc+21 .

whereap=— | f(x)dx[by(2)] ... (5
(A

ap = C] f (X)cos dx[by(3)] ........ (6)

1 c
by = 1°+j f(x)sin T2 Ax[by(4)] e, 7)

C

.. The Fourier Series for f{(x) in the interval c< x<c +211is

a 0 nnx & .
fix)=—2+ > a_cos + > b sin——......... (8)
n=l1 1 n=1 1

Where ag, a, andbyare given by (5),(6) and (7).

Note 1:Ifwe put ¢=0 the interval becomes 0 < x< 21 then the above equations are

reduced to

1 21
8o =1 [ £(0dx
0

21
a, = %J' f(x)cos ana dx,
0

1

andb_ = I nnx

f(x)sm—dx
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Note 2: If we put c= -1 then the interval becomes —1 < x< | and the above results

are reduced to

i

1
85= [ £(x)dx,

1

1

a,=—| f(x)cosPT—CX—dx
15 !
| . n7X
b, =II f(x)sin ——dx
—1 1

Note 3: If {(x) is an even function then we have

2 1
ag =" [f(x)dx
0

nmT Xx
dx

2]
a, :Tgf(x)cos

and b, =0

Note 4:Iff (x) is an odd function then we have ag = 0, a,= 0 and

nmx

b, =%j f(x)sin dx
lo

Example 4.4.1: Find the Fourier Series expansion of period 21 for the function

. -
f (x) = (-x)* in the range (0,21) . Deduce the sum of the series Z —
n=l1 n

[Nov.91]

Solution:The Fourier Series of f (x) in (0,21) is given by
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; + > b_sin - .-.(1)
121
- a-x’ax
lO

21
=[(1—x)3j __1,3+13_21,3 __2_12
31 0 31 31 3
) 2,
rLe.,la, =—1 ...(2
0 =73 2)
121 nmx
a, =— | f(x)cos dx
Lo
12t nmx
=—-f (1— x)2 cos dx
1 0 1
B ~ ~ f h i
. Nx nmnx . NnX
S1n —COS —S11
=1 ( 2 1 1
2l (—%x)“< -—2(1—X)(—1)4 >+ 21
1 n7t IIZTEZ n3'n:3
. l’ ) \_ 12 . -~ 13
_ 1| 2¢cos2nm  2¢ | 4L°
1 n’7t? n’w® | n®*n’
£ 27
[ -.- sin2nmt = 0, cos 2nmt =1]
. 412
ie., ap = ...(3
5. 3)
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12
bn = TJ'f(x) sin 22X dx
0
1 2¢ . NTTX
=— [f(x)sin dx
£ o
) ( ) ( ) i
1 — COS nTICX —sn‘lg cos %
= 2| (1= x%x)2 — — — 2 —
| A= = 200D 55 2
i L 1 ) 4 12 ) 13
[~ m
1 —? cos 2nmt  2cos 2nT 12 2
T nrw n33 ﬂ_n3n3
i b 3 v 23 _
1| -12 1?2 .
i 4+ =0 ["."cos2nmit =1]
1l nT  nx
1 LS
e, b=0 .. 4)

Substituting (2), (3) and (4) 1n (1), we get,

412 nmx
5 COS e (5)

1?7 =
f = —+
(X) 3 nél n?n

N 41> = cos nix

3 t° n=1 n?

Putting x = 0 in (5) we get
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12 = 417
f0)=—+ Y ——
3 n-in’m®
Here O is a point of discontinuity. Hence the value of the function at x = 0 is given

by

£(0—-0)+£(0+0)
2

£(0) =

_(@-0y +@+o0y _21°

=1?
2 2
1.e., 17 = 1; + 1122 ni;l nlz

Example 4.4.20btain the Fourier Series to represent x* from
x=-ltox=1

Solution :

The Fourier Series for f(x) = x* in (-1, 1) is given by
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1.€.,

b,

S e
3 3 31 3
2.5
ag=—-1( .. 2)
11 nix
= [f(x)cos dx
| 1
1 1
=~ [x?cos 2R dx
e 1
[ . nmnx ( IlTCX\ (
) sm——l— L — COS .
=—l— X< nm — 2X4 332 >+ 24
B g 1 J g 12 ) L
_ l 2lcosnmt  2lcosnm | 41% cos nx
n?n? n2m? n2m?
12 12
_ 41% cos nwt
An 2 >

n 7w

nmTx

11!

—1

nx

32

1
:%_jf(X) sin—l—dx =7 [x?sin —l—dx

1

....... (1)
~ _1
nnx
1
v
37_[3
3
1 J 14




B -~ ~ B -] ) f A 11
nmx . nmx | nmnx
cCOS sin — cos
== x4 - — 2% s |+ 2953 .
1 nx n-m n-
2 3
i L 1 J 1 | § 1 J 1y

. 12 COS N7t

2cosnit N 12 cos Nt 2 COS Nt

= — = O
1 niJc Il37'l:3 ET_C n3n3
i 1 13 1 | GO
1.€., b,=0
Substituting (2).(3) and (4) in (1), we get,
2 2 n
1 © 417 (—1 n7nx
fix) = —+ 2 =1 CcOS
3 n=1 n27'c2 1
nimtx
2 2 o (— 1)n CcoOS
, 1 41 L
X“= + > > 5
3 7T n=1 n
Example 4.4.3 Find the Fourier Series for f (x) given
Oin —1<x<0
f(x) = ] and f( x+2) = f (x) for all x.
lin0<x<1
Solution:
4y
- /l - /‘ /] -
-3 ~2 —~1 0 1 2 3

The Fourier Series of f(x) in-1 <x<11s
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a, X ©
f(x)=_=7+ Zlancos nnx + > b, sin nnx G §
n=1 n=1

1
Now ag =%j f(x)dx

17 o 1 1.
=—| J odx+ [ ldx |=—[x]p =1
1 0 | 1 .

-1

Le,lae=2 | ... (2)

nmnx

dx

1 1
an=— | f(x)cos
15

= 1 ?’O.cos nwx dx + }Ecos nx dx
1] 1 0 1 |
B nimx T
= l 1 [-- Sil.’l nt=0]
1| nn |
1 o
i.e., n =0 . (3)
11 . nrx
ba =7 [ f(x)sin dx
-1

= 1 ~(I)0.sinl—1£x—'dx+}£sin27—v—(-dx
1] = 1 o 1

i nmx |
_ 2 1 = -—[—cosnr +1]
1 nwr nw .




- D"
nw

b, = 0 when n is even

2
=—— when n is odd o eeieea 4)
| 7T

Substituting (2),(3) and (4) in (1) we get

f(x%) =—1—+ f 2 sin 2%
n=1,3,5 N7T 1
fix) =~l—++—2~ > }-sinnnx
2 ¢3" n::l’3’5 n
1 2= 2 sin(2n—-1nx
o ==+ 3 (n=2)
2 Tfa—; NI 2n —1

Example 4.24 The function f (x) is defined as follows in the interval (-2,2).

(0—2 <x <—1
l1+x -1<x<0
f(x) =1
- x0<x<xl1
Ol<x<?2
Show that f (x) ==l~ + -—85_— > —1—2— sin? nn COS nnx .
4 7w°a=1 n

Solution :The Fourier Series of the function f (x) in (-2,2) is given by

+ Y b, sin 3-723(- ....... (1)

n=1

a oo
_ 20
filx)=—+ Zl a, cos
n=

324



Now ap =

N'——.N

f (x)dx

t\)lv—d

[f de+j (1+x)dx+j (1+x)dx+j de}

1
L€, @ = —....... 2
5 (2)
12 n7mx
an= — | f(x)cos——dx
25 2
=% IO cos % 4x + j(l-l—x)cos——dx+j(1+x)cos——dx+fO cos——dx}
2
i 0 N1
. X ( IlTCX\\ . nnx ( nﬂ;x\
1 sin—— — COST sin —— — COS——
= J(1+x) - -1 = > +<(1-x) o — (=1)| 3 -
] 2 .4 )L 2 v 4 J)g|
_ LU
1 1 coS 0 5 1
_2— nznz_ n2m2 - n2m +n2 2
4 4 4 4
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1 2 nmx
b,=— [ f(X)sin dx
25
—;—[I Osm——2—dX+ j(1+x)sm
s 50 -
nmnx . nNnx
1 —COST *—SIII——Z—— .
:E<(1+x) e 1 32 r (0 —x%)
\ 2 4 J -1 \
R .
=11 + 2 2 4 L =0
2 n—Tc nzﬂ:z nznz P_E
2 4 4 4
Le.,b,=0....... 4)

Substituting (2), (3) and (4) in (1) we get

nnx

- (%) =32—0—+ >, a, cos

n=1

1 0o 4 nw nmnx

4 p-in“w 2 2

1 « 4 2nm 10419:¢
=4 = 28In—— COS———— [Use 1- cos x = 2sin® — 1

n=l N177C 4 2
1 8 = 1 nrwt nimx
jie., f(x)=—+ > > > sin® —— cos ——
T n=11N 2
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2
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2
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EXERCISE

<< <
1. Iffx) =4 0 O=x=1
| n(2—-—x),1<x<2

show that in the interval (0,2) [Nov. 90, Civil]

T 4| cosmtxX cos3mTX COSSmx
f(x)=——— -+ + + ...
2 TT 12 N 32 52
2. Obtain the Fourier Series expansion of {x), if
1 for 0<x<x<1
x forl<x<?2

fx) = and f(x+2) = f(x)

[Apr.90]
3. Develop f(x) in Fourier Series in the interval (-2,2) if

0,2<x<0
f(x)=
1, O<x<?2

[Apr.90, civil}
4. Find the Fourier Series for f (x) =x*in-1<x<1
[Nov.86,Civil]
1 4 = (—1D"cosnmx

AnS. = 4 —
LAns. =3+ 72— o2 |

5. 1In the range (0,2]), f(X) is defined by the relation

0,0<x<1
fix) = [Nov,88,Mech.]
{a,l <x <21

a 2a=x 1 . (2n-Dmx
[Ans. f(X)—‘"Z—'—*;—t- nzzll—i;l—:"iS1n ,

6. Find the Fourier Series with period 4 to represent the function

f(x) = x>~ 2in the interval -2 < x<2. [ Apr.90. ECE]
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00 __ 1\
[Ans. f(x) = — 2 + 3 }_‘?_(_2__%_008 nnx
3 n=1 n

]

4.5 Half Range Expansions

In many Engineering problems it is required to expand a function f(x) in
the range (0,7m) in a Fourier Series of period 2z or in the range (0,1) in a Fourier
Series of period 21 If it is required to expand f(x) in the interval (0,1), then it is
immaterial what the function may be outside the range 0 < x < 1. We are free to
choose it arbitrarly in the interval (-1,0).

If we extend the function f{(x) by reflecting it in the Y axis so that f{-x) =
f{x), then the extended function is even for which b,=0. The Fourier expansion of
f(x) will contain only cosine terms.

If we extend the function f{x) by reflecting it in the origin so that f(-x) = -
f(x), then the extended function is odd for which ay = X0 = an =0. The Fourier
expansion of f(x) will contain only sine terms.

Hence a function f(x_) deﬁ_ned over the interval 0 < x <1 is capable of two
distinct half range series. :

The half range cosines series in (0,1) is

fix) = 322+ Sa c:osillE

n={

where

0= TEGOdX

1
an =—f—jf(x)cos£l%§dx
0

‘The half range sine series is

fix) = i b, sin-l—l—lngE
n=1
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1
whereb, = —% [f(x) SinE—iEx— dx
0

Note : (i) The half-range cosine series in (0,7) is given by
a oo
f(x) = -9+ Y.a, COSnx,

n=l1

where

T 7T
ag = g[f(x)dx,an = 3j'f(x)cosm(dx
To To

Note : (i1) The half-range sine series in (0,%) is given by

fx)= 3 b, sinnx,
=1

whereb, = —j f(x) sin nx dx
TCo

Example 4.5.1. Obtain the half .range sine series of the function f(x) = kx(x-1)
in0<x<L [Apr.86, Mech.]
Solution :We know that the half range sine series of f{x) in (0,]) is given by

f(x) = f;lbn Smmfx ....... (1)
21 .
whereb, =7 jf(x)sin——dx
21 . NTX
Now, b, = -l—jkx(x —1) sin—— dx
0
21 ) . hmx
== [ (kx* —kIx)sin——dx
| 1
| [ cos DX |
~ 2| (kx? —klx)j 1L
1 nr
B L 1 y
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(. nnx | ( nmx |
—sm——l—— cOSs ]
(2kx — kl1)- e 4+ 2k < =
g 1’ ) S A
_2 2kcosn7c_ 2k
1 n?® 7’ n’ 1’
1° 1’
4%1*
= ——[(—D" -1}
n’

..bh =0 when n is even
— 8kl?

n’

when n 1s odd

Substituting (2) in (1) we get,

= — 8k’
2, TS5

n=1,3,5 N~ 7T

f(x) =

_ 8k1? 1

S
> n=1,3,5 (2n — 1)3

in (2n - Dmx

1

Example 4.5.2. Obtain the sine series for the function

r

_ X inOSXS—;—
f(x) = <

l—-xin—l—SXSI
2

"
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Solution : The sine series for the function f{x) in (0,]) is given by

fx)= 3 b, sin}E-FS ....... (1
n=1
20 . nmx
where b, = TIf(X) S1in dx
0

21 vz ] 1
Now, bnzT[j X sin P—T—de+ § (1—x)sin3’?-dx]

1/2

( n7cx 4 . nmx ) v

> — CcOS — sm~1—

— T | X nm —1 ey -
| L 1 \ 17 /o
( n7x 4 . nmx ) b
— COS : — sin — L

+< (1 — +

S ( X) nm 1 nz 70

L 1 & 12 /4 1/2_
1 nit . N7t 1 n7t nit |

>} 5 COS— - sSin — — Ecos—— S 7
= + + ~+

1 nr n’> 7t’ n7t n’ 7t’

i 1 1 1 | S

2 1 . NIt 4% nI
=—.——5 2 s1n =— 5 SIn ——

1 n 1 2 n-Jt
_ ZH sin nic
1.C€C..0n — -

’ n’7c’

Substituting (2) in (1) we get

o0~ 5 in P i M
S i(x) = S 2 o > 1
41 2 1 . nmxt . nx
=—> 2. —5 Sin——sin
T n=11 2 1

331



Example 4.5.3 : Find the half-range sine series of f(x) in (0,7)

given that f(x) =

)
kx, 0< XSE
) 2

k(n——x),—ngSn

-

[Nov.90, 89, Civil]

Solution :The half-range sine series of f{x) in (0,n) is given by

fix) = ibn sin nx
n=]

-------

2 i
whereb, = = [f(x)sinnxdx
TCo
2"1:/2 _ 7t ]
Now, by = —| [kx sinnxdx+ jk(ft«—x)smnxdx:I
TCL o /2
i . 1/2
_2 {kx[—cosnx)__k(—smznx)}
| n n .
_‘_{k(n_x)[—cosn}(]_&(_k)[—smznx)} :l
/2
_ 5 *k[gjcos—— ksin ¢ k(g)cosnz_n ksin 2*
d + &+
TC n n n
nrw
2k sin—
_2 2
T n’
b, = 4 singﬂ:— 2
s s 2)

Substituting (2) in (1), we get
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<~ 4Kk . nm .
f(x) = 2.—— SIn—sinnx
n=1 7T

sin N7 in
41( SN Nx

— S 2
==y 5

Example 4.5.4 Find a half-range sine series which represents f(x) = sin px for

p not an integer on the interval 0 < x <.

Solution :The half range sine series for f(x) in (0,7) is given by

fix) = ibn sinnx ... (1)

n=1

2n
Now b, =— | f(X)sinnx dx

o
2r . :
b. =— [sinpxsinnxdx
7o

(Here note that ‘p’ is not an integer but ‘n’ is an integer)

= %.ljjt[cos (n—p)x—cos(n +p)xldx
7T 20

[ *.* 2 sin A sin B = cos (A-B) — cos (A+B)]

|-

 sin(n —p)x _sin(n+p)x )
n—p n+p

L 0

I

Q=

[ sin(n —p)n  sin(n + p)ni\ -

| n-—p n+p

1| sinnmcospr —cosNTSIN pTC]
| n—p

Sin NTTCOSPT +COSNTSIN PTT
n+p
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sin 0 = O]



= l[cos n7m sin p7t N cOosSNmSsin pn :|

T n—p n+p

[*.* sin nmt = O since n is an integer also sin pxt # 0 since p is not an integer}

_ (—D"*!sin pr [n +p+n—pjl

2

_(=D"'sinpt  2n

T n2 __ p2
_ n+l _ -
ie.b—2nD " smpr )
1" n —p

Substituting (2) in (1) we get

n+l _ *
fx) =3 2n( 1)2 Sl? PT . o
o=l 7(n” —p°)

_2sinpm 2 (n)(—1D"*! sin nx

sin nx
7T n=1 n? —-p2

Example 4.5.5 Obtain a half-range cosine series of the function

-

kx, for O < x<l
f(x) = < 2

k(l—x), —SxSl

-

Solution: We know that a half-range cosine series for f{x) in (0, /) is given by

fix) = —azﬂ +ian CcoS n;oc ...... (1)
n=l

I
Now, ag= % [ f(x)ax
0

F1/2 I
| Foxdx + [ k(1—x)dx
| 0

/2

B > \172 2 \/
[k x—] + k[zx _ i-)
2 0 X 1/2

~| N

~|N
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_2| K k lz—f— —k r_ry.
/4 8 2 \ 2 8
14 ) 2
ki
le:a():_ ...... 2
- @
a 2j'f(x)co ﬂxd
n - 2 AY x
l 3 ]
2[1/72 1
=—| | kxcos DX dx + ] k(l—x)cos.nﬂ:X dx]
1[ o 1 1/2
e N 172
. nmx 71 70X
2 Sln—l— — COS 7 L
—7 15 ni —k n2x?
| L l I’ )
i - — . R ~ 7
szn—l— — cos 7
k(1 —
+ 4 (l .x) . —I—k n27z.2 S
L l lz J1/2
) k—lsin——nn. ( co.s*——rwr
_2|| =2 2 |4l % 2 |__ k&
4 nit n’r? n2x?
_ / . l? 7>
-
Klin®™  kcosBT
k cosnmt 281 2 2
2 2 + 2 2
n-mw nmw n-w
12 1 12' .
[ 1
ni
2 2k cos ) k kcosnr
B N n’mx’  nPr? * nr?
l? l? l? i
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S.8n = 2K [2COS%7£—1 (— 1)":| * [rocosnm=(-1)"]

nr’

When ‘n’ 1s odd, cos%= 0

a, = 0 whennisodd. . (3)

When n 1s even

ap = 2K ~[2cost—1-1] =— iklz ..... 4)
ner’ 2°m
aq = 2kl —-1-17/=0 (D)
42 7
2kl
ag = —1-=1
6 . /
_ — 8Kkl
= and soon. L 6
pE (6)

Substituting (2), (3), (4), (5) ar2 (6) in (1) we get

ki 8kl[ 1 2ntx 1 6TTX
(X)) = — 5 COS + —-COS +......
4 2 1 6" 1
Example 4.5.6 Obtain the half range cosine series for f(x) = x in (0, )

and deduce that the sum of the series

[Apr.91,87. Mech, Apr.89, ECE]

1 1 1
-17 + 3—2— + ? .......
Solution: The half-range cosine series is given by
f(x) = + Za cosnx ... (1)

1e., G =T = eeeeeenn (2)




a, jf(x)cosnxdx = —Z—]EX cos nx dx

L) (o]

~2leosam_ L1 2 fuy 1]

7C n n’

.a. =0 when n 1s even,

_—4 when n is odd ... (3)

n’>7t

Substituting (2) and (3) in (1) we get

— 4
'.f(x):-it——i— > 5— COs nx
n=1,3,5 N7t
T 4 [cos X cCcOs 33X cos 5x ]
— — + 4+ + ...
o 12 32 52

Putting x = 0, we get

T 4|1 1 1
£(0)= 2_n[12 TaE s T ]

Here ‘0’ is a point of discontinuity

£f(0—-0)+ £(0+0)

. £(0) = S
[.- £f(x)=x,f(0—-0)=0 and f(0+0)= 0]
=0
0T _ 41 1 1 . L ]
2 wp1* 3° 2
1 1 1 7T°
— + -+ + ..., =
1?2 3 57 8
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Example 4.5.7

~

X
f(x) —J
TT—X
Solution: The
a
fix)=—2
(x)=2

Now, a, =—2—?f(x) dx =
To

Find a cosine series for the function
[Apr.9l]

] T
mo<s<x<-=—

. T
m —<x<7
2

cosine series for the function f(x) in (0, 1) 1s given by

|

+2>.a_cosnx

n=I]

2

L

[x dx + {gn x ) dx

B w/2 T
== = +| mx — S
TC 2 2
i 0 n/2
2| c? > 2 n°  w
== —+| - |- —
| 8 2 2 8
T
ao :5 ......... (2)
2n
a, =—[f(x)cos nx dx
7T o
2’n/2
=— jxcosnxdx+ j(ﬂ: x)cosnxdx:,
TTL o /2
zg[{x(sin nxj_l[—c:oi nx)}ﬂ/2+{(n_x{5m nx] a {—cos nxj}n }
7T \. I n 0 n ni2
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_EsinE cos —* _Tin nr |
=% + 2 1 cosnmt 7 m +0052
U n n? n? n? n n?

B _
_2 COS nr |
2 2 1 cosnm 2 nm
=— —— = = 2cos— —1— (="
T ) n2 g P > (D
| _
When n is odd a, = 0, i.e., a;=az;=as=...... L 3)
When n is even ’
2 r 2
a,=——|2cosn-1-1|j=-— ... 4
> 22t ] o ( )
7
a4=Z§—LZCos2n—1—l]=O(ﬂ' cos 2m=1) ... (5)
T
2 7 -2
a, =——|2cos3n-1-1fj=———5 ... 6
°6%n" | .3 -+{6)
and so on.
Substituting (2),(3),(4),(5) and (6) in (1) we get
. n  2{cos2x cos6x cosl0x
Lfx)=— -2 —+———+ + s
4 = 1 3 52

Example 4.5.8 Using an appropriate Fourier expansion show that in the

range (0, ), the function sin x can be expressed as

i(l_cost_cos4x_cos 6x _ cos 2nx]
...... ——
Solution: Here the range is (0, m) and the expansion contains only cosine

terms. Therefore we have to expand sin x in a half range Fourier cosine series in
(0, ®).
We know that the half range cosine series of f{x) in (0, 7) is given by

f(x)z%A—ian COSNX .eee. 1y
n=1
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where a, =—2—Tf(x)dx
7Co
=—2—Tsin x dx
7Co
=—?1[— cosx]
T

=—2—[— COS TT + COS O]

= —2~[1 — (——1)] [~ cos t= —1]
T
ao=i .......... (2)
T
2=
Now a_, = —[f(x)cos nx dx

To '
2= .

= —f{sin X cos nx dx
TC ©
2 1=p . :

=Z —j[sin (1 +n)x +sin(1 —n) x]dx
T 20

B l[—cos (1+n)x cos(l —n)x:rE

T 1+n 1—n o

—1 cos(1+n)11:+cos(l—n)1t_ 11 ]
T 1+n l1—n 1+4n 1-—n

‘When n is odd,

—1 1 1 1 1
a = -+ — —_
b nl|l+n 1—-m 14+n 1—n

=0 [-.- when n is odd cos (1+n) 7: =1 = cos (1-n) =}
ie., an =0 provided n#¥1landnisodd ... 3)
whenn=1,
2n
a, =— [sin x cos x dx
TCo
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| e — ‘ "
= —[sin 2x dx:—-l[ cOS 2XJ

TTO T 2 o
=—2in[1—1]= 0
ie,a, =0 . (4)

When n is even, (1+n) and (1-n) is odd

. :ﬁl[ -1 1 1 1
: nll+n 1-n 1+n 1-—n
|- cos(l+n)m =—1; cos(l—n)r=—1]

1[ 2 2
=— +
nwll+n 1—n

_ Z—l —n+1l+n
| 1—n’
4 1
=—| —1 ... 5
TT _1 _ n2j| ( )
Substituting (2), (3), (4) and (5) in (1), we get
2 & 4
fx)==+ X -~ COS nNX
7T n=2467(1l —n )
2 4 = 1
=——-— 2 — COSs nxX
T  Tno=246n" —1
4(1 o 1
=—| —— cos 2nx
TC|:2 E(2n)2 —1 }
. . 411 cos2x cos4x cos 6x COS 2nx]
Le.,sinx =—| —— — — —
T 2 3 15 35 4n? —1

Example 4.5.9 Expand f(x) = cos X, 0 < x <it in a Fourier sine series.
[Nov.’86, Apr.’88, Nov.’91]

Solution: We know that the Fourier sine series of f(x) in 0 < x <t is given by

f(x)= iian SIN NX  eeeeeeeeeeenees (1)
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To find a,

ayq =2 {f(x)sin nx dx
T 0
2 7 i
== fcos X sin nx dx
T 0
T
=—2—[j—1—{sin (n+1)x+sin (n—1)x} dxi'
7T 02
___i[ cos(n+1)x cos(n—1)x ™
T n-+1 n—1 )
_1[—cos(h+1)t cos(n—1)n 1 1
= — + +
TCT| n-+1 n—1 n+1 n-1
| (cos nmt cos w—sin nmmsi Y _ ]
1 n-+1
| ( COS NITCOS + SINN TINNTT 1 1
+ +
( n—1 ) n+1 n-—1]
1| cosnt cosnm 1 1 :
= — + + + [.- sin n7 = O]
Tt n+1 n—1 n+1 n-—1
_l_(n-—l)cosn'n:—{—(n—l-1)cosn71:+(n—1)+n+l
T (n+1)(n—1)
___1_—2ncosn1t+2nj|
T n® —1
1+(—1) :
:21?1[ 2( ):l [prov1dedn¢1]
T n°- —1
a_ =0, when'n'1s odd
4 Ly -
= 5 when 'n'iseven, = ...l (2)
n’(n ——1)
2 :
Now a, =— [cos X sin x dx
7C o
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=—Tsin 2x dx
TCo

1[—cos2x]“ 1[ 1 1
=—|——=+—|=0
T 2 o T 2 2

Substituting (2) and (3) in (1), we get

= o]
f{x) =aisinx+ > a, sin nx
n=2

v @] 4 .
0+ Z 2n sin nx
neza (M —1)

ll

4
=—-l:—2—sin2x +isin4x+—§—sin 6X + .un..... ..
7|3 15 35

81 sin2x 2 . 3 .
COSs X = -+ Sindx+—sin 6x + ...........
T 3 15 35

~

sinx, 0< x < z
Example 4.5.10 Expand {f(x) = < 4 in a series of sines.

7T 7T
COSJC,Z<X<—

X
[Apr. >88]

Solution: We know that sine series for f{x) in (O,%) is given by

f(x) = i b, sin2nx
n=1
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To find b,

1)

4 T/ 4 T/ 2
= — jsin‘xsin 2nx dx + Icosxsin 2nx dx
7T 0 T/ 4

ba j'f(x) sin2nx dx

:Eifj;b0s(2"’qu*—COS(Z”+4)x}dk

T

/4

+ nj {sin(2n + 1)x + sin(2n — l)x}dx:l

7T 2n—1 2n +1

_ 2 [{sin(Zn —1)x . sin( 2n + l)x}”/4

2n +1 2n +1

N {— cos (2n +1)x _ cos(2n — 1)x}ﬂfzj|
/4

7T T
il 2n—1) — n(2n+1)—
2 sin( 2n )4_51( )4

7T 2n—1 2n+1

cos(2n+1)£ co.s(2n—1)£
+ 4 4

+
27+ 1 2n—1

[ cos (2n 11)’—2’- = 0]
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=

I

nmw
Sin B3 COS — — cos —— Sin —

(4 ni T . nNw T

T nw .
Sin——cos — + cos —— Sin —
2 4 2

4

2
7w

-+

nmw ‘i ) )
COS — COS — —Sin ——sin —
2 4

2n—1 2n+1

-
nTc T nrw T . nw . T
COS——COS — +Sin ——Ssin —

2 2 4

2n+1

-+

2n —1

1 nﬂ:l

N COS Et— n7w
Jﬁ 1 2 1

COS——
2

When ‘n’ 1s even,

bn

[0]

When ‘n’ is odd

by

nirt
Sln — — COS —
1 2

>3
n 43 2n+1 2 2n-1

[

-+

210
7T

ni . N7 nrw
sin — + COS——
2 2 2

-2
7T

NG

ni . N
CcOS —'—2 — Sin—
+

2n —1

2n +1

nmw nﬂ'_]
cos — + Sin——

2n+1

. AT
—2s5in—-

2n—1

ZSinﬂ
2

(2n+1)

2n—1
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2 . nx 1 1
=——2 sin -
i 2 {2n—1 2n+1

=2-\/5 < nr |l 2n+1—-2n+1
T 2 | 4n® -1

=2J§S' nr|] 2 :l

T 2 [ 4n® -1

4\/5 ni

by = 5 sin — when ‘n’ is odd. ...(3)
(4n” —1) 2

Substituting (2) and (3) in (1), we get

filx) = Z 42 sin =& sin2nx
75 (4n® - D= 2

n=1,3

=4 21 sin2x _
T 3 35

Example 4.5.11 Expand x sin x as a sine series in 0 <x<mw

[Apr. ’88]

Solution: Let f(x) = >_b, sinnx ...(D

n=1

Where bn=—2—jf(x)sin nx dx
T

= ——jxsmxsm nx dx ce(2)
T
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171’
——ﬂ—.ajx[cos(n—l)x—cos(n+1)x]dx
0

—;—{J‘xcos(nﬁl)x dx—Txcos(n—i—l)xdx}

XSin(n—l)X_1[—*COS(D—1)XJR _ Xsin(n+1)x__1 —cos(n+1D)x "
(n—1) -1 J, n+1 (m-1)*  J,

cos(n—1)m 1 _cos(n+1)r N 1
(n—1)° (n—1)° (n+1)° (n+1)?

—1|—(m+D?*cosnn—(n+1)?+(n—-1?cosnw+(n—1)°
(n—D>(n+1)?

—1 {— COSNT 1 COSNT 1
= — + +
| (n—-1D* M- @m+1° (n+1)2}

—4n cosnn—4n}

T (n2 _12)2
4 _
~1}4n Coi k > 4n [Provided n # 1]
v (n®—1)
b,=0 , when ‘n’ is odd
8n o
= 5 5 ,when 'n'1s even ;,
t(n“< —1)
Whenn=1
2% : . : .
b, = —Ix sin x sinx dx [Putting n =1 in (2)]
7T 0
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o
= —_[x sin” x dx
TS

=g—jx [1—COS2x)dx
Ty 2

_ 1|7 T
= ﬂ[!xdx Ixcostdx]

Substituting (3) and (4) in (1), we get

f(x) =b;sinx + »_b, sinnx

n=2,4

T - .
—— sinx+ »_b, sinnx

2 ‘ n=2,4

T 2 8n .
=—SInx + > 5 Sin ix

2 n=2,4 71'(71 — 1)

_ T 8 & nsinnx
S.Xsinx= —SIinx +— E

7T n=2,4 (712 —1)2
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Example 4.5.12 Find half range sine series for the function f(x) defined as f(x)
_|x—1L 0= x <1
l—x,1<x<2

Solution: The half-range sine series of f{(x) in (0, 1) is given by

f(x) = Zb sin 7%
n=l1
Here1=2
(%) = Zb Sm—-— ..(1)
n=l
To find b,
=»J.f(x)smnﬂx X
1 nw
:j:f(x)sm dx+§f(x)sm dx
o
1
:j(x—l)sm dx+j(1 x)smnﬂxdx
0
[ WI
nx nx
—COS —— — Sin——
1 (x-1) 2 ) ——21|}
nw n°m
. 2 4 40
( n X (. nmx I
'—COST —sm—z— ,
- —(—1 -
"’ﬁ(l x) nw (—1) B
L 2 \ 4 1
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_ 2 1 COS N7t 2
n’n nrn nw n’m
4 2 2 4
SSinfir— >

=2+ = [(-)" —1]
n-mw nw

bn = 0, when ‘n’ 1s even

nmw

8Sin —2— 4
b, = ——— when ‘n’ is odd
n-w ni
¥4
oo Ssm_i_ 4 X
filx) = E —— — sSin
n=1.3,5 n'mw nii 2

[s 4),nx(8 4)_37“

f(x)=|—F—— |sin—+ > — sin

T T 2 O 3 2

N x[—cos(l—n)x)_ —sin(l1—n)x ”
1—n (1—n)? o

1 [—n'cos(1+n)7r _ncos(l—n)ir:l
1+n 1—n

T

_ COSNIT 4 COS NTT
14+ n 1—n

=_(_1),,|:1—n+1+n:|

1—n°

—2(-1)"

an = ~~—provided n>= 1
1 —n
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Whenn=1

2 T
a; = —-—J'x.sinx cos xdx
TS

=—2—jx.sin 2x dx
T5%

_1_ x(—cost)_(—sin2x) i
Al 2 4

c

Substituting (2), (3) and (4) in (1), we get

2
n=2 n —

oo ___1 n ‘
f(x)=1——12—cosx—2z( ) cos nx

G

1 ac
ie., xsinx = 1—§cosx—22

T
Putx = E,WG get

7T 1 T =

(-

C
= (+D@m-1)

—2~—sin—7£ =1 ——cos——-—2z

> 2O S Tt (n+ 1)

o
2

..(4D)

osnx

ni



EXERCISES

1. Obtain cosine series expansion of

-

i T
cosxin < x < —

f(x) = 5 . 2 [Apr.90, Mech],
0 in > <X<7T

w

11 2 & (—1)" cos2nx
Ans. f(x) = —+—cos x ——
[Ans. fx) = 7773 n; 4n® —1

/

2. Obtain cosine series expansion of f(x) = (x-1)° in (0, 1) and hence show

. 1 1 1
that n° =8 2 + 32 + 52 +ons [Apr. 90]
4 & cos nrx
Ans. f(x)= —+ —
| f(x) xznzﬂ =

3. Find the half-range cosine series for the function f(x) = x* in the range 0 <
X <1t and hence find the sum of the series

1 1 1

1-— >3 + 32 e +oennnn [Nov. 89, Mech.]
? 2 3 4
[Ans. f(x) =% — 4(cosx — CO; * + CO; *_ 60:2 i +oiinen ) /

4. Find the half — range sine series of the following functions:

(3 xin0 <x<m [Apr.91]
(i) x*in0<x<1 [Apr.87]
(i) =xin0<x<2 [Apr.88, ECE].
~2—k—£ when 0 <t < —1—
(iv) fit)= Zlk 2 [Apr.87, ECE]

[
— (-1t hen — <t </
t( ) wen2

\

ANnswers
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(D

(ii)

(iii)

(1v)

) =23 (-1°

n=1

[

6 L
3 Sin nx
n n
i | R
SInmc ———Sin2x
27T

o (5
T

22
+[3 3113: 3 4]sin3x——1——sin4x+ .......
7T

4x
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UNIT -5
LINEAR PROGRAMMING
5.0 Introduction:

The term Operations Research, was first coined in 1940 by McClosky and
Trefthen in a small town, Bowdsey, of the United Kingdom. This new science
came into existence in military context. During World War 11, military
management called on scientists from various disciplines and organised them into
teams to assist in solving strategic and tactical problems, 1.e., to discuss, evolve
and suggest ways and means to improve the execution of various military projects.
By their joint efforts, experience and deliberations, they suggested certain
approaches that showed remarkable progress. This new approach to systematic
and scientific study of the operations of the system was called the Operation
Research or Operational Research (abbreviated as O.R.).

This chapter provide an overall view of the subject of operations research.
It covers general ideas on the subject, thus providing a perspective. The remaining
chapters deals with specific ideas and specific methods of solving O.R. problems.

OBJECTIVES
After completing this unit you will be able to

1. Understand the definition and scope of O.R.
2. Understand the different types of models in O.R.
STRUCTURE

© Nature and Definitions of O.R.
°  Scope of O.R.
°©  Modeling in O.R.
© Standard Linear programming problem
°  Keywords
°©  Model Questions
NATURE AND DEFINITIONS OF O.R.

Operations research, rather simply defined, is the research of operations.
An operation may be called a set of acts required for the achievement of a desired
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outcome. Such complex, inter — related acts can be performed by four types of
systems: Man, Machine, Man — Machine unit and any organization of men,

machines, and man — machine units. OR is concerned with the operations of the
last type of system.

Many definitions of OR have been suggested from time to time. On the

other hand are put forward a number of arguments as to why it cannot be defined.

Perhaps the subject is too young to be defined in an authoritative way. Some of
the different definitions suggested are:

(D)

(2)

(3)

(4)

(5)

(6)

(7)

OR is a scientific method of providing executive departments with

a quantitative basis for decisions regarding the operations under

their control. — Morse & Kimball

OR, in the most general sense, can be characterized as the
application of scientific methods, tools and techniques to problems
involving the operations of systems so as to provide those in

control of the operations with optimum solutions to the problems —
Churchman, Ackoff, Arnoff.

Operations research is applied decision theory. It uses any
scientific, mathematical or logical means to attempt to cope with
the problems that confront the executive when he tries to achieve a
thorough going rationality in dealing with his decision problems. —
Miller and Starr

Operations research is a scientific approach to problem solving for
executive management. — H .M. Wagner

Operations research is the art of giving bad answers to problems, to

which, otherwise, worse answers are given. — Thomas L. Saaty

Operations research is an aid for the executive in making his decisions by
providing him with the needed quantitative information based on the
scientific method of analysis. — C. Kittel

Operations research is the systematic, method — oriented study of the basic

structure, characteristics, functions and relationships of an organization to
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(3)

9

(10)

(11)

(12)

provide the executive with a sound, scientific and quantitative basis for
decision — making. — E. L. Arnoff & M.J. Netzorg
Operations research is the application of scientific methods to problems
arising from operations involving integrated systems of men, machines and
materials. It normally utilizes the knowledge and skill of an
interdisciplinary research team to provide the managers of such systems
with optimum operating solutions. — Fabrycky and Torgersen
Operations research is an experimental and applied science devoted to
observing, understanding and predicting the behaviour of purposeful man
— machine systems; and operations research workers are actively engaged
in applying this knowledge to practical problems in business, government
and society. — Operations Research Society of America
Opecrations research is the application of scientific method by
interdisciplinary teams to problems involving the control of organized
(man — machine) systems so as to provide solutions which best serve the
purpose of the organization as a whole. — Ackoff and Sasieni
Operations research utilizes the planned approach (updated scientific
method) and an interdisciplinary team in order to represent complex
functional relationships as mathematical models for the purpose of
providing a quantitative basis for decision — making and uncovering new
problems for quantitative analysis. — Thierauf and Klekamp
O.R. is the application of modern methods of mathematical science
to complex problems involving management of large systems of
men, machines, materials and money in industry, business,
government and defence. The distinctive approach is to develop a
scientific model of the system incorporating measurement of |
factors such as chance and risk to predict and compare the
outcomes of alternative decisions, strategies or controls. — J.O.R.

Society, U.K.
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SCOPE OF O.R.

Having known the definition of OR, it is easy to visualize the scope of
operations research. Whenever there is a problem for optimization, there is scope
for the application of OR. When we broaden the scope of OR, we find that really
it has been practiced for hundreds of years before World War IL.

In the field of industrial management, there is a chain of problems starting
from the purchase of raw material to the dispatch of finished goods. The
management is interested in having an overall view of the method of optimizing
profits. In order to take decision on scientific basis, OR team will have to consider
various alternative methods of producing the goods and the return in each case.
OR study should also point out the possible changes in the overall structure like
installation of a new machine, introduction of more automation, etc. OR has been
successtully applied in industry in the fields of production, blending, product mix,
inventory control, demand forecast, sale and purchase, transportation, repair and

maintenance, scheduling and sequencing, planning, scheduling and control of
projects and scores of other associated areas.

OR has a wide scope for application in defence operations. In modern
warfare the defence operations are carried out by a number of different agencies,
namely airforce, army and navy. The activities performed each of them can be
further divided into sub — activities viz. Operations, intelligence, administration,
training and the like. There is thus a need to coordinate the various activities
involved in order to arrive at optimum strategy and to achieve consistent goals.
Operations research, conducted by team of experts from all the associated fields,
can be quite helpful to achieve the desired results.

In both developing and developed economies, OR approach is equally
applicable. In developing economies, there is a great scope of developing an OR
approach towards planning. The basic problem is to orient the planning so that
there is maximum growth of per capita income in the shortest possible time, by
taking into consideration the national goals and restrictions imposed by the
country. The basic problem in most of the countries in Asia and Africa is to
remove poverty and hunger as quickly as possible. There is, therefore, a great
scope for economists, statisticians, administrators, technicians, politicians and
agriculture experts working together to solve this problem with an OR approach.

OR approach needs to be equally developed in agriculture sector on
national or international basis. With population explosion and consequent shortage
of food, cvery country is facing the problem of optimum allocation of land to
various crops in accordance with climatic conditions and available facilities. The
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problem of optimal distribution of water from the various water resources is faced
by each developing country and a good amount of scientific work can be done in

this direction.

OR approach is equally applicable to big and small organizations. For
example, whenever a departmental store faces a problem like employing
additional sales girls, purchasing an additional van, etc., techniques of OR can be
applied to minimize cost and maximize benefit for each such decision.

OR methods can also be applied in big hospitals to reduce waiting time of
out — door patients and to solve the administrative problems.

Monte Carlo methods can be applied in the area of transport to regulate
train arrivals and their running times. Queuing theory can be applied to minimize
congestion and passengers’ waiting time.

OR is directly applicable to business and society. For instance, it is
increasingly being applied in L.1.C. offices to decide the premium rates of various
policies. It has also been extensively used in petroleum, paper, chemical, metal
processing, aircraft, rubber, transport and distribution, mining and textile
mndustries.

Thus we find that OR has a diversified and wide scope in the social
economic and industrial problems of today.

MODELLING IN O.R.

A model in O.R. is a simplified representation of an operation or a process
in which only the basic aspects or the most important features of a typical problem
under mvestigation and considered.

The objective of a models is to provide a means for analyzing the
behaviour of the system for the purpose of improving its performance.

There are several models in each area of business, or industrial activity.
For instance, an account model is a typical budget in which business accounts are
referred to with the intention of providing measurements such as rate of expenses,
quantity sold, etc, a mathematical equation may be considered to be a
mathematical model in which a relationship between constants and variables is
represented. A model which has the possibility of measuring observations may be
called a quantitative model; a product, a device or any tangible thing used for
experimentation may represent a physical model.
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Following are the main characteristics that a good model for Operations

Research study should have:

1.

N

A good model should be capable of taking into account new formulations
without having any significant change in its frame.

Assumptioné made in the model should be as small as possible.

It should be simple and coherent. Number of variables used should be less.
It should be open to parametric type of treatment.

It should not take much time in its construction for any problem. .

However, besides the above characteristics, a model has the following

limitations:

(1)

(11)

Models are only an attempt in understanding operations and should
never be considered as absolute in any sense.
Validity of any model with regard to corresponding operation can only

be wverified by carrying the experiment and relevant data

characteristics.

Classification of Models

Although the classification of models is a subjective problem, they may be

distinguished as follows:

Models by degree of abstraction: These models are based on the ‘past

data/information of the problems under consideration and can be categories into
(a) language models, and (b) case studies.

A book may be regarded as an example of a language model.

Models by function: These models consist of (a) Descriptive models, (b)

Predictive models, and (¢) Normative models.

(a) Descriptive models: A descriptive model simply describes some aspects of

a situation based on observation, survey, questionnaire results, or other

available data. The result of an opinion poll represents a descriptive model.

(b) Predictive models: Such models can answer ‘what if® type of questions,

i.e., they make predictions regarding certain events. For example; based on
survey results, televisions networks attempt to explain and predict the

election outcome before all the votes are actually counted.
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(c) Normative models: Finally, when a predictive model has been repeatedly
successful it can be used to prescribe a source of action. Linear
prbgramming is a normative or prescriptive model, because it prescribes
what the managers ought to do.

Models by structure: These models are represented by (a) Iconic models, (b)
Analogue models, and (¢) Symbolic models.

Iconic or Physical models are pictorial representation of real systems and
have the appearance of the real thing. Examples of such models are: city maps,
houses blueprints, globe, and so on. An iconic model is said to be ‘scaled — down’
or ‘scaled — up’ according as the dimensions of the model are smaller or greater
than those of the real item. For instance, in biology, the structure of a cell may be
illustrated by an enlarged (scaled — up) iconic model for teaching purposes.

Iconic models are easy to observe, build and describe, but are difficult to
manipulate and not very useful for the purposes of prediction. Commonly, these
models represent a static event.

Analogue models are more abstract than the iconic ones for there is no
‘look — alike’ correspondence between these models and real life items. They are
built by utilizing one set of properties to represent another set of properties. For
instance, a network of pipes through which water is running could be used as a
parailel for understanding the distribution of electric currents. Graphs and maps in
various colours are analogue models, distribution of electric currents. Graphs and
maps in various colours are analogue models, in which different colours
correspond to different characteristics. A flow process chart is an analogue model
which represents the order of occurrence of various events to make a product.

Mathematical or Symbolic models are most abstract in nature. They
employ a set of mathematical symbols to represent the components (and
relationships between them) of the real system. These models are most general
and precise. However, it is not always possible to depict a real system in
mathematical formulaiton, sometimes it is easier to use mathematical symbols for
describing the relationship of the components, and sometimes an analogue model
may express the pattern of its relationship in a better way.

Models by nature of the environment: These models can be classified
into (a) Deterministic models, and (b) Probabilistic models.
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In deterministic models, all the parameters and functional relationship are
assumed to be known with certainty when the decision is to be made. Linear
Programming and Break — even models are the examples of deterministic models.

On the other hand, models in which at least one parameter or decision
variable i1s a random variable are called probabilistic or stochastic models. These

models reflect, to some extent, the complexity of the real world and the
uncertainty surrounding it.

Models by the extent of gerierélity: These models can be categorised into
(a) Specific models, and (b) General models.

When a model presents a system at some specific time, it is known as a
specific model. In these models if the time factor is not considered, then they are
termed as static models, and dynamic models otherwise. An inventory problem of
determining economic order quantity for the next period, assuming that the
demand in planning period would remain same as that of today, is an example of a

static model. Dynamic Programming may be considered as an example of
dynamic model.

Simulation and Heuristic models fall under the category of general models.
These models are mainly used to explore alternative strategies (courses of action)
which have been overlooked previously. These models do not yield any optimum
solution to the problem, but give a solution to a problem depending on
assumptions based on the past experience.

5.1 STANDARD LINEAR PROGRAMMING PROBLEMS

General Linear Programming Problem

The linear programming involving more than two variables may expressed
as follows:

Maximize (or) Minimize Z =C,X, +C,X, +C;X,; +......... +c_X_subject

to the constraints

a,X, +a,X, T, +a, X, Sor=orxb,
A, X, +8,,X, F i +a, X <or=or<b,
Ay, X, F85,X, Ferierranannn +a, X <or=or=<b,

-----------------------------------------------------------------------------



------------------------------------------------------------------------------

Note:

Some of the constraints may be equalities, some others may inequalities of
(<) type and remaining ones inequalities of (=) type or of them are of same type.

5.2 Definitions
Definition:5.2.1

A set of values X ,X,,........ ,X_ which satisfies the constraints of LPP is

called its solution.

Definition: 5.2.2

Any solution to a LPP which satisfies the non negativity restrictions of the
LPP is called its feasible solution.

Definition: 5.2.3

Any feasible solution which optimizes (maximizes (or) minimizes) the
objective function of the LPP is called its optimum solution or optimal solution.

Definition: 5.2.4

A basic solution is said to be a non — degenerate basic solution if none of
the basic variables is zero.

Definition:5.2.5

A basic solution is said to be the degenerate basic solution if one or more
of the basic variables are zero.

Definition:5.2.6

A feasible solution which 1s also basic is called a basic feasible solution.
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MODEL QUESTIONS

1.
2.
3.

Define O.R. and discuss its scope.
What are the applications of O.R?

“Model building is the essence of the operations research approach”

Discuss.
Give any three definitions of operations research and explain.
Explain the nature of operations research and its limitation.

“Operation Research is a bunch of Mathematical Techniques” comment.
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